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Abstract. We present a simple method to associate rewards with terms
of the stochastic process algebra EMPA in order to make the specification
and the computation of performance measures easier. The basic idea
behind this method is to specify rewards within actions of EMPA terms,
so it substantially differs from methods based on modal logic. The main
motivations of this method are its ease of use as well as the possibility
of defining a notion of equivalence which relates terms having the same
reward, thus allowing for simplification without altering the performance
index. We prove that such an equivalence is a congruence finer than the
strong extended Markovian bisimulation equivalence, and we present its
axiomatization.

1 Introduction

A commonly used method to specify steady-state performance measures for
Markovian models is based on rewards [6]. The basic idea is that a number de-
scribing a reward (or weight) is attached to every state of the Markovian model,
and the performance index is defined as the weighted sum of the steady-state
probabilities of the states of the Markovian model.

So far the specification of performance measures in the field of stochastic
process algebras has received a scarce attention. The main negative consequence
is that the whole Markovian model underlying a given term has to be manually
scanned by the designer in order to assign rewards to states.

Recently, in [3] a technique to formally specify rewards for the stochastic
process algebra PEPA [5] has been proposed. The idea is to express rewards
by means of the Hennessy-Milner logic [4]: a logical formula is specified together
with an arithmetical expression, and every state satisfying the formula is assigned
the reward specified by means of the arithmetical expression. We shall call such
a method logic-based.

The idea of describing rewards through a modal logic seems to be quite
adequate because modal logic formulae make assertions about changing state,
hence they constitute an adequate link between algebraic terms, which describe
the behavior of concurrent systems, and rewards, which are associated with
states.

In this paper we propose a different way to associate rewards with terms of
stochastic process algebras. The idea is not to use a separate formalism in order



to specify rewards: they are directly described within the actions forming the
algebraic terms. This method, which we shall call algebra-based, closely resembles
the manual method consisting of associating rewards while scanning the state
space of the Markovian model: the difference is that in the algebra-based method
the algebraic term, which is much more compact than its underlying state space,
is scanned and the appropriate actions are assigned a reward. The algebra-based
method could be convenient due to its ease of use, since the designer is not forced
to know the modal logic formalism, its low computational cost, as rewards are
associated with states during the construction of the semantic models without
the need to check for a modal logic formula, and the possibility of defining a
congruence which equates terms having the same reward, thereby allowing for
simplification without altering the performance measure.

The purpose of this paper is to extend the theory developed for the stochastic
process algebra EMPA [1, 2] in order to deal with rewards according to the
algebra-based method. In Sect. 2 we show that several performance measures
can be derived using the algebra-based method. In Sect. 3 we introduce the
syntax and the semantics for EMPA augmented with rewards. In Sect. 4 we
define an equivalence which relates two terms if they have the same reward, we
prove that such an equivalence is a congruence strictly contained in the strong
extended Markovian bisimulation equivalence, and we present its axiomatization.
In Sect. 5 we report some concluding remarks.

2 Deriving Performance Measures

In this section we show by means of an example that the algebra-based method
we are going to introduce, though less powerful in general than the logic-based
method proposed in [3], allows the designer to easily specify several steady-state
performance measures frequently occurring in practice such as those identified
in [3]: rate type (e.g. throughput of a service center), counting type (e.g. mean
number of customers waiting in a service center), delay type (e.g. mean response
time experienced by customers in a service center), and percentage type (e.g.
the fraction of time during which a server is busy).

The example we consider is taken from queueing theory, and concerns a
queueing system M/M/n/n with arrival rate λ and service rate µ [7]. Such a
queueing system represents a service center composed of n independent servers,
such that the customer interarrival time is exponentially distributed with rate λ
and the service time of each server is exponentially distributed with rate µ. The
queueing system at hand can be given two different descriptions with EMPA:
a state-oriented description where the focus is on the state of the set of servers
(intended as the number of servers that are currently busy), and a resource-
oriented description where the servers are modeled separately [9]. Recalling that
“<a, λ̃>. ” is the prefix operator where a is the action type and λ̃ is the action
rate (a positive real number in the case of exponentially timed actions, ∞l,w

in the case of prioritized weighted immediate actions, and ∗ in the case of pas-
sive actions), “ + ” is the alternative composition operator, and “ ‖S ” is the



parallel composition operator with synchronization set S, the state-oriented de-
scription is given by

