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Continuous maps of metric spaces

» We work with metric spaces, usually a subset of R" with
the Euclidean norm or the space of code sequences such
as ¥ with an appropriate metric.

» A map of metric spaces F : X — Y is continuous at
x € X if it preserves the limits of convergent sequences,
i.e., for all sequences (xn)np>0 in X:

Xn — X = F(xpn) — F(x).

» F is continuous if it is continuous at all x € X.
» Examples:

» All polynomials, sin x, cos x, €* are continuous maps.

» x — 1/x : R — Ris not continuous at x = 0 however we
define 1/0. Similarly for tan x at x = (n+ })x for any
integer n.

» The step functions: R —-R:x— 0ifx <0and 1
otherwise, is not continuous at 0.

» Intuitively, a map R — R is continuous iff its graph can be
drawn with a pen without leaving the paper.



Continuity and Computability

» Continuity of F is necessary for the computability of F.
» Here is a simple argument for F : R — R to illustrate this.

» An irrational number like 7 has an infinite decimal
expansion and is computable only as the limit of an
effective sequence of rationals (x»)n>o with say
X0 :3,X1 = 3.1,X2 =3.14....

» Hence to compute F(7) our only hope is to compute F(x,)
for each rational x, and then take the limit. This requires
F(xn) — F(m)as n— co.



Discrete dynamical systems

» A discrete dynamical system F : X — X is the action of
a continuous map F on a metric space (X, d), usually a
subset of R".

» Here are some key continuous maps giving rise to
interesting dynamical systems in R":

» Linear maps R” — R"”, eg x — ax: R — Rforany a € R.

» The quadratic family F; : R — R : x — cx(1 — x) for any
cell,4].



Differential equations

» Differential equations are continuous dynamical systems
which can be studied using discrete dynamical systems.

» Let y = V(y) € R” be a system of differential equations in
R™ with initial condition y(0) = xo at { = 0.

» Suppose a solution of the system at time t is
y(t) = S(xo, ).

» Let F: R” — R" be given by F(x) = S(x, 1).

» Then, F is the time-one map of the evolution of the
differential equation with y(0) = F%(xo), y(1) = F(Xo),
¥(2) = F(F(x0)), y(3) = F(F(F(x0))) and so on.

» By choosing the unit interval of time, we can then study the
solution to the differential equation by studying the discrete
system F.



lteration

» Given a function F : X — X and an initial value xg, what
ultimately happens to the sequence of iterates

Xo, F(x0), F(F(X0)), F(F(F(x0))),----
» We shall use the notation
F@(x) = F(F(x)), F®(x) = F(F(F(x))),...

For simplicity, when there is no ambiguity, we drop the
brackets in the exponent and write

F(x) := F(x).

» Thus our goal is to describe the asymptotic behaviour of
the iteration of the function F, i.e. the behaviour of F"(xp)
as n — oo for various initial points xp.



Orbits

Definition
Given xp € X, we define the orbit of x5 under F to be the
sequence of points

Xo = F%(x0), X1 = F(X0), X2 = F?(x0), ..., Xn = F"(Xo), .. ..

The point xg is called the seed of the orbit.

Example
If F(x) = sin(x), the orbit of xp = 123 is

Xo =123, x; = —0.4599..., xp = —0.4439..., X3 = —0.4294...,



Finite Orbits

Definition
» A fixed point is a point xy that satisfies F(xp) = xo.
» A fixed point xp gives rise to a constant orbit:
Xo, X0, X0, - - --

» The point X is periodic if F"(xp) = xo for some n > 0. The
least such nis called the period of the orbit. Such an orbit
is a repeating sequence of numbers.

» A point Xy is called eventually fixed or eventually

periodic if xj itself is not fixed or periodic, but some point
on the orbit of xg is fixed or periodic.



Graphical Analysis

Given the graph of a function F we plot the orbit of a point xp.

>

First, superimpose the diagonal line y = x on the graph.
(The points of intersection are the fixed points of F.)
Begin at (xp, Xp) on the diagonal. Draw a vertical line to the
graph of F, meeting it at (xo, F(Xp))-

From this point draw a horizontal line to the diagonal
finishing at (F(xp), F(Xp)). This gives us F(xp), the next
point on the orbit of xg.

Draw another vertical line to graph of F, intersecting it at
F?(xo))-

From this point draw a horizontal line to the diagonal
meeting it at (F2(xo), F2(xp))-

This gives us F2(xp), the next point on the orbit of xp.

Continue this procedure, known as graphical analysis.
The resulting “staircase” visualises the orbit of xg.



Graphical analysis of linear maps

f(x)=ax

y=x y=x y=x

a>1 a=1 O<a<l

N y=x y=x

y=x ~
‘7 ¥
a<—1 a=—1 ﬁxl <a<0

Figure : Graphical analysis of x — ax for various ranges of a € R.




A Non-linear Example: C(x) = cos x

Graphical Analysis: F(z) =cos(z)




Phase portrait

» Sometimes we can use graphical analysis to describe the
behaviour of all orbits of a dynamical system.

» In this case we say that we have performed a complete
orbit analysis which gives rise to the phase portrait of
the system.

» Example: The complete orbit analysis of x — x2 and its
phase portrait are shown below.

