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Abstract. We present a testing theory for Markovian processes in order
to formalize a notion of efficiency which may be useful for the analysis
of soft real time systems. Our Markovian testing theory is shown to
enjoy close connections with the classical testing theory of De Nicola-
Hennessy and the probabilistic testing theory of Cleaveland-Smolka et
al. The Markovian testing equivalence is also shown to be coarser than
the Markovian bisimulation equivalence. A fully abstract characteriza-
tion is developed to ease the task of establishing testing related relation-
ships between Markovian processes. It is then demonstrated that our
Markovian testing equivalence, which is based on the (easier to work
with) probability of executing a successful computation whose average
duration is not greater than a given amount of time, coincides with the
Markovian testing equivalence based on the (more intuitive) probability
of reaching success within a given amount of time. Finally, it is shown
that it is not possible to define a Markovian preorder which is consistent
with reward based performance measures, thus justifying why a generic
notion of efficiency has been considered.

1 Introduction

Markovian process algebras (see, e.g., [8, 7, 1, 6]) provide a linguistic means to
formally model and analyze performance characteristics of concurrent systems
in the early stages of their design. Since timing aspects are described by means
of exponentially distributed durations, the memoryless property of exponential
distributions is exploited to define the semantics for these calculi in the classical
interleaving style. Moreover, performance measures can be effectively computed
on Markov chains derived by applying semantic rules to process terms.

Markovian process algebras are equipped with a notion of equivalence which
relates terms possessing the same functional and performance properties. Marko-
vian bisimulation equivalence, originally proposed in [8, 7] and then further elab-
orated on in [1, 6], constitutes a useful semantic theory as it has been proved to
be the coarsest congruence contained in the intersection of a purely functional
bisimulation equivalence and a purely performance bisimulation equivalence, to



have a clear relationship with the aggregation technique for Markov chains known
as ordinary lumping, and to have a sound and complete axiomatization.

From the performance standpoint, Markovian bisimulation equivalence re-
lates terms having the same transient and steady state behavior. However, it
would be useful to develop a notion of Markovian preorder which orders func-
tionally equivalent terms according to their performance. As recognized in [9], an
application of such a Markovian preorder would be the approximation of a term
with another term whose underlying Markov chain is amenable to efficient solu-
tion, in the case in which the original term cannot be replaced with a suitable
equivalent term. This would allow bounds on the performance of the original
term to be efficiently derived.

In this paper, we extend the probabilistic testing framework of [4] by pre-
senting a testing theory for Markovian processes based on a generic notion of
efficiency (Sect. 2). Both Markovian processes and tests will be formally de-
scribed in the Markovian process algebra EMPA [1]. Since EMPA allows for
both exponentially timed actions and prioritized weighted immediate actions,
Markovian testing preorders can be developed for continuous time processes,
discrete time processes, and mixed processes where the duration of a transition
can be either exponentially distributed or zero (Sect. 3).

The Markovian testing theory is shown to be a refinement of the classical
testing theory of [5]: whenever a process passes a test with probability 1 (greater
than 0) within some amount of time, then the process must (may) pass the
test in the classical theory. The Markovian testing theory is also shown to be
a refinement of the probabilistic testing theory of [4]. Moreover, the Markovian
testing equivalence is proved to be coarser than the Markovian bisimulation
equivalence. Since verifying that one process is related to another one requires a
consideration of the behavior of both processes in the context of all possible tests,
following [13] we also present a fully abstract characterization of the Markovian
preorder based on extended traces. From such an alternative characterization,
we derive a proof technique that simplifies the task of establishing preorder
relationships between Markovian processes (Sect. 4).

The quantification of the probability that tests are passed within a given
amount of time on which our Markovian testing theory relies is the probabil-
ity of executing a successful computation whose average duration is not greater
than a given amount of time. Such a quantification is relatively easy to work
with. A more intuitive approach would quantify over the probability of reaching
success within a given period of time. Such an approach is more difficult to treat
formally because it requires handling nonexponential distributions. However, we
show that the Markovian testing equivalences induced by the two different quan-
tifications coincide, thus justifying why the testing theory has been developed
for the less intuitive, but easier to work with, quantification (Sect. 5).

The paper concludes with some counterexamples which show that it is not
possible to define a Markovian preorder that can be used to order processes
according to reward based performance measures. This justifies the fact that a
generic notion of efficiency has been considered (Sect. 6).



Due to space limitations, we present our testing theory only for continuous
time Markovian processes. The interested reader is referred to [2] for discrete
time and mixed Markovian processes, proofs of results, and comparisons with
other efficiency preorders.

2 Efficiency Preorders for Concurrent Processes

The concept of efficiency for concurrent processes can be characterized both in
terms of probability and in terms of time. A process is more efficient than another
one if it is able to perform certain computations with a greater probability or by
taking a lesser time. In our Markovian framework, both probabilistic and timing
aspects are present, so we should set up a definition of efficiency which takes
both into account.