Systemso
M/M/n/n

∆= Arrivals ‖{a} Servers0

Arrivals ∆= <a, λ>.Arrivals
Servers0

∆= <a, ∗>.Servers1

Serversh
∆= <a, ∗>.Serversh+1 + <s, h · µ>.Serversh−1, 1 ≤ h ≤ n− 1

Serversn
∆= <s, n · µ>.Serversn−1

whereas the resource-oriented description is given by

Systemro
M/M/n/n

∆= Arrivals ‖{a} Servers

Arrivals ∆= <a, λ>.Arrivals
Servers ∆= S ‖∅ S ‖∅ . . . ‖∅ S︸ ︷︷ ︸

n

S
∆= <a, ∗>.<s, µ>.S

In order to highlight the difference between the logic-based method and the
algebra-based method for assigning rewards to stochastic process algebra terms,
we compute for the queueing system above the mean number of customers in
the system. Since every state must be given a reward equal to the number of
customers in that state, we proceed as follows:

– In the case of Systemso
M/M/n/n, the reward specification used in the logic-

based method is 〈s〉tt =⇒ rate(s)/µ, i.e. every state having an outgoing
transition with type s is given a reward equal to the rate of that transition
divided by µ. Using the algebra-based method, every action of the form
<s, h · µ> must be replaced by <s, h · µ, h> (and any other action must be
replaced by a triple with zero reward). Thus, in such a case the two methods
are equally simple.

– In the case of Systemro
M/M/n/n, the logic-based method turns out to be more

complex because the modal logic formula must somehow count the num-
ber of possible consecutive actions with type s that can be executed: as
a consequence, the rewards can be specified through the set composed of
〈s〉¬〈s〉tt =⇒ 1, 〈s〉〈s〉¬〈s〉tt =⇒ 2, . . ., 〈s〉〈s〉 . . . 〈s〉¬〈s〉tt =⇒ n. If we use
instead the algebra-based method, all we have to do is to replace every action
of the form <s, µ> with <s, µ, 1> as we assume that rewards are additive
(by analogy with rates of exponentially timed actions and weights of imme-
diate actions), i.e. the reward gained by a state is the sum of the rewards
labeling its outgoing transitions. Therefore, in such a case the ease of use
of the algebra-based method becomes evident, and it would be even more
evident if we considered e.g. a queueing system similar to the previous one
where a FIFO queue with a given capacity is introduced in front of the set
of servers: since the delivery of a customer from the queue to the server has
to be modeled by means of an action, and since actions of type s are inter-
leaved with actions of this kind, the formalization of modal logic formulae
that capture the number of customers in the system is really difficult.



To conclude this section, we show that other performance measures for the
queueing system above can be easily specified with the algebra-based method,
and that this capability depends on the style used to represent the system:

– If we want to compute the throughput of the system, defined as the mean
number of customers served per time unit, we have to take into account the
rate of actions having type s. As a consequence, in the case of Systemso

M/M/n/n

we must replace every action of the form <s, h · µ> with <s, h · µ, h · µ>,
while in the case of Systemro

M/M/n/n we must replace every action of the form
<s, µ> with <s, µ, µ>.

– If we want to compute the mean response time of the system, defined as
the mean time spent by the customers in the system, we can exploit Little’s
law [7] which states that the mean response time of the system is equal to
the mean number of customers in the system divided by the customer arrival
rate. Therefore, in the case of Systemso

M/M/n/n we must replace every action
of the form <s, h·µ> with <s, h·µ, h/λ>, while in the case of Systemro

M/M/n/n

we must replace every action of the form <s, µ> with <s, µ, 1/λ>.
– If we want to compute the utilization of the system, defined as the fraction

of time during which servers are busy, we have to single out states having
an outgoing transition labeled with s. Thus, in the case of Systemso

M/M/n/n

we must replace every action of the form <s, h · µ> with <s, h · µ, 1>. We
observe that, unlike the logic-based method, in the case of Systemro