Graphical Analysis: F(z)=z"

oo
bos L L s o




Phase portraits of linear maps

f(x)=ax
AT N _Q Q ) N
a>1 a=1 O<a<l
% ; 4;
‘ g

a<—1

a=-1

—l<a<0

Figure : Graphical analysis of x — ax for various ranges of a € R.



Open and closed subsets

» Given a metric space (X, d), the open ball with centre
x € X and radius r > 0 is the subset
Ox,r)y={yeX:dx,y) <r}.

» Eg, in R, if a < b, then the interval
(a,b) ={x € R:a< x < b}isanopen ball; it is called an
open interval.

» An open set O is any union of open balls:

O = Uj¢; O(x;, ri), where [ is any indexing set.

» A closed set is the complement of an open set.

» Eg,in R, if a < b, then the interval
[a,b] = {x e R:a< x < b} is closed.

» [a,b) = {x:a< x < b} is neither open nor closed.

Figure : An open and a closed set



Properties of Open and closed subsets

» The following properties follow directly from the definition
of open and closed sets in any metric space (X, d).

» X and the empty set () are both open and closed.

» An arbitrary union of open sets is open while an arbitrary
intersection of closed sets is closed.

» Furthermore, any finite intersection of open sets is open
while any finite union of closed sets is closed.

» Note that even countable intersection of open sets may not
be open, eg.

ﬂ(o,1+}1—7)=(0,1].

n>1



Open subsets and continuity

v

Suppose F : X — Y is a map of metric spaces.
Given B C Y, the pre-image of B under F is the set

v

F~1(B)={x e X: F(x) € B}.

v

It can be shown that given a map of metric spaces
F: X — Y and x € X, then the following are equivalent:
» F is continuous at x € X (i.e., it preserves the limit of
convergent sequences).
» Ve > 0.3§ > 0 such that F[O(x, d)] € O(f(x), ),
(equivalently O(x, ) c F~1(O(f(x),¢))).

F : X — Y is continuous (i.e., it is continuous at every point
of X) iff the pre-image of any open setin Y is openin X.

v



Attracting and repelling periodic points
A set Bis invariant under F if F(x) € Bif x € B.

Suppose X is a periodic point for F with period n. Then xp is an
attracting periodic point if for G = F" the orbits of points in
some invariant open neighbourhood of xg converge to xo. The
point xg is a repelling periodic point if for G = F" the orbits of
all points in some open neighbourhood of xg (with the exception
of the trivial orbit of xg) eventually leave the neighbourhood.

y yox

X
4 3
attracting  repelling

It can be shown that if F is differentiable and its derivative F’ is
continuous at a fixed point xy of F, then xg is attracting

(repelling) if |F'(xo)| < 1 (IF'(x0)| > 1). If |F'(x0)| # 1, then xg is
called a hyperbolic fixed point.



Attractors

» We have already seen periodic attractors which are finite
sets.

» Attractors can generally be very complex sets.

» Recall that an open set in a metric space (X, d) is any
union of open balls of the form
O(x,r)={y e X:d(x,y) <r}where x € Xand r > 0.

» Given F : X — X, we say a non-empty closed subset
A C X is an attractor if it satisfies:

» Closure under iteration: x e A= F(x) € A

» There is a basin of attraction for A, i.e., there exists an
invariant open set B ¢ X with A C B such that forany x € B
and any open neighbourhood O of A, there exists N € N
such that F"(x) € Oforalln> N.

» No proper subset of A satisfies the above two properties.

» Attractors are observable by computing iterates of maps.



Periodic attractors

Attracting periodic points give rise to attractors.

>

>

Here is a proof:

Let x € X be an attracting period point of F : X — X with
period n > 1.

Claim: A= {x, F(x), F3(x),--- , F"~1(x)} is an attractor.

It is clearly non-empty and closed as any finite set is
closed.

By definition there is an open neighbourhood O C X of x
that consists of points whose orbits under the map F”
remainin O, i.e., F"[O] C O, and converge to x.

Let B=OQUF "(O)UF2(0)uU---UF-("1(0).

Then, B is an open subset which satisfies F[B] C B (since
FIF-1(0)] ¢ F~U=1)(0) for1 < i< n—1)and is a basin of
attraction for A.

Since F"(x) = x with n minimal, A is not decomposable.



First observed “strange” attractor: Lorenz attractor

Figure : Different viewpoints of Lorenz attractor in R3

It has been recently proved that the Lorenz attractor is chaotic.



Chaos

Definition
A dynamical system f : X — X on an infinite metric space X is
sensitive to initial conditions if there exists § > 0 such that
for any x € X and any open ball O with centre x, there exists
y € O and n € N such that d(f"(x), f"(y)) > ¢ (i.e., in the
neighbourhood of any point x there is a point whose iterates
eventually separate from those of x by more than ).
f. X — X is chaotic if it satisfies the following:

() fis sensitive to initial conditions.

(i) fis topologically transitive, i.e., for any pair of open balls
U,V C X, there exists n > 0 such that f"(U)NV # 0, i.e., f
is not decomposable.

(iii)y The periodic orbits of f form a dense subset of X, i.e., any
open ball contains a periodic point.