Three types of Markovian processes can be identified: continuous time, dis-
crete time, and mixed. They can be viewed as state transition graphs with initial
state probabilities labeling states and execution rates or probabilities labeling
transitions. Due to lack of space, in the following we consider only continuous
time Markovian processes. In such a case, the duration of a transition is de-
scribed by an exponentially distributed random variable X whose probability
distribution function is FX(t) = 1 − e−λ·t with λ ∈ RI + called the rate and
used as label of the transition. The execution probability of a transition turns
out to be the ratio of its rate to the sum of the rates of the transitions having
the same source state. According to the race policy, the sojourn time in a state
is exponentially distributed as well with expected value equal to the reciprocal
of the sum of the rates of the outgoing transitions. The average duration of a
computation for a continuous time Markovian process is the sum of the average
sojourn times of the visited states (except the last one), while the execution
probability of a computation is the product of the execution probabilities of the
involved transitions.

The notion of efficiency for Markovian processes we shall develop in this
paper is based on a quantification of the probability with which processes pass
tests within a given amount of time. More precisely, given a notion of success
related to test passing, the quantification we shall consider is concerned with
the probability of executing a successful computation whose average duration is
not greater than a given amount of time. Based on such a notion of efficiency
and the probabilistic testing theory of [4], in this paper we define a Markovian
preorder in such a way that a Markovian process is less than another one if the
probability that it executes a successful computation whose average duration is
not greater than a given amount of time is less than the probability that the
other process executes a successful computation whose average duration is not
greater than the same amount of time. For notational conciseness, in the sequel
Markovian processes will be formalized as terms in EMPA instead of as state
transition graphs.



3 Extended Markovian Process Algebra

In this section we present actions, operators, and semantics for EMPAct, the
sublanguage of EMPA [1] for continuous time Markovian processes. Each action
<a, λ̃> is characterized by its type, a, and its rate, λ̃. Its second component
indicates the speed at which the action occurs and is used as a concise way to
denote the random variable specifying the duration of the action. Based on rates,
an action is classified as exponentially timed, if its rate is a positive real number,
or passive, if its rate is left unspecified (denoted “∗”). The set of actions is given
by Actct = AType × ARatect where AType is the set of types, including τ for
invisible actions, and ARatect = RI + ∪ {∗} is the set of rates.

Let Const be a set of constants (ranged over by A) and let ATRFun = {ϕ :
AType −→ AType | ϕ−1(τ) = {τ}} be a set of action type relabeling functions.

Definition 1. The set Lct of process terms of EMPAct is generated by the fol-
lowing syntax

E ::= 0 | <a, λ̃>.E | E/L | E[ϕ] | E + E | E ‖S E | A
where L, S ⊆ AType − {τ}. Constant defining equations are written A

∆= E. We
denote by Gct the set of closed and guarded terms.

Term 0 cannot execute any action. Term <a, λ̃>.E can execute action <a, λ̃>
and then behaves as E. Term E/L behaves as term E except that the type of each
executed action is turned into τ whenever it belongs to L. Term E[ϕ] behaves as
term E except that the type a of each executed action becomes ϕ(a). Term E1 +
E2 behaves as either term E1 or term E2 depending on whether an action of E1 or
an action of E2 is executed first. If the involved actions are exponentially timed,
then the choice is resolved according to the race policy: the action sampling the
least duration succeeds. If only passive actions are involved, then the choice is
purely nondeterministic. Term E1 ‖S E2 asynchronously executes actions of E1

or E2 whose type does not belong to S and synchronously executes actions of
E1 and E2 whose type belongs to S if at least one of the two actions is passive
(the other action determines the rate of the resulting action).

The integrated interleaving semantics for EMPAct is represented by a labeled
transition system (LTS for short) whose labels are actions. The two layer defi-
nition of the semantics given in Table 1 is needed to correctly handle transition
rates without burdening transitions with auxiliary labels. Transition relation
−−−→, which is the least subset of Gct ×Actct ×Gct satisfying the inference rule
in the first part of Table 1, merges together the potential moves having the same
action type, the same priority level, and the same derivative term by computing
the resulting rate according to the race policy:
Melt(PM ) = {(<a, λ̃>,E) | ∃µ̃ ∈ ARatect. (<a, µ̃>,E) ∈ PM ∧

λ̃ = Aggr{| γ̃ | (<a, γ̃>, E) ∈ PM ∧ PL(<a, γ̃>) = PL(<a, µ̃>) |}}
where PL(<a, ∗>) = −1, PL(<a, λ>) = 0, ∗Aggr ∗ = ∗, and λ1 Aggr λ2 =
λ1 + λ2. The multiset 1 PM (E) ∈ Mufin(Actct × Gct) of potential moves of
1 We use “{|” and “|}” as brackets for multisets, “ ⊕ ” to denote multiset union,
Mufin(S) (Pfin(S)) to denote the collection of finite multisets (sets) over set S, and
M(s) to denote the multiplicity of element s in multiset M .



(<a, λ̃>, E′) ∈ Melt(PM (E))

E
a,λ̃−−−→ E′

PM (0) = ∅
PM (<a, λ̃>.E) = {| (<a, λ̃>, E) |}

PM (E/L) = {| (<a, λ̃>, E′/L) | (<a, λ̃>, E′) ∈ PM (E) ∧ a /∈ L |} ⊕
{| (<τ, λ̃>, E′/L) | ∃a ∈ L. (<a, λ̃>, E′) ∈ PM (E) |}

PM (E[ϕ]) = {| (<ϕ(a), λ̃>, E′[ϕ]) | (<a, λ̃>, E′) ∈ PM (E) |}
PM (E1 + E2) = PM (E1)⊕ PM (E2)

PM (E1 ‖S E2) = {| (<a, λ̃>, E′
1 ‖S E2) | a /∈ S ∧ (<a, λ̃>, E′

1) ∈ PM (E1) |} ⊕
{| (<a, λ̃>, E1 ‖S E′

2) | a /∈ S ∧ (<a, λ̃>, E′
2) ∈ PM (E2) |} ⊕

{| (<a, γ̃>, E′
1 ‖S E′

2) | a ∈ S ∧ ∃λ̃1, λ̃2 ∈ ARate.