M/M/n/n

the algebra-based method cannot be used to determine the utilization of the
system due to the additivity assumption: the rate to associate with actions
of the form <s, µ> would be the reciprocal of the number of transitions
labeled with s exiting from the same state. Since the main objective of the
algebra-based method is its ease of use, we prefer to keep the specification of
rewards as simple as possible, i.e. just by means of numbers: thus we avoid the
introduction of arithmetical expressions as well as particular functions such
as the one determining the number of transitions of a given type exiting from
the same state. Incidentally, the inability to compute the utilization in the
case of the resource-oriented description should not come as a surprise, since
this description is more suited to the determination of performance indices
concerning a single server instead of the whole set of servers. As it turns
out, it is quite easy to measure the utilization of a given server specified in
Systemro

M/M/n/n, whereas this is not possible for Systemso
M/M/n/n. This means

that the style [9] used to describe a given system through an algebraic term is
strongly related to the possibility of deriving certain performance measures
through the algebra-based method.

3 Syntax and Semantics for EMPAr

In this section we extend the syntax and the semantics for EMPA [1, 2] in order
to cope with the presence of rewards treated according to the algebra-based
method outlined in the previous section: the resulting stochastic process algebra
is called EMPAr.



As usual, the building blocks of EMPAr are actions. Each action is a triple
<a, λ̃, r> consisting of the type of the action, the rate of the action and the re-
ward of the action: the third component is new with respect to the structure of
EMPA actions. Like in EMPA, actions are divided into external and internal (τ)
according to types, while they are classified as exponentially timed, immediate
or passive according to rates. Since exponentially timed actions model activities
that are relevant from the performance standpoint, nonzero rewards can be as-
signed only to them. We denote by AType the set of types, by ARate = RI +∪Inf ∪
{∗}, with Inf = {∞l,w | l ∈ NI + ∧ w ∈ RI +}, the set of rates, by AReward = RI
the set of rewards, and by Actr = {<a, λ̃, r> ∈ AType×ARate×AReward | λ̃ ∈
Inf ∪ {∗} =⇒ r = 0} the set of actions. We use a, b, c, . . . as metavariables for
AType, λ̃, µ̃, γ̃, . . . for ARate, λ, µ, γ, . . . for RI +, and r, r′, r′′, . . . for AReward .
Finally, we denote by PLevel = {−1} ∪ NI the set of priority levels, and we
assume that ∗ < λ < ∞l,w for all λ ∈ RI + and ∞l,w ∈ Inf .

Let Const be a set of constants, ranged over by A,B, C, . . ., and let RFun =
{ϕ : AType −→ AType | ϕ(τ) = τ ∧ ϕ(AType − {τ}) ⊆ AType − {τ}} be a set of
relabeling functions.

Definition 1. The set Lr of process terms of EMPAr is generated by the fol-
lowing syntax

E ::= 0 | <a, λ̃, r>.E | E/L | E[ϕ] | E + E | E ‖S E | A
where L, S ⊆ AType − {τ}. The set Lr will be ranged over by E, F, G, . . .. We
denote by Gr the set of guarded and closed terms of Lr.

We recall from [1, 2] that the alternative composition operator is parametric
in the nature of the choice: the choice is solved according to durations in the
case of exponentially timed actions (race policy) and according to priorities and
weights in the case of immediate actions (preselection policy), while it is purely
nondeterministic in the case of passive actions. We also remind that, concerning
the parallel composition operator, a synchronization can occur if and only if the
involved actions have the same type belonging to the synchronization set, and
at most one of the involved actions is not passive.

The integrated semantics of EMPAr terms can be defined by exploiting again
the idea of potential move: the multiset 1 of the potential moves of a given
term is inductively computed, then those potential moves having the highest
priority level are selected and appropriately merged. The formal definition is
based on the transition relation −−−→, which is the least subset of Gr ×Actr ×
Gr satisfying the inference rule reported in the first part of Table 1. This rule
selects the potential moves having the highest priority level, and then merges
together those having the same action type, the same priority level and the same
1 We use “{|” and “|}” as brackets for multisets, “ ⊕ ” to denote multiset union,
Mufin(S) (Pfin(S)) to denote the collection of finite multisets (sets) over set S,
M(s) to denote the multiplicity of element s in multiset M , and πi(M) to denote
the multiset obtained by projecting the tuples in multiset M on their i-th component.
Thus, e.g., (π1(PM 2))(<a, ∗, 0>) in the fifth part of Table 1 denotes the multiplicity
of tuples of PM 2 whose first component is <a, ∗, 0>.