It can be shown that (i) follows from (ii) and (iii).



Space of infinite strings

» Letx ={0,1}.

» Consider the set (£, d) or (X%, d) of infinite strings
X = XoX{Xo--- OF X = ---X_oX_{XoX{ X2 ---, Where x; € ¥,
with metric:

B 0 ifx=y
d(x,y) = { 1/2Im " |m| € N least with xm # ym.

Here are some simple properties to check:
» d(x,y) is clearly non-negative, symmetric and vanishes iff
X=y.
» d also satisfies the triangular inequality, hence is a metric.
» The open ball with centre x € ¥ and radius 1/2" for n > 0
is:
O(x,1/2M ={y:Vie Z.lii<n= x; =Yy}



Tail map is chaotic

v

The tail map ¢ : ¥ — ¥V is defined by

(0(X))n = Xni1

for n € N.

The tail map is also called the shift map as it shifts all
components one place to the left.
The tail map is continuous and satisfies the following:
» Sensitive to initial conditions (with 6 = 1/2).
» Topologically transitive (¥ open balls U. 3n. o"(U) = V).
» lts periodic orbits are dense in ¥V
» It has a dense orbit.

In particular, o is chaotic.

v

v

v



Turing machines

» A Turing machine is a dynamical system (Y, T) as follows.

» Let Y = {0,1}% x Swhere S'is a finite set of states, which
contains an element 0 called the halting state.

» Theset {(...,0,...)} x Sis called the empty tape.

» The infinite sequences with only finite number of 1 in
{0,1}% are called data.

» The Turing machine is defined by three maps:

f:{0,1} x S — {0,1} defines the new letter
g:{0,1} xS—S defines the new state
h:{0,1} x S — {—1,0,1} decides to move left, right or stay

» Now we define T:{0,1}2 x S — {0,1}2 x S:

T(x,8) = (o"09(.... x 2, x 1, /(x0,5), %1, %, ...}, G0, 5))



Angle doubling is chaotic
Let S be the unit circle centred at the origin, whose points are
angles 0 < 6§ < 27 measured in radians. The distance between
any two points on the circle is the shortest arc between them.

20

Figure : Angle doubling map

» Angle doubling: A, : S' — S' is defined as Ax(9) = 26.
» It can be shown that A, satisfies the following:
» Sensitive to initial conditions (with § = 7 /4).
» Topologically transitive (V open balls U. 3n. AJ(U) = S").
» lts periodic orbits are dense in S'.

» Theorem. The angle doubling map is chaotic.



Topological Conjugacy
Suppose f: X — X and g : Y — Y are continuous maps and
h: X — Y is a surjective continuous map such that ho f = go h:

X1 x
y—2-vy
» We then say his a topological semi-conjugacy between
(X,f)and (Y, g). Note: ho f" = g"o hforany n e N, for
n=2:
X—1-x—1tox
ol b

y 9.y 9. vy

» h maps orbits to orbits, periodic points to periodic points.
» If h has a continuous inverse, then it is called a
topological conjugacy between (X, f) and (Y, g).



Example of topological conjugacy

» Consider Qy:R - R: x+— x°+d

» For d < 1/4, the map Qq is conjugate via a linear map of
type L: x —ax+fto Fc:R—R:x— cx(1—x)fora
unique ¢ > 1.

» This can be shown by finding «, 3, ¢ in terms of d such that
the conjugacy relation holds, i.e.,:

L7'F.L = Qq



Symbolic dynamics

» Suppose g : Y — Y is a dynamical system with a
semi-conjugacy:

ZNL>ZN

|
y_9 vy
» Wesay o : ¥V — ¥V provides symbolic dynamics for
g:Y—=Y.
» From such a semi-conjugacy we can deduce the following
results about g from the corresponding properties of o:
» g is topologically transitive.
» Periodic orbits of g are dense.
» g has a dense orbit.



An Example

>

For x € R and integer n > 1, define x mod n as the
remainder of division of x by n.

Thus, x mod 1 is simply the fractional part of x.
Consider the map M, : [0,1) — [0,1) : x — 2x mod 1.
Then we have the semi-conjugacy h: ¥ — [0, 1) given by
X,
h(x) = ;’202—’/ mod 1

It follows immediately that

» M, is topologically transitive.

» Periodic orbits of M» are dense.

» M, has a dense orbit.
Since M, expands any small interval by a factor 2, it is also
sensitive to initial conditions.

Therefore, M» is a chaotic map.



Periodic doubling bifurcation to chaos



Bifurcation

>

d>1/4

Consider the one-parameter family of quadratic maps
X — x%2 + d where d € R.

For d > 1/4, no fixed points and all orbits tend to oc.

For d = 1/4, a fixed point at x = 1/2, the double root of
x24+1/4 = x.

This fixed point is locally attracting on the left x < 1/2 and
repelling on the right x > 1/2.

For d just less than 1/4, two fixed points x; < X2, with x;
attracting and x, repelling.

The family x — x2 4 d undergoes bifurcation at d = 1/4.

d=1/4 d<1/4

172 x1 x2



A model in population dynamics

>

Consider the one-parameter family F; : [0, 1] — [0, 1] with
¢ > 1, given by F¢(x) = cx(1 — x).