(<a, λ̃1>, E′
1) ∈ PM (E1) ∧

(<a, λ̃2>, E′
2) ∈ PM (E2) ∧

γ̃ = Norm(a, λ̃1, λ̃2,PM (E1),PM (E2)) |}

PM (A) = PM (E) if A
∆
= E

Table 1. EMPAct integrated interleaving semantics

E ∈ Gct is defined by structural induction in the second part of Table 1 ac-
cording to the intuitive meaning of the operators. In the rule for the parallel
composition operator a normalization is carried out when computing the rates
of the potential moves resulting from the synchronization of the same nonpassive
action with several independent or alternative passive actions:

Norm(a, λ̃1, λ̃2,PM 1,PM 2) =
{

Split(λ̃1, 1/(π1(PM 2))(<a, ∗>)) if λ̃2 = ∗
Split(λ̃2, 1/(π1(PM 1))(<a, ∗>)) if λ̃1 = ∗

where Split(∗, p) = ∗ and Split(λ, p) = λ · p, while π1(PM ) denotes the action
multiset obtained by projecting the potential moves in PM on their first com-
ponent. Applying Aggr to the rates of the synchronizations involving the same
nonpassive action gives as a result the rate of the nonpassive action itself, thus
complying with the bounded capacity assumption.

Definition 2. The integrated interleaving semantics of E ∈ Gct is the LTS
I[[E]] = (SE,I ,Actct, −−−→E,I , E) where SE,I is the least subset of Gct reachable
from E via −−−→ and −−−→E,I is the restriction of −−−→ to SE,I × Actct ×
SE,I . Term E ∈ Gct is performance closed iff I[[E]] does not contain passive
transitions. We denote by Ect the set of performance closed terms of Gct.

From I[[E]] we can derive two projected semantic models by simply dropping
action rates and action types, respectively. We define below the functional one
as it will be used in the following.



Definition 3. The functional semantics of E ∈ Gct is the LTS F [[E]] = (SE,F ,
AType, −−−→E,F , E) where SE,F = SE,I and −−−→E,F is the restriction of
−−−→E,I to SE,F ×AType × SE,F .

The Markovian bisimulation equivalence for EMPAct is defined as follows.

Definition 4. Let function Rate : (Gct×AType×{−1, 0}×P(Gct)) −→o ARatect

be defined by

Rate(E, a, l, C) = Aggr{| λ̃ | ∃E′ ∈ C. E
a,λ̃−−−→E′ ∧ PL(<a, λ̃>) = l |}

An equivalence relation B ⊆ Gct×Gct is a strong extended Markovian bisimulation
(strong EMB) iff, whenever (E1, E2) ∈ B, then for all a ∈ AType, l ∈ {−1, 0},
and equivalence classes C ∈ Gct/B

Rate(E1, a, l, C) = Rate(E2, a, l, C)
The union ∼EMB of all the strong EMBs is called the strong extended Markovian
bisimulation equivalence.

4 A Preorder for Continuous Time Markovian Processes

In this section we develop a testing preorder for continuous time Markovian
processes by extending the probabilistic framework of [4]. Our objective is to
relate continuous time Markovian processes whose behavior is completely speci-
fied from the performance point of view. Such processes never engage in pas-
sive actions, although they may have subprocesses that perform passive ac-
tions in the context of a synchronization with exponentially timed actions. For-
mally, continuous time Markovian processes are represented through the set
Ect,ndiv of performance closed terms which are not divergent, i.e. not capable
of performing a sequence of infinitely many internal actions. In the testing ap-
proach, processes are composed in parallel with tests forcing the synchroniza-
tion over every observable action. Because of the synchronization discipline on
action rates adopted in EMPA, tests are naturally expressed as terms com-
posed of observable passive actions, which must synchronize with observable
nonpassive actions of the process, and internal nonpassive actions, which in-
troduce arbitrary delays and probabilistic branches. Formally, tests are repre-
sented via Tct, the set of closed and guarded terms defined over the syntax of
Def. 1 extended with the deadlocked term success but restricted to the action
set TActct = {<a, λ̃> ∈ Actct | (a ∈ AType −{τ} ∧ λ̃ = ∗)∨ (a = τ ∧ λ̃ ∈ RI +)},
which are finite state and acyclic (hence divergence free).

Definition 5. Let E ∈ Ect,ndiv and T ∈ Tct.

– The interaction system of E and T is term E ‖AType−{τ} T .
– A configuration is a state of I[[E ‖AType−{τ} T ]].
– A configuration is successful iff its test component is success.
– A computation is a maximal sequence

E ‖AType−{τ} T ≡ s0

a1,λ1−−−→ s1

a2,λ2−−−→ . . .
an,λn−−−→ sn

where configuration si is not successful for any 0 ≤ i ≤ n− 1.