(<a, λ̃, r>, E′) ∈ Meltr(Selectr(PM r(E)))

E
a,λ̃,r−−−→ E′

PM r(0) = ∅
PM r(<a, λ̃, r>.E) = {| (<a, λ̃, r>, E) |}
PM r(E/L) = {| (<a, λ̃, r>, E′/L) | (<a, λ̃, r>, E′) ∈ PM r(E) ∧ a /∈ L |} ⊕

{| (<τ, λ̃, r>, E′/L) | (<a, λ̃, r>, E′) ∈ PM r(E) ∧ a ∈ L |}
PM r(E[ϕ]) = {| (<ϕ(a), λ̃, r>, E′[ϕ]) | (<a, λ̃, r>, E′) ∈ PM r(E) |}
PM r(E1 + E2) = PM r(E1)⊕ PM r(E2)

PM r(E1 ‖S E2) = {| (<a, λ̃, r>, E′
1 ‖S E2) | a /∈ S ∧ (<a, λ̃, r>, E′

1) ∈ PM r(E1) |} ⊕
{| (<a, λ̃, r>, E1 ‖S E′

2) | a /∈ S ∧ (<a, λ̃, r>, E′
2) ∈ PM r(E2) |} ⊕

{| (<a, γ̃, r>, E′
1 ‖S E′

2) | a ∈ S ∧
(<a, λ̃1, r1>, E′

1) ∈ PM r(E1) ∧
(<a, λ̃2, r2>, E′

2) ∈ PM r(E2) ∧
γ̃ = Normr,rate(a, λ̃1, λ̃2,PM r(E1),PM r(E2)) ∧
r = Normr,reward(a, r1, r2,PM r(E1),PM r(E2)) |}

PM r(A) = PM r(E) if A
∆
= E

Selectr(PM ) = {| (<a, λ̃, r>, E) ∈ PM | PLr(<a, λ̃, r>) = −1 ∨
∀(<b, µ̃, r′>, E′) ∈ PM .PLr(<a, λ̃, r>) ≥ PLr(<b, µ̃, r′>) |}

PLr(<a, ∗, 0>) = −1 PLr(<a, λ, r>) = 0 PLr(<a,∞l,w, 0>) = l

Meltr(PM ) = {(<a, λ̃, r>, E) | (<a, µ̃, r′>, E) ∈ PM ∧
λ̃ = Min{| γ̃ | (<a, γ̃, r′′>, E) ∈ PM ∧ PLr(<a, γ̃, r′′>) = PLr(<a, µ̃, r′>) |} ∧
r =

∑{| r′′ | (<a, γ̃, r′′>, E) ∈ PM ∧ PLr(<a, γ̃, r′′>) = PLr(<a, µ̃, r′>) |}}
∗Min ∗ = ∗ λ1 Min λ2 = λ1 + λ2 ∞l,w1 Min∞l,w2 = ∞l,w1+w2

Normr,rate(a, λ̃1, λ̃2,PM 1,PM 2) =

{
Split(λ̃1, 1/(π1(PM 2))(<a, ∗, 0>)) if λ̃2 = ∗
Split(λ̃2, 1/(π1(PM 1))(<a, ∗, 0>)) if λ̃1 = ∗

Normr,reward(a, r1, r2,PM 1,PM 2) =

{
r1/(π1(PM 2))(<a, ∗, 0>) if r2 = 0
r2/(π1(PM 1))(<a, ∗, 0>) if r1 = 0

Split(∗, α) = ∗ Split(λ, α) = λ · α Split(∞l,w, α) = ∞l,w·α

Table 1. Inductive rules for EMPAr integrated interleaving semantics



derivative term. The first operation is carried out through functions Selectr :
Mufin(Actr ×Gr) −→Mufin(Actr ×Gr) and PLr : Actr −→ PLevel , which are
defined in the third part of Table 1. The second operation is carried out through
function Meltr : Mufin(Actr × Gr) −→ Pfin(Actr × Gr) and partial function
Min : (ARate × ARate) −→o ARate, which are defined in the fourth part of
Table 1. Observe that function Meltr sums the rewards of the potential moves
to merge: this is consistent with the additivity assumption about rewards.