Think of x € [0, 1] as the fraction of predator in a
predator-prey population.

Fc gives this fraction after one unit of time, where the
predator population increases linearly x — cx but it is also
impeded because of limitation of resources, i.e., prey, by
the quadratic factor —cx?.

The dynamical system F; : R — R is studied for ¢ > 1.

It turns out that this simple system exhibits highly
sophisticated including chaotic behaviour.

enre 1

Figure : The quadratic family



Nature of fixed points

>

>

>

There are two fixed points at 0 and p. = (¢ — 1)/c < 1.
F'(x) =c(1 —2x),s0 F;(0)=c>1and F/(p;) =2 — c.
0 is always a repeller and p. is an attractor for 1 < ¢ < 3
and a repeller for ¢ > 3.

» For 1 < ¢ < 3 the orbit of any point in (0, 1) tends to pc.
» So what happens when ¢ passes through 3 turning p. from

an attracting fixed point to a repelling one?
How do we find the phase portrait of F. for ¢ just above 37

1
c<3

K

0 (c=1)/c 1

Figure : Dynamics for ¢ < 3



Period doubling

>

>

We look at the behaviour of F2 when ¢ passes through 3.

For ¢ < 3, the map F? has (like F;) two fixed points, one
repelling at 0 and one attracting at p. .

As c passes through 3, the fixed point p. becomes
repelling for F2. (We have: Fj(p3) = —1 and (F2)'(p3) = 1)
However, FC2 acquires two new attracting fixed points ac, bc
with ac < pc < b for ¢ just above 3.

This gives an attracting period 2 orbit {ac, bc} for Fe.

c>3

K <
S
a(; Pcb ¢ a.Pe be

Figure : An attracting period 2 orbit is born



Period doubling bifurcation diagram

» Therefore, F; goes under a periodic doubling bifurcation as
¢ goes through 3.

» If we plot the attractors of F. as ¢ passes through ¢ = 3 we
obtain the following diagram.

» The solid lines indicate attracting fixed or periodic points
while the dashed line indicate the repelling fixed point.

—

Pc 4

Attractor
1
1
I
1

Figure : Periodic doubling bifurcation diagram



Analysis of periodic doubling

» F2 has four fixed points satisfying:
x = F2(x) = c(ex(1 — x))(1 — ex(1 — x)).

» Two of them are 0 and p, the fixed points of F.

» The other two namely a; and b, are given by:

> g, = SH1-ve—2e-3 \/2002*20*3 and b, = ¢Hitve—2c3 \/2002*20*3

» The periodic point ac (or b;) will be attracting as long as
(FEY(ac)| = |Fé(be)Fe(ao)| < 1.

» This gives 3 < ¢ <1+ V6.

» [t follows that for ¢ in the above range all orbits, except the
orbits that land on 0 and p¢, are in the basin of attraction of
the periodic orbit {ac, bc}.

» Atc; =1+ /6, we have (F2)'(ac) = (F2)'(bc) = —1.



A repeat of period doubling

» The periodic doubling repeats itself as ¢ passes through
¢t =1+v6>cy=3.

» For ¢ > ¢, (F2)'(ac) = (F2)'(bc) > 1 and the periodic orbit
{ac, bc} becomes repelling.

» The attracting periodic points of period 2 namely a; and b,
now become repelling.

» An attracting periodic orbit of period four is created with the
four points close to a; and b; as in the diagram.

—

Attractor

P

c0=3 cl c2

Figure : A second periodic doubling bifurcation



Renormalisation

» Note that F; at ¢y behaves like F2 at c.
» Fixed points cease to be attracting and become repelling.
» This similarity can be understood using renormalisation.
» Let g; = 1/c be the point that is mapped to p; (¢ > 2).
» Put R(F;) = Lco F2o L', where L is the linear map

X — (X — pc)/(gc — pc), which maps [qc, pc] into [0, 1].
» If F(1/2) = R(F¢)(1/2) then F and R(F.) are close.

1
0 qC pC

Figure : Left: F2 graph and its renormalising part in the square,
Right: F» 24 (solid curve) close to R(F33) (dashed curve)



A cascade of periodic doubling

>

The periodic doubling bifurcation repeats itself ad infinitum
for an increasing sequence: ¢p < ¢ < G < C3 - - .

As c passes through c;, for n > 0, the attracting periodic
orbit of period 2" becomes repelling and an attracting
periodic orbit of period 2"+ is created nearby.

The phase portrait of F; for ¢, < ¢ < cp41 is simple:

The basin of attraction of the periodic orbit of period 2+
consists of all orbits in (0, 1) with the exception of orbits
landing on repelling periodic points of period 2".

We have limp_o Ch = Coo =~ 3.569 - - -.

At ¢ = ¢, is the system is at the edge of chaos. Chaotic
behaviour can be detected for many values in ¢, < ¢ < 4.

We say that ¢ is a critical parameter. The system
undergoes phase transition from regular behaviour to
chaotic behaviour as ¢ passes through c..