– A computation is successful iff so is its last configuration.
– We denote by C(E, T ) and S(E, T ) the set of computations and successful

computations, respectively.

Note that the interaction system is a performance closed term. Moreover, since
E is divergence free and T is finite state and acyclic, every computation of the
interaction system has finite length. In the following, we use c to range over
computations and s to range over configurations: c = s denotes a computation
composed of a single configuration. Furthermore, Rate(E,AType, l, C) will stand
for Aggr{|Rate(E, a, l, C) | a ∈ AType |}.

Definition 6. Let E ∈ Ect,ndiv, T ∈ Tct, c ∈ C(E, T ), and C ⊆ C(E, T ).

– prob(c) =

{
1 if c = s

λ
Λ · prob(c′) if c = s

a,λ−−−→ c′ with Λ = Rate(s,AType, 0, Ect)

– time(c) =

{
0 if c = s

1
Λ + time(c′) if c = s

a,λ−−−→ c′ with Λ = Rate(s,AType, 0, Ect)
– prob(C) =

∑
c∈C prob(c).

– C≤t = {c ∈ C | time(c) ≤ t}.

Definition 7. Let E1, E2 ∈ Ect,ndiv.

– E1 vMT E2 iff ∀T ∈ Tct. ∀t ∈ RI +. prob(S≤t(E1, T )) ≤ prob(S≤t(E2, T )).
– E1 ∼MT E2 iff E1 vMT E2 ∧ E2 vMT E1.

We shall say that E1 vMT E2 (E1 ∼MT E2) w.r.t. test T if the related condition
in the definition above holds true when Tct is restricted to {T}.

Some remarks are now in order. First of all, note that in the definition of
time(c) we consider for each transition of c the average sojourn time of the source
state instead of the rate of the transition. In fact, if we consider E1 ≡ <a, λ>.0+
<a, λ>.0 and E2 ≡ <a, 2 · λ>.0, then E1 ∼MT E2 w.r.t. T ≡ <a, ∗>.success. If
we considered rates instead, then we would obtain prob(S≤t(E1, T )) = 0 < 1 =
prob(S≤t(E2, T )) for 1

2·λ ≤ t < 1
λ . The reason why the average sojourn times of

the traversed states are used instead of the rates of the executed transitions is
that durations are described in a stochastic way, not in a deterministic way.

vMT and ∼MT retain the link between the functional part and the perfor-
mance part of every action, which is a necessary condition to achieve compo-
sitionality [1]. If we consider E1 ≡ <a, λ>.0 + <b, µ>.0 and E2 ≡ <a, µ>.0 +
<b, λ>.0 where λ < µ, then E1 vMT E2 w.r.t. T ≡ <a, ∗>.success + <b, ∗>.0,
but E2 6vMT E1 w.r.t. T . As a consequence, E1 6∼MT E2 as expected.

Finally, we observe that allowing for internal, exponentially timed actions in
tests increases the discriminating power. If we consider E1 ≡ <a, λ/2>.<b, µ>.0+
<a, λ/2>.0 and E2 ≡ <a, λ>.<b, µ>.0, then E1 vMT E2 w.r.t. T1 ≡ <a, ∗>.<b,
∗>.success while E1 6vMT E2 w.r.t. T2 ≡ <a, ∗>.(<τ, γ>.success + <b, ∗>.0).



4.1 Relationship with Classical and Probabilistic Testing

We now show that the Markovian testing preorder is a strict refinement of both
the classical testing preorder of [5] and the probabilistic testing preorder of [4].
As far as the classical testing preorder is concerned, this can be reformulated for
EMPAct terms by considering their functional semantics.

Definition 8. Let E ∈ Ect,ndiv and T ∈ Tct.

– An F-configuration is a state of F [[E ‖AType−{τ} T ]].
– An F-configuration is successful iff its test component is success.
– An F-computation is a maximal sequence

E ‖AType−{τ} T ≡ s0

a1−−−→F s1

a2−−−→F . . .
an−−−→F sn

where F-configuration si is not successful for any 0 ≤ i ≤ n− 1.
– An F-computation is successful iff so is its last configuration.
– We denote by CF (E, T ) and SF (E, T ) the set of F-computations and suc-

cessful F-computations, respectively.

Definition 9. Let E, E1, E2 ∈ Ect,ndiv and T ∈ Tct.

– E may T iff SF (E, T ) 6= ∅.
– E must T iff SF (E, T ) = CF (E, T ).
– E1 vmay E2 iff ∀T ∈ Tct. E1 may T =⇒ E2 may T .
– E1 vmust E2 iff ∀T ∈ Tct. E1 must T =⇒ E2 must T .
– E1 vT E2 iff E1 vmay E2 ∧ E1 vmust E2.
– E1 ∼T E2 iff E1 vT E2 ∧ E2 vT E1.

Since the classical testing preorder is based on the notion of passing a test, we
need an alternative characterization for the Markovian testing preorder which is
explicitly based on the quantification of the probability of passing a test within
a given amount of time.

Definition 10. Let E, E1, E2 ∈ Ect,ndiv, T ∈ Tct, p ∈ RI [0,1], and t ∈ RI +.