The multiset PM r(E) ∈ Mufin(Actr × Gr) of potential moves of E ∈ Gr is
defined by structural induction in the second part of Table 1. The normalization
of rates and rewards of potential moves resulting from the synchronization of
an action with several independent or alternative passive actions is carried out
through partial functions Normr,rate : (AType×ARate×ARate×Mufin(Actr×
Gr) ×Mufin(Actr × Gr)) −→o ARate and Normr,reward : (AType × AReward ×
AReward ×Mufin(Actr ×Gr)×Mufin(Actr ×Gr)) −→o AReward , and function
Split : (ARate × RI ]0,1]) −→ ARate, which are defined in the fifth part of Ta-
ble 1. Observe that the normalization of rewards is consistent with the additivity
assumption about rewards.

Definition 2. The integrated interleaving semantics of E ∈ Gr is the labeled
transition system Ir[[E]] = (↑E,Actr, −−−→E , E) where ↑E is the set of states
reachable from E, and −−−→E is −−−→ restricted to ↑E ×Actr × ↑E.

As in [1, 2], from the integrated semantic model it is possible to obtain a
functional semantic model (by dropping action rates and rewards) as well as a
performance semantic model (basically by dropping action types and by lifting
rewards from transitions to states according to the additivity assumption). Due
to lack of space, we do not show the related definitions here.

4 A Notion of Equivalence for EMPAr

In [1, 2] we developed a notion of equivalence for EMPA called strong extended
Markovian bisimulation equivalence and denoted ∼EMB . Such an equivalence
was defined according to the idea of probabilistic bisimulation [8] on the inte-
grated semantic model, and we proved that it is necessary to define it on the
integrated semantic model in order for the congruence property to hold. For the
sake of convenience, we can extend ∼EMB to EMPAr since it disregards rewards,
provided that like in [1, 2] we introduce a priority operator “Θ( )” and we con-
sider the language Lr,Θ generated by the following syntax

E ::= 0 | <a, λ̃, r>.E | E/L | E[ϕ] | Θ(E) | E + E | E ‖S E | A
whose semantic rules are those in Table 1 except that the rule in the first part
is replaced by

(<a, λ̃, r>,E′) ∈ Meltr(PM r(E))

E
a,λ̃,r−−−→E′

and the following rule for the priority operator is introduced in the second part



PM r(Θ(E)) = Selectr(PM r(E))
It is easily seen that EMPAr coincides with the set of terms {Θ(E) | E ∈ Lr}.
We denote by Gr,Θ the set of guarded and closed terms of Lr,Θ.

One of the advantages of the algebra-based method, besides its ease of use, is
the possibility of defining a notion of equivalence for EMPAr which relates terms
having the same reward, thus allowing for simplification without altering the
value of the performance index we are interested in. Exploiting the lesson learnt
with∼EMB , we define this new equivalence on the integrated semantic model. For
simplicity, one may be tempted to relate strongly extended-Markovian bisimilar
terms having the same total reward, intended as the sum of the rewards attached
to the actions it can execute. However, in this way one would fail both to capture
an equivalence preserving the performance measure at hand and to obtain a
congruence.

Example 1. Consider terms
A

∆= <a, λ, r>.<b, µ, r1>.A

B
∆= <a, λ, r>.<b, µ, r2>.B

where r1 6= r2. Then A ∼EMB B and A and B have the same total reward r, but
if we solve the two underlying performance models we obtain two different values
of the performance measure we are interested in: r · µ/(λ + µ) + r1 · λ/(λ + µ)
and r · µ/(λ + µ) + r2 · λ/(λ + µ).

Example 2. Consider terms
E1 ≡ <a, λ, r1>.0 + <b, µ, r2>.0
E2 ≡ <a, λ, r2>.0 + <b, µ, r1>.0

where r1 6= r2. Then E1 ∼EMB E2 and E1 and E2 have the same total reward
r1 + r2, but e.g. E1 ‖{b} 0 has total reward r1 while E2 ‖{b} 0 has total reward
r2.