Bifurcation Diagram: F, :z —cz(1—z)

08 i

0.6

Attractor

0.4 1

02F

2.6 28 3.0 3.2 34 3.6 3.8
c

Figure : Bifurcation diagram of F;: At each value of ¢, the attractor of
F¢ is plotted on the vertical line through c. This is done e.g. by
computing a typical orbit of F;, discarding the first 100 iterates and
plotting the next 100 iterates. As c increases from 2.5, the family
goes through a cascade of periodic doubling bifurcations with
periodic attractors of period 2” for all n € N, until it reaches the edge
of chaos at the critical parameter c.,. Beyond this value, the family
has chaotic behaviour for some values of ¢ interrupted by regular
behaviour with attractors of different periods. An attractor of period 3
is clearly visible after ¢ = 3.8.



Feigenbaum constant and Unimodal maps
» The following remarkable property holds:
lim 71 _ 5 ~ 4.66920.

h—00 Cpyq1 — Cp

v

J is the Feigenbaum universal constant.

In fact, the periodic doubling route to chaos occurs in all
the so called unimodal families of maps (figure below).
For example in the family S : [0, 1] — [0, 1] with

Sc(x) = esinmx, with 0 < ¢ < 1, we discover the same
period doubling bifurcation to chaos as we did for the
quadratic family.

Moreover, for all these maps we have

(¢h—cn_1)/(Cni1 — Cn) — 6 =~ 4.66920.

v

v

v




Chaotic dynamics in quadratic family

» We show that F4 is chaotic.

» The two-to-one map hy : S' — [—1, 1] with h; () = cos @
gives a semi-conjugacy between angle doubling
Ay : S' — S'and the map Q: [-1,1] — [-1, 1] with
Q(x) = 2x2 — 1.

» The map hy : [-1,1] — [0, 1] with hs(x) = (1 — x)/2 gives
a conjugacy between Q and F4.

» Thus, ho o hy : ST — [0, 1] gives a semi-conjugacy between
A2 and F4.

0 12 1

Figure : F4 map



F4 is chaotic

» We have the following diagram. Put g = hs o hy

Az
s—— = s &

(1,1 — 2 [—1,1)

.

0,1 —* > [0, 1]
» For any open set O C [0, 1], there is some n € N with
A3(g~1(0)) = S', which implies F(O) = [0, 1].
Sensitive dependence on initial conditions and topological
transitivity of F4 both follow from the above fact.
Furthermore, g~'(0) c S is an open set and thus has a
periodic point which is mapped by g to a periodic point in
0.
Therefore, F4 is chaotic.

v

v

v



Iterated Function Systems and Fractals



Cantor middle-thirds set

» Start with [ = [0, 1].
» Remove the interior of its middle third to get
hh =10, 31U 5,1].
» Do the same with each interval in /; to get /» and so on.
» We have
/n+1 = f1[/n] U fZ[In]
where the affine transformations f;, f : Iy — Iy are given
by: fi(x) = £ and h(x) = £ + £.
» The Cantor set C is the intersection of all /,’s.




Properties of the Cantor set

» C satisfies the fixed point equation: C = £[C] U £[C].
All the end points of the intervals in I, are in C.

C consists of all numbers in the unit interval whose base
3-expansion does not contain the digit 1:

v

v

Nl P where a; = 0 or 2.

v

C has fine structure and self-similarity or scaling

invariance: It is made up of two copies of itself scaled by
1

3-
C is closed and uncountable but has zero length.
Complicated local structure:
» C is totally disconnected (between any two points in C
there is a point not in C) and therefore contains no intervals;
» C has no isolated point (in any neighbourhood of a point
in C there are infinitely many points of C).

v

v



Fractals

» Cantor middle-thirds set is an example of fractals,
geometric objects with fine structure, some self-similarity
and a fractional fractal dimension.

> A set which can be made up with m copies of itself scaled
by 1 has similarity dimension '%%’,’7’, which coincides with
its fractal dimension.

» The unit interval has dimension 1 as it is precisely the
union of n copies of itself each scaled by a factor n.

» The Cantor middle-thirds set has fractal dimension
log2/log3 < 1.

» More generally, a Cantor set is a closed and totally
disconnected set (i.e., contains no proper intervals) without
any isolated points (i.e., any neighbourhood of any of its
points contains other points of the set).

» A Cantor set may be “fat”, i.e., have non-zero “total length”.



Chaotic dynamics on fractals

» Let T: C — C be given by T(a) = 3amod 1, where for
any real number r its fractional part is denoted by r mod 1.

» Consider the map h: {0,2} — C into the Cantor set with

Xo . Xy X
h(x):§0+3—12+3—§---,Wherex:xox1x2---

» We have the topological conjugacy
{0,2}" —7~{0,2}"
hi ih
c—' —~cC
» Using this conjugacy, we can show that T: C — Cis
chaotic.




Sierpinsky triangle

» The Sierpinsky triangle is another example of a self-similar
fractal, generated by three contracting affine maps:
f1, fg, f3 : RZ — Rz.

» Each map f; is a composition of scaling by 1/2 and a
translation.

Figure : Sierpinsky triangle



Koch curve

» Start with the unit interval.

» Remove the middle third of the interval and replace it by
the other two sides of the equilateral triangle based on the
removed segment.

» The resulting set E; has four segments; label them 1,2,3,4
from left to right.