– E passp,t T iff prob(S≤t(E, T )) ≥ p.
– E1 ≤MT E2 iff ∀T ∈ Tct. ∀p ∈ RI [0,1]. ∀t ∈ RI +. E1 passp,t T =⇒ E2 passp,t T .

Lemma 1. Let E1, E2 ∈ Ect,ndiv. Then E1 vMT E2 ⇐⇒ E1 ≤MT E2.

Lemma 2. Let E ∈ Ect,ndiv and T ∈ Tct. Then

(i) E may T ⇐⇒ ∃p ∈ RI [0,1]. ∃t ∈ RI +. E passp,t T .
(ii) E must T ⇐⇒ ∃t ∈ RI +. E pass1,t T .

Theorem 1. Let E1, E2 ∈ Ect,ndiv. Then E1 vMT E2 =⇒ E1 vT E2.



The converse of Thm. 1 does not hold, i.e. classical testing is strictly more
abstract than Markovian testing. In fact, if we consider E1 ≡ <a, λ>.<b, γ>.0+
<a, µ>.<c, δ>.0 and E2 ≡ <a, µ>.<b, γ>.0 + <a, λ>.<c, δ>.0 where λ 6= µ,
then E1 ∼T E2 because F [[E1]] is isomorphic to F [[E2]], but E1 6∼MT E2 w.r.t.
T ≡ <a, ∗>.<b, ∗>.success.

The probabilistic testing preorder of [4] is defined as follows.

Definition 11. Let E, E1, E2 ∈ Ect,ndiv, T ∈ Tct, and p ∈ RI [0,1].

– E passp T iff prob(S(E, T )) ≥ p.
– E1 vPT E2 iff ∀T ∈ Tct. ∀p ∈ RI [0,1]. E1 passp T =⇒ E2 passp T .
– E1 ∼PT E2 iff E1 vPT E2 ∧ E2 vPT E1.

Theorem 2. Let E1, E2 ∈ Ect,ndiv. Then E1 vMT E2 =⇒ E1 vPT E2.

The converse of Thm. 2 does not hold, i.e. probabilistic testing is strictly
more abstract than Markovian testing. In fact, if we consider E1 ≡ <a, λ>.0 +
<b, µ>.0 and E2 ≡ <a, 2 ·λ>.0 + <b, 2 ·µ>.0, then we have E1 ∼PT E2 because
both transitions with action type a have execution probability λ

λ+µ and both
transitions with action type b have execution probability µ

λ+µ , but E1 6∼MT E2

w.r.t. T ≡ <a, ∗>.success.

4.2 Alternative Characterization

In order to ease the task of establishing relationships between Markovian pro-
cesses, following [13] we define an alternative characterization of the Markovian
testing preorder which does not require an analysis of process behavior in re-
sponse to tests. To simplify the presentation, we consider only the restricted
class Tct,τ of tests without internal, exponentially timed actions.

The characterization is based on the notion of extended trace, which is a
sequence of pairs where the first component can be interpreted as the set of
(passive) actions enabled by the environment (i.e., the test) and the second
component can be interpreted as the action which is actually executed. Since
a process can contain internal, exponentially timed transitions, there may be
several different ways in which a process can execute an extended trace.

Definition 12. An extended trace is an element of set ETraceτ = {(M1, a1) . . .
(Mn, an) ∈ (2AType−{τ} × (AType − {τ}))∗ | ∀i = 1, . . . , n. ai ∈ Mi}.
Definition 13. Let E ∈ Ect,ndiv and σ = (M1, a1) . . . (Mn, an) ∈ ETraceτ .

– A computation of E compatible with σ is a sequence

E ≡ E0

(τ,λ)∗

−−−→E′
0

a1,λ1−−−→E1 . . . En−1

(τ,λ)∗

−−−→E′
n−1

an,λn−−−→En

where
(τ,λ)∗

−−−→ is a shorthand for finitely many (possibly zero) internal, expo-
nentially timed transitions.

– We denote by CC(E, σ) the set of computations of E compatible with σ.



Definition 14. Let E ∈ Ect,ndiv, σ = (M1, a1) . . . (Mn, an) ∈ ETraceτ , c ∈
CC(E, σ), and C ⊆ CC(E, σ).

– prob(c, σ) =





1 if c = En

λ
Λ · prob(c′, σ) if c = E′

i−1

ai,λi−−−→ c′ with
λ = λi ∧ Λ = Rate(E′

i−1,Mi ∪ {τ}, 0, Ect)

or c = Ei−1

τ,λ−−−→ c′ with
Λ = Rate(Ei−1,Mi ∪ {τ}, 0, Ect)

– time(c, σ) =





0 if c = En

1
Λ + time(c′, σ) if c = E′

i−1

ai,λi−−−→ c′ with
Λ = Rate(E′

i−1,Mi ∪ {τ}, 0, Ect)

or c = Ei−1

τ,λ−−−→ c′ with
Λ = Rate(Ei−1,Mi ∪ {τ}, 0, Ect)

– prob(C) =
∑

c∈C prob(c, σ).
– C≤t = {c ∈ C | time(c, σ) ≤ t}.

Computing the aggregated rates w.r.t. Mi ∪ {τ} instead of Mi in Def. 14 allows
the internal transitions of a process to be correctly taken into account.