The examples above show that if we want to preserve the performance measure
and to obtain a congruence, we cannot treat rewards separately from the rest
of the actions: rewards must be checked in the bisimilarity clause in order to
guarantee that, given two equivalent terms, they have the same total reward and
any pair of equivalent terms reachable from them have the same total reward.

Below we show that it is really easy to extend the definition of ∼EMB in such
a way that both objectives are achieved. Proofs of results are omitted whenever
they are smooth adaptations of the corresponding proofs in [2].

Definition 3. We define partial functions Rate, Reward , RR with domain Gr,Θ×
AType × PLevel × P(Gr,Θ) and ranges ARate, AReward , ARate × AReward re-
spectively, by

Rate(E, a, l, C) = Min{| λ̃ | E a,λ̃,r−−−→E′ ∧ PLr(<a, λ̃, r>) = l ∧ E′ ∈ C |}
Reward(E, a, l, C) =

∑{| r | E a,λ̃,r−−−→E′ ∧ PLr(<a, λ̃, r>) = l ∧ E′ ∈ C |}
RR(E, a, l, C) = (Rate(E, a, l, C),Reward(E, a, l, C))



Definition 4. An equivalence relation B ⊆ Gr,Θ × Gr,Θ is a strong extended
Markovian reward bisimulation (strong EMRB) iff, whenever (E1, E2) ∈ B, then
for all a ∈ AType, l ∈ PLevel and C ∈ Gr,Θ/B

RR(E1, a, l, C) = RR(E2, a, l, C)
In this case we say that E1 and E2 are strongly extended-Markovian reward
bisimilar (strongly EMRB).

Proposition 5. Let ∼EMRB be the union of all the strong EMRBs. Then ∼EMRB

is the largest strong EMRB.

Definition 6. We call ∼EMRB the strong extended Markovian reward bisimula-
tion equivalence (strong EMRBE), and we say that E1, E2 ∈ Gr,Θ are strongly
extended-Markovian reward bisimulation equivalent (strongly EMRBE) if and
only if E1 ∼EMRB E2.

Proposition 7. ∼EMRB ⊂∼EMB .

Proof. It follows immediately from the fact that every strong EMRB is a strong
EMB too.

The following example shows that the inclusion is strict. We would like to point
out that this is not inconsistent with ∼EMB . The purpose of ∼EMB is to relate
terms describing concurrent systems having the same functional and performance
properties: if E1 ∼EMB E2 but E1 6∼EMRB E2, this simply means that we are
measuring two different performance indices for E1 and E2.

Example 3. Consider terms
A

∆= <a, λ, 1>.<b, µ, 0>.A

B
∆= <a, λ, 0>.<b, µ, 1>.B

Then A ∼EMB B but A 6∼EMRB B. If we regard a and b as the transmission
over two different channels, then by means of A we can compute the utilization
of the former channel, whereas by means of B we can compute the utilization of
the latter channel.

Theorem 8. Let E1, E2 ∈ Gr,Θ. If E1 ∼EMRB E2 then:

1. For every <a, λ̃, r> ∈ Actr, <a, λ̃, r>.E1 ∼EMRB <a, λ̃, r>.E2.
2. For every L ⊆ AType − {τ}, E1/L ∼EMRB E2/L.
3. For every ϕ ∈ RFun, E1[ϕ] ∼EMRB E2[ϕ].
4. Θ(E1) ∼EMRB Θ(E2).
5. For every F ∈ Gr,Θ, E1 + F ∼EMRB E2 + F and F + E1 ∼EMRB F + E2.
6. For every F ∈ Gr,Θ and S ⊆ AType − {τ}, E1 ‖S F ∼EMRB E2 ‖S F and

F ‖S E1 ∼EMRB F ‖S E2.

Theorem 9. ∼EMRB is preserved by recursive definitions.

Theorem 10. Let Ar be the set of axioms in Table 2. The deductive system
Ded(Ar) is sound and complete with respect to ∼EMRB for the set of nonrecursive
terms of Gr,Θ.