» Apply the algorithm to each of these to get Eo.

» Repeatto get E, foralln> 1.

» The limiting curve F is the Koch curve, Figure (a) next
page.

» Joining three such curves gives us the snowflake as in
Figure (b).

» We can map {1,2,3,4}* to the sides of E, for n > 0.

» There is a continuous map from {1,2, 3,4} to the Koch
curve.



Koch curve ‘.




Properties of the Koch curve

» Fis the limit of a sequence of simple polygons which are
recursively defined.

» Fine structure, self-similarity: It is made of four parts, each
similar to F but scaled by 3.

» The fractal dimension of the Koch curve is log4/log 3
which is between 1 and 2.

» Complicated local structure: F is nowhere smooth (no
tangents anywhere). Think about the sequence of
segments 2,22,222, - - -. It spirals around infinitely many
times!

> F has infinite length (E, has length (3)" and this tends to
infinity with n) but occupies zero area. The snowflake can
be painted but you cannot make a string go around it!

» Although F is defined recursively in a simple way, its

geometry is not easily described classically (cf. definition
of a circle). But {1,2,3,4}" gives a good model for F.



Affine maps

>

An affine map of type R™ — R™ is a linear map followed by
a translation.

For example, in R?, an affine map f : R> — R? has, in
matrix notation, the following action:

X . a b X n k

y c d y )
We know how the middle thirds Cantor and the Sierpinsky’s
triangle are generated by contracting affine maps.
For the generation of the Koch curve there are four
contracting affine transformations of the plane f;, 1 < < 4,
each a combination of a simple contraction, a rotation and
a translation, such that

En+1 = f [En] U fQ[En] U fg[En] U f4[En]



lterated Function Systems

>

The examples we have studied are instances of a general
system which is a rich source of fractals and we now study.
An lterated Function System (IFS) in R™ consists of a finite
number of contracting maps f; : R™ - R, i=1,2...N,
i.e, for each i, there exists 0 < s; < 1 suchthatV. x,y € R™

m
I500) = £ < sillx — y| where |[x]| = | > x?.
j=1

If f; is an affine map then s; can be taken to be the kL norm
of its linear part.
P(R™): set of non-empty, bounded, closed subsets of R".

» A continuous map, in particular a contracting map, takes

any bounded, closed subset to another such set.

Let f: P(R™) — P(R™) : A Jq<<p filA], @ well-defined
map. o

We will show that f has a unique fixed point, A* with
f(A*) = A*, which is the attractor of the IFS.



Hausdorff distance

» The Hausdorff distance, dy(A, B), between two elements
Aand Bin P(R™) is the infimum of numbers r such that
every point of A is within distance r of some point of B and
every point of B is within distance r of some point of A.

» Formally, dy(A, B) =inf{r| BC A, and A C B,}, where for
r > 0, the r-neighbourhood A, of Ais:

Ar={xeR"||x—a| <rforsome ac A}.

» Eg, if Aand B are disks with radius 2 and 1 whose centres

are 3.5 units apart, then dy(A, B) = 4.5.




IFS attractor

» (P(R™M), dy) is a complete metric space (i.e., every Cauchy
sequence has a limit) and the map f is a contracting map
wrt dy with a contractivity s = max{s; : 1 <i < N}.

» By the contracting mapping theorem, f has a unique fixed
point A* € P(R™) which is the only attractor of the IFS.

» The attractor is obtained as follows. Let D,, be the disk with
radius r; = ||£;(0)||/(1 — s;) centred at the origin.

» D, is mapped by f; into itself. (Check this!)
» Put r = max; r;. Then D = D, is mapped by f into itself:

DD f[D] 2 D] D---

and A* = (5o f"[D].

» We can also define the notion of IFS with probabilities by
assigning a probability weight p; to each f;. Then there will
be an ergodic measure with support A*.



IFS tree
> The nth iterate f°[D] = U}, i _q fi [f,[- - [£,0] -]
generates the N" nodes of the nth level of the IFS tree.
» The N" nodes on the nth level may have overlaps.
» For N = 2, three levels of this tree are shown below.

» Each branch is a sequence of contracting subsets of R™:
D> f,D2f,f,D2fffDD-

i i3
whose intersection contains a single point.
» A* is the set of these single points for all the branches.



IFS algorithm

» We use the IFS tree to obtain an algorithm to generate a
discrete approximation to the attractor A* up to a given
e > 0 accuracy. In other words, we will obtain a finite set A
such that dy(A, A*) <e.

» The diameter of each node at level nis at most 2rs”.

» We need 2rs" < ¢ so that the diameter is at most e.

» Letn= {%W Consider the truncated tree at level n.

The diameters of the N" leaves of the tree are at most e.
» Pick the distinguished point

fi f; f,(0) € f;

I I2

~,D

12

for each leaf. Let A be the set of these N" points.

» Each point in A* is in one of the N" leaves each of which
has diameter at most € and contains one of the
distinguished points and hence one point of A. It follows
that dy(A, A*) < e as required.



Complexity of the IFS algorithm

» The complexity of the algorithm is O(N").
» This is polynomial in N for a fixed resolution (and thus a
fixed n) but exponential in n.