Definition 15. Let E1, E2 ∈ Ect,ndiv.

– E1¿MT E2 iff ∀σ∈ETraceτ .∀t∈RI +. prob(CC≤t(E1, σ))≤prob(CC≤t(E2, σ)).
– E1 ≈MT E2 iff E1 ¿MT E2 ∧ E2 ¿MT E1.

We now prove that ¿MT coincides with vMT in the case of tests without
internal, exponentially timed actions. In other words, we prove that¿MT is fully
abstract w.r.t. vMT. In order to prove that vMT ⊆ ¿MT, we construct a test
from a trace in such a way that both of them have the same probabilistic and
timing characteristics.

Definition 16. We define the set of tests Tct,ETraceτ = {T (σ) ∈ Tct,τ | σ =
(M1, a1) . . . (Mn, an) ∈ ETraceτ} as follows

T (σ) ∆= T1(σ)
Ti(σ) ∆= <ai, ∗>.Ti+1(σ) +

∑
b∈Mi−{ai}<b, ∗>.0, 1 ≤ i < n

Tn(σ) ∆= <an, ∗>.success +
∑

b∈Mn−{an}<b, ∗>.0

Theorem 3. Let E1, E2 ∈ Ect,ndiv. Then E1 vMT E2 =⇒ E1 ¿MT E2.

In order to prove that ¿MT ⊆ vMT, we observe that a test has some number
of successful test executions leading from its initial state to one of its success-
ful states. When a process interacts with a test, each successful computation
exercises exactly one of the successful test executions. Because of internal, ex-
ponentially timed transitions of processes, there may be several successful com-
putations exercising the same successful test execution.



Definition 17. Let T ∈ Tct,τ . An execution ξ of T is a sequence
T ≡ T0

a1,∗−−−→ . . .
an,∗−−−→ Tn

with associated extended trace etrace(ξ) = (M1, a1) . . . (Mn, an) where Mi = {a ∈
AType | Ti

a,∗−−−→ } for all 1 ≤ i ≤ n.

Definition 18. Let E ∈ Ect,ndiv, T ∈ Tct,τ , ξ be an execution of T , and t ∈ RI +.

– We denote by C(E, T, ξ) = {c ∈ C(E, T ) | ξ = proj T (c)} the set of computa-
tions exercising ξ, where

proj T (c) =





T ′ if c = E′ ‖AType−{τ} T ′

proj T (c′) if c = E′ ‖AType−{τ} T ′
a,λ−−−→ c′ with

E′′ ‖AType−{τ} T ′ first config. of c′

T ′
a,∗−−−→ proj T (c′) if c = E′ ‖AType−{τ} T ′

a,λ−−−→ c′ with
E′′ ‖AType−{τ} T ′′ first config. of c′

and T ′′ 6= T ′

– C≤t(E, T, ξ) = {c ∈ C≤t(E, T ) | ξ = proj T (c)}.
Theorem 4. Let E1, E2 ∈ Ect,ndiv. Then E1 ¿MT E2 =⇒ E1 vMT E2.

Corollary 1. Let E1, E2 ∈ Ect,ndiv. Then E1 vMT E2 ⇐⇒ E1 ¿MT E2.

Corollary 2. Let E1, E2 ∈ Ect,ndiv. Then E1 vMT E2 ⇐⇒ E1 vMT E2 w.r.t.
Tct,ETraceτ .

The last result means that Tct,ETraceτ is a class of essential tests, i.e. tests that
expose all relevant aspects of process behavior.

We now show a proof technique based on the fully abstract characterization
above which eases the task of proving E1 vMT E2.

Definition 19. Let E ∈ Ect,ndiv and σ = (M1, a1) . . . (Mn, an) ∈ ETraceτ .

– The functional trace semantics of E is the set FT [[E]] = {a1 . . . an ∈ (AType−
{τ})∗ | E ≡ E0

τ∗−−−→F E′
0

a1−−−→F E1 . . . En−1

τ∗−−−→F E′
n−1

an−−−→F En}.
– The trace of σ is the sequence trace(σ) = a1 . . . an.
– The functional extended trace semantics of E is the set FET [[E]] = {σ ∈

ETraceτ | trace(σ) ∈ FT [[E]]}.
Theorem 5. Let E1, E2 ∈ Ect,ndiv. Then E1 ¿MT E2 ⇐⇒ FT [[E1]] ⊆ FT [[E2]]∧
∀σ ∈ FET [[E2]]. ∀t ∈ RI +. prob(CC≤t(E1, σ)) ≤ prob(CC≤t(E2, σ)).

On the basis of the theorem above and the full abstraction result of Cor. 1, we
have the following proof technique for verifying whether E1 vMT E2:
− Check if FT [[E1]] ⊆ FT [[E2]].
− Check if ∀σ ∈ FET [[E2]]. ∀t ∈ RI +. prob(CC≤t(E1, σ)) ≤ prob(CC≤t(E2, σ)).

In the case of general tests containing internal, exponentially timed actions,
the alternative characterization is given in terms of extended traces which keep
track of internal, exponentially timed transitions performed by tests and there-
fore record not only action types but also action rates. See [2].



4.3 Relationship with Markovian Bisimulation Equivalence

The Markovian testing equivalence is strictly coarser than the Markovian bisim-
ulation equivalence.