(Ar,1) (E1 + E2) + E3 = E1 + (E2 + E3)
(Ar,2) E1 + E2 = E2 + E1

(Ar,3) E + 0 = E

(Ar,4) <a, λ̃1, r1>.E + <a, λ̃2, r2>.E = <a, λ̃1 Min λ̃2, r1 + r2>.E

if PLr(<a, λ̃1, r1>) = PLr(<a, λ̃2, r2>)

(Ar,5) 0/L = 0

(Ar,6) (<a, λ̃, r>.E)/L =

{
<a, λ̃, r>.(E/L) if a /∈ L

<τ, λ̃, r>.(E/L) if a ∈ L

(Ar,7) (E1 + E2)/L = E1/L + E2/L

(Ar,8) 0[ϕ] = 0

(Ar,9) (<a, λ̃, r>.E)[ϕ] = <ϕ(a), λ̃, r>.(E[ϕ])
(Ar,10) (E1 + E2)[ϕ] = E1[ϕ] + E2[ϕ]

(Ar,11) Θ(0) = 0

(Ar,12) Θ(
∑
i∈I

<ai, λ̃i, ri>.Ei) =
∑
j∈J

<aj , λ̃j , rj>.Θ(Ej)

where J = {i ∈ I | λ̃i = ∗ ∨ ∀h ∈ I.PLr(<ai, λ̃i, ri>) ≥ PLr(<ah, λ̃h, rh>)}

(Ar,13) 0 ‖S 0 = 0

(Ar,14) (
∑
i∈I

<ai, λ̃i, ri>.Ei) ‖S 0 =
∑
j∈J

<aj , λ̃j , rj>.(Ej ‖S 0) where J = {i ∈ I | ai /∈ S}

(Ar,15) 0 ‖S(
∑
i∈I

<ai, λ̃i, ri>.Ei) =
∑
j∈J

<aj , λ̃j , rj>.(0 ‖S Ej) where J = {i ∈ I | ai /∈ S}

(Ar,16) (
∑

i∈I1

<ai, λ̃i, ri>.Ei) ‖S(
∑

i∈I2

<ai, λ̃i, ri>.Ei) =

∑
j∈J1

<aj , λ̃j , rj>.(Ej ‖S

∑
i∈I2

<ai, λ̃i, ri>.Ei) +

∑
j∈J2

<aj , λ̃j , rj>.(
∑

i∈I1

<ai, λ̃i, ri>.Ei ‖S Ej) +

∑
k∈K1∧h∈Hk

<ak,Split(λ̃k, 1/nk), rk/nk>.(Ek ‖S Eh) +

∑
k∈K2∧h∈Hk

<ak,Split(λ̃k, 1/nk), rk/nk>.(Eh ‖S Ek)

where J1 = {i ∈ I1 | ai /∈ S}
J2 = {i ∈ I2 | ai /∈ S}
K1 = {i1 ∈ I1 | ∃i2 ∈ I2. ai1 = ai2 ∈ S ∧ λ̃i2 = ∗}
K2 = {i2 ∈ I2 | ∃i1 ∈ I1. ai1 = ai2 ∈ S ∧ λ̃i1 = ∗}
Hk = {h ∈ I2 | ak = ah ∧ λ̃h = ∗}with k ∈ K1

Hk = {h ∈ I1 | ak = ah ∧ λ̃h = ∗}with k ∈ K2

nk = |Hk|

Table 2. Axioms for ∼EMRB



5 Conclusion

In this paper we have introduced an algebra-based method to attach rewards
with EMPA terms in order to derive performance measures. As observed in
Sect. 2, though less powerful in general than the logic-based method proposed
in [3], the algebra-based method may be convenient due to its ease of use, its
low computational cost and the possibility of defining a notion of equivalence
accounting for rewards. Furthermore, it has been a really easy task to extend
the theory developed for EMPA in order to take into account rewards according
to the algebra-based method.

Concerning future work, we could allow the designer to associate rewards
with immediate actions as well, because in this way we could derive performance
measures also when we restrict ourselves to the probabilistic kernel [2] of EMPA.
Finally, the algebra-based method will be implemented in a software tool (we are
currently developing) based on EMPA for the modeling and analysis of functional
and performance properties of concurrent systems.
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