» Improve the efficiency of the algorithm by taking a smaller
set of leaves as follows:

» For each branch

D> f,D>ff,D > ff,f

ip i3

D...

of the tree find an integer k such that the diameter of
fi, --- £, D is at most € by taking the first integer k such that
2I‘S,'1 Sj, -+ Sj, < €.

» Then take this node as a leaf. Do as before with this new
set of leaves.



Attractor Neural Networks



The Hopfield network |

» In 1982, John Hopfield introduced an artificial neural
network to store and retrieve memory like the human brain.

» Here, a neuron either is on (firing) or is off (not firing), a
vast simplification of the real situation.

» The state of a neuron (on: +1 or off: -1) will be renewed
depending on the input it receives from other neurons.

» A Hopfield network is initially trained to store a number of
patterns or memories.

» It is then able to recognise any of the learned patterns by
exposure to only partial or even some corrupted
information about that pattern, i.e., it eventually settles
down and returns the closest pattern or the best guess.

» Thus, like the human brain, the Hopfield model has stability
in pattern recognition.



The Hopfield network |l

» A Hopfield network is single-layered and recurrent
network: the neurons are fully connected, i.e., every
neuron is connected to every other neuron.

» Given two neurons / and j there is a connectivity weight w;;
between them which is symmetric wj; = wj; with zero
self-connectivity w;; = 0.

» Below three neurons j = 1,2, 3 with values +1 have
connectivity wj; any update has input x; and output y;.

3




Updating rule

>

>

Assume N neurons i =1,--- N with values x; = +1
X = {—1,1}N with the Hamming distance:

H(X,y) = #{i: x; # yi}.

The update rule is:

If h; > 0then 1 < x; otherwise — 1 + Xx;

where h; = SN | w;x; + b; and b; € R is a bias.

We put b; = 0 for simplicity as it makes no difference to
training the network with random patterns but the results
we present all extend to b; # 0.

We therefore assume h; = SN | wjx;.

» There are now two ways to update the nodes:

Asynchronously: At each point in time, update one node
chosen randomly or according to some rule.

Synchronously: Every time, update all nodes together.
Asynchronous updating is more biologically realistic.



A simple example

» Suppose we only have two neurons: N = 2.

» Then there are essentially two non-trivial choices for
connectivities (I) Wio = Woq = 10r (II) Wio = Woq = —1.

» Asynchronous updating: In the case of (i) there are two
attracting fixed points namely [1,1] and [—1, —1]. All orbits
converge to one of these. For (ii), the attracting fixed points
are [-1,1] and [1, —1] and all orbits converge to one of
these. Therefore, in both cases, the network is sign blind:
for any attracting fixed point, swapping all the signs gives
another attracting fixed point.

» Synchronous updating: In both cases of (i) and (ii),
although there are fixed points, none attract nearby points,
i.e., they are not attracting fixed points. There are also
orbits which oscillate forever.



Energy function

» Hopfield networks have an energy function such that every
time the network is updated asynchronously the energy
level decreases (or is unchanged).

» For a given state (x;) of the network and for any set of
connection weights wj; with w; = wj; and w;; = 0, let

1 N
E = _2”21 W,'I'X,'Xj

» We update x, to x},, and denote the new energy by E’.
> Exercise: Show that E' — E =37, , WmiXj(Xm — Xp,)-
» Using the above equality, if x,, = X, then we have E’' = E.
» If X, = —1and x}, =1, then x,, — x;, = —2 and
> iWmiXx; > 0. Thus, E' — E <0.
» Similarly if x, = 1 and x},, = —1, then x,, — x;,, = 2 and
> i Wmix; < 0. Thus, E' — E < 0.



Neurons pull in or push away each other

» Consider the connection weight w; = wj; between two
neurons / and j.

» If wj; > 0, the updating rule implies:

» when x; = 1 then the contribution of j in the weighted sum,
i.e. wjx;, is positive. Thus x; is pulled by j towards its value
X =1;

» when x; = —1 then wjx;, is negative, and x; is again pulled
by j towards its value x; = —1.

» Thus, if w; > 0, then i is pulled by j towards its value. By
symmetry j is also pulled by i towards its value.

» If w; < 0 however, then i is pushed away by j from its value
and vice versa.

» It follows that for a given set of values x; € {—1,1} for
1 < i < N, the choice of weights taken as wj; = x;x; for
1 < i < N corresponds to the Hebbian rule: “Neurons that

fire together, wire together. Neurons that fire out of sync,
fail to link.”



Training the network: one pattern (b; = 0)

>

Suppose the vector X = (xy,...,X,...,xy) € {-1,1}Nisa
pattern we like to store in the memory of a Hopfield
network.

To construct a Hopfield network that remembers X, we
need to choose the connection weights w;; appropriately.

If we choose wj; = nxx; for 1 < i,j < N (i # j), where n > 0
is the learning rate, then the values x; will not change
under updating as we show below.

We have

Z WiiXj = WZXIX/X/ = TIZX/ =n(N
j#i J#i
This |mpI|es that the value of x;, whether 1 or —1 will not
change, so that X is a fixed point.
Note that —X also becomes a fixed point when we train the
network with X confirming that Hopfield networks are sign
blind.