Theorem 6. Let E1, E2 ∈ Ect,ndiv. Then E1 ∼EMB E2 =⇒ E1 ∼MT E2.

The converse of Thm. 6 does not hold. In fact, if we consider terms
E1 ≡ <a, λ1>.<b, µ>.<c, γ>.0 + <a, λ2>.<b, µ>.<d, δ>.0
E2 ≡ <a, λ>.(<b, µ1>.<c, γ>.0 + <b, µ2>.<d, δ>.0)

where λ1 = λ2 = λ/2, µ1 = µ2 = µ/2, and γ ≤ δ, then it can be proved that
E1 ∼MT E2 with the proof technique of the previous section, but E1 6∼EMB E2.

It can be shown that in general ∼EMB is not a congruence for EMPA; in
particular, the replacement of a parallel component by a Markovian bisimilar
one will not in general preserve ∼EMB. When certain reasonable restrictions are
imposed on the degree of internal nondeterminism among passive actions of the
same type, however, this difficulty disappears [1]. It also turns out that essential
tests characterizing ∼MT obey this restriction; consequently, the testing theory
of this paper is not affected by the technical shortcomings of ∼EMB in EMPA.

5 An Alternative Approach to Markovian Testing

The notion of efficiency for Markovian processes developed in the previous sec-
tions is based on the probability of executing a successful computation whose
average duration is not greater than a given amount of time. This quantification
of the probability with which tests are passed within a given amount of time has
been chosen because it is relatively easy to work with. On the other hand, it is
not the most intuitive one, because it is different from the probability of reaching
success within a given amount of time. The problem with this quantification is
that it involves linear combinations of hypoexponential distributions [11] instead
of numbers, so it is more difficult to deal with.

In this section we formalize the Markovian testing preorder arising from
the latter quantification and we show that the Markovian testing equivalences
induced by the two different quantifications coincide. This relationship between
the two different quantifications, although partial in that it does not relate the
two preorders, is important because it justifies the development of the testing
theory for the less intuitive quantification and allows us to automatically derive
that the properties we have proved for (the easier to work with) ∼MT hold for
the alternative Markovian testing equivalence as well.

Let us preliminarily redefine our Markovian testing preorder in the following
equivalent way.

Definition 20. Let E ∈ Ect,ndiv, T ∈ Tct, c ∈ C(E, T ), C ⊆ C(E, T ), and
t ∈ RI +.

– prob(c) =

{
1 if c = s

λ
Λ · prob(c′) if c = s

a,λ−−−→ c′ with Λ = Rate(s,AType, 0, Ect)



– time(c) =

{
0 if c = s

1
Λ + time(c′) if c = s

a,λ−−−→ c′ with Λ = Rate(s,AType, 0, Ect)
– prob(C, t) =

∑
c∈C prob(c) · Pr(time(c) ≤ t).

Note that, for all computations c, Pr(time(c) ≤ t) ∈ {0, 1}. Thus prob(C, t) rep-
resents the probability of executing a computation in C whose average duration
is not greater than t.

Definition 21. Let E1, E2 ∈ Ect,ndiv.

– E1 vMT E2 iff ∀T ∈ Tct. ∀t ∈ RI +. prob(S(E1, T ), t) ≤ prob(S(E2, T ), t).
– E1 ∼MT E2 iff E1 vMT E2 ∧ E2 vMT E1.

The alternative Markovian testing preorder is defined as follows.

Definition 22. Let us denote by XΛ an exponentially distributed random vari-
able with rate Λ. Let E ∈ Ect,ndiv, T ∈ Tct, c ∈ C(E, T ), C ⊆ C(E, T ), and
t ∈ RI +.

– time ′(c) =

{
0 if c = s

XΛ + time ′(c′) if c = s
a,λ−−−→ c′ with Λ = Rate(s,AType, 0, Ect)

– prob′(C, t) =
∑

c∈C prob(c) · Pr(time ′(c) ≤ t).

Observe that prob′(C, t) is the probability of reaching the end of a computation in
C within time t. This probability is obtained by summing the products stemming
from the multiplication of the probability of performing a given computation
in C by the probability of completing that computation within time t, where
the latter quantity follows a hypoexponential distribution (see the definition of
time ′).

Definition 23. Let E1, E2 ∈ Ect,ndiv.

– E1 ¹MT E2 iff ∀T ∈ Tct. ∀t ∈ RI +. prob′(S(E1, T ), t) ≤ prob′(S(E2, T ), t).
– E1 'MT E2 iff E1 ¹MT E2 ∧ E2 ¹MT E1.

Theorem 7. Let E1, E2 ∈ Ect,ndiv. Then E1 'MT E2 ⇐⇒ E1 ∼MT E2.

6 Impossibility Result

Given a Markov chain, performance measures on it are typically defined through
rewards [10], so it would be desirable to define a Markovian preorder consistently
with reward based performance measures. A performance measure for a Markov
chain can be defined (in a simplified form) as a weighted sum R =

∑
i∈S ρi · πi

of the state probabilities ππ of the Markov chain where weights ρρ are expressed
through real numbers, called rewards, associated with states. Unfortunately, the
following counterexamples show that it is not possible to define a Markovian pre-
order which is consistent with reward based performance measures. Although we



shall concentrate on steady state, instant-of-time performance measures, the im-
possibility result holds true also for transient state, instant-of-time performance
measures as well as transient state, interval-of-time performance measures.