Training the network: Many patterns

>

More generally, if we have p patterns X%, k =1,...,p, we
choose wj = 4 >_h_; x[xf.
This is called the generalized Hebbian rule.

» We will have a fixed point X for each k iff sgn(h¥) = xX for

all1 <i<N, where

hi _ZW'/X _Nizp:

j=1£=1
Split the above sum to the case ¢ = k and the rest:

ko xk g szeek

/ 1 £k
If the second term, called the crosstalk term, is less than
one in absolute value for all i, then A% will not change and
pattern k will become a fixed point.
In this situation every pattern x* becomes a fixed point and
we have an associative or content-addressable memory.



Pattern Recognition

[ Hopficld neural network usage Examp S [=TEIY = Hopficld neural network usage Examp =1E1x]
Patbarres in NN Pattemns in NN
| Create Mewal Network. [100 Mewons) | | Crate Meuw sl Natwork, [100 Mewons) |
I Add pattein bo Neural network I | #dd pattein bo Heural netveork |
| Fun network dmamics | I Fun netwark denamics I
Properies of Meural Metwork Properties of Mewral Metwork

Size of Newal Metwork: 100 Size of Mewral Metwork: 100
Numbes of pathems: 3 Number of pattems: 3

Cusrant value of Energy: 10 Cusrent value of Energy:  -5542

Current State of MN Curent Stabe of MN

L




Stability of the stored patterns

>

How many random patterns can we store in a Hopfield
network with N nodes?

In other words, given N, what is an upper bound for p, the
number of stored patterns, such that the crosstalk term
remains less than one with high probability?

Multiply the crosstalk term by —x,-" to define:

= —x! 722)(@ X! k

j=1 t£k

If CK is negative, then the crosstalk term has the same
sign as the desired x¥ and thus this value will not change.
If, however, C}‘ is positive and greater than 1, then the sign
of h; will change, i.e., x¥ will change, which means that
node / would become unstable.

We will estimate the probability that CK > 1.



Distribution of C¥

» For1 <i<N,1</{¢<pwith both N and p large, consider
xf as purely random with equal probabilities 1 and —1.

» Thus, CKis 1/N times the sum of (roughly) Np
independent and identically distributed (i.i.d.) random
variables, say yn for 1 < m < Np, with equal probabilities
of 1 and —1.

» Note that (ym,) = 0 with variance (y2 — (ym)2) = 1 for all m.

» Central Limit Theorem: If z,, is a sequence of i.i.d.
random variables each with mean x and variance o2 then

for large n
1 n
Xn — E Z Zm
m=1

has approximately a normal distribution with mean
(Xn) = p and variance (X2 — (X,)2) = o2 /n.

» Thus for large N, the random variable p(Nip Z,’:’f; Ym), i.e.,
CK, has approximately a normal distribution (0, 0) with
mean 0 and variance o2 = p?(1/(Np)) = p/N.



Storage capacity

» Therefore if we store p patterns in a Hopfield network with
a large number of N nodes, then the probability of error,
i.e., the probability that CK > 1, is:

/ exp(—x2/202) dx
]

1
Perror = P(C,k > 1) ~ \/2?0

;(1 —erf(1/v202)) = 5 (1 — erf(v/N/2p))

where the error function erf is given by:

erf(x / ex d
f p(—

» Therefore, given N and p we can find out what the
probability Perror of error is.



Storage capacity

P<c‘§ )

The table shows the probability of error for some values of p/N.

Perror p/N
0.001 0.105
0.0036 0.138
0.01 0.185
0.05 0.37
0.1 0.61



Spurious states

>

Therefore, for small enough p, the stored patterns become
attractors of the dynamical system given by the
synchronous updating rule.

However, we also have other, so-called spurious states.

Firstly, for each stored pattern x*, its negation —x* is also
an attractor.

Secondly, any linear combination of an odd number of
stored patterns give rise to the so-called mixture states,
such as

X" = tsgn(£XK + X% + xk)

Thirdly, for large p, we get local minima that are not
correlated to any linear combination of stored patterns.
If we start at a state close to any of these spurious

attractors then we will converge to them. However, they will
have a small basin of attraction.



Energy landscape

Energy

spurious states
/ \‘ States
[ 1

~U

stored patterns

» Using a stochastic version of the Hopfield model one can
eliminate or reduce the spurious states.



Strong patterns

>

Suppose a pattern X has been stored d > 1 times in the
network, we then call X a strong patternif d > 1 and a
simple pattern if d = 1.

The notion of strong patterns has been recently introduced
in Hopfield networks to model behavioural and cognitive
prototypes, including attachment types and addictive types
of behaviour, in human beings as patterns that are deeply
or repeatedly learned.

A number of mathematical properties of strong patterns
and experiments with simulations indicate that they provide
a suitable model for patterns that are deeply sculpted in
the neural network in the brain.

Their impact on simple patterns is overriding.

Perror = %(1 — erf(d\/ N/2p))



Experiment

v

Consider a network of 48 x 48 pixels.

v

We train the network with 50 copies of a happy smiley

@

30 copies of a sad smiley

iy

v

v

and single copies of 200 random faces.

We then expose it to a random pattern to see what pattern
is retrieved.

v



The strongest learned pattern wins!
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