The first counterexample shows that, as one might expect, it is not possible
to define a Markovian preorder which is consistent with all the reward based
performance measures. Consider the two functionally equivalent terms E and F
described below together with the related steady state probabilities:

E1
∆= <a, λ>.E2 E2

∆= <b, µ>.E1 πE1 = µ/(λ + µ) πE2 = λ/(λ + µ)
F1

∆= <a, γ>.F2 F2
∆= <b, δ>.F1 πF1 = δ/(γ + δ) πF2 = γ/(γ + δ)

and assume λ ≤ γ and µ ≤ δ. Since the steady state probabilities of a Markov
chain sum up to 1, we cannot have that πE1 ≤ πF1 and πE2 ≤ πF2 . Suppose then
πE1 ≤ πF1 and πE2 ≥ πF2 . If we consider a performance measure defined through
rewards ρE1 = ρF1 = 1 and ρE2 = ρF2 = 0, then RE = πE1 ≤ πF1 = RF . If we
consider instead a performance measure defined through rewards ρE1 = ρF1 = 0
and ρE2 = ρF2 = 1, then RE = πE2 ≥ πF2 = RF .

The second counterexample shows that we do not succeed in defining a
Markovian preorder even if we focus on a single reward based performance mea-
sure. Consider again terms E and F above and the performance measure defined
through rewards ρE1 = ρF1 = 1 and ρE2 = ρF2 = 0. If λ = 1, γ = 2, µ = 3, and
δ = 4, then RE = 0.75 > 0.6̄ = RF . If instead λ = 1, γ = 1, µ = 3, and δ = 4,
then RE = 0.75 < 0.8 = RF .

The problem with the definition of a Markovian preorder which takes reward
based performance measures into account is essentially that they are based on
state probabilities and these are normalized to 1. This somehow causes state
probabilities of different processes to be incomparable. This problem is further
exacerbated by the fact that state probabilities depend on equations involving
the global knowledge of all the rates, so it is not possible to rely on local infor-
mation such as the relationships between rates of corresponding transitions. The
only observation that can be made about E and F above is that, if we relate E1

with F1 and E2 with F2, then upon executing a the evolution of F1 into F2 is
faster (on average) than the evolution of E1 into E2, because λ ≤ γ, and upon
executing b the evolution of F2 into F1 is faster (on average) than the evolution
of E2 into E1, because µ ≤ δ. This is exactly what is captured by our Markovian
preorder based on a generic notion of efficiency.

7 Conclusion

In this paper we have developed a testing theory for Markovian processes and we
have provided a fully abstract characterization of it which simplifies the task of
establishing preorder relationships between Markovian processes. We have also
justified why we have considered a generic notion of efficiency instead of reward
based performance measures, and why we have characterized the generic notion
of efficiency through average durations instead of duration distributions.

As far as future work is concerned, an open problem is to establish whether a
result like Thm. 7 holds for preorders as well. Moreover, we would like to inves-



tigate compositionality related issues for the Markovian testing preorder as well
as find a sound and complete axiomatization. Additionally, a more denotational
characterization based entirely on the structure of Markovian processes should
be studied. A good starting point may be [12] where the acceptance tree model
of [5] is adapted to probabilistic processes. Such a characterization would help
devising algorithms for determining preorder relationships between Markovian
processes, like in the case of the classical testing theory [3].

References

1. M. Bernardo, “Theory and Application of Extended Markovian
Process Algebra”, Ph.D. Thesis, University of Bologna, 1999
(http://www.di.unito.it/~bernardo/)

2. M. Bernardo, W.R. Cleaveland, “A Theory of Efficiency for Markovian Pro-
cesses”, Tech. Rep. UBLCS-99-02, University of Bologna, 1999

3. W.R. Cleaveland, M.C.B. Hennessy, “Testing Equivalence as a Bisimulation
Equivalence”, in Formal Aspects of Computing 5:1-20, 1993

4. W.R. Cleaveland, S.A. Smolka, A.E. Zwarico, “Testing Preorders for Probabilistic
Processes”, in Proc. of ICALP ’92, LNCS 623:708-719, 1992

5. R. De Nicola, M.C.B. Hennessy, “Testing Equivalences for Processes”, in Theo-
retical Computer Science 34:83-133, 1983

6. H. Hermanns, “Interactive Markov Chains”, Ph.D. Thesis, University of Erlan-
gen, 1998

7. H. Hermanns, M. Rettelbach, “Syntax, Semantics, Equivalences, and Axioms for
MTIPP”, in Proc. of PAPM ’94, pp. 71-87, Erlangen, 1994

8. J. Hillston, “A Compositional Approach to Performance Modelling”, Cambridge
University Press, 1996

9. J. Hillston, “Exploiting Structure in Solution: Decomposing Composed Models”,
in Proc. of PAPM ’98, pp. 1-15, 1998

10. R.A. Howard, “Dynamic Probabilistic Systems”, John Wiley & Sons, 1971
11. M.F. Neuts, “Matrix-Geometric Solutions in Stochastic Models - An Algorithmic

Approach”, John Hopkins University Press, 1981
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