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Motivation 
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Cyber-Physical Systems (CPS) 

Amazon drone 

Cyber part 
(Controller) 

 !x = f x( )

Physical part 
(Controlled system) 

 !x = f x( )
A

ctuators 

Sensors 

Hybrid system 

 Kiva robots 

4	  

Google self-driving car Continuous 

Discrete 
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Cyber part 
(Controller) 

 !x = f x( )

Physical part 
(Controlled system) 

 !x = f x( )

Cyber part 
(Controller) 

 !x = f x( )

Physical part 
(Controlled system) 

 !x = f x( )

Cyber-Physical Systems (CPS) 

Cyber part 
(Controller) 

 !x = f x( )

Physical part 
(Controlled system) 

 !x = f x( )

Discrete 

Continuous Networked 
Internet of Things 

Smart 

Construction with a swarm of drones 

Amazon Kiva Warehouse Automation 
 CPS collaborate to achieve  

a common goal !!   
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Biological CPS	  
Reaction Diffusion Examples 

!u = F(u,v)− duv + Du∇u
!v =G(u,v)− dvv + Dv∇v

REACTION	  
DEGRADATION	  

DIFFUSION	  

Turing	  Diffusion	  Model	  

Parameters 

Bird flocking 
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Spatio-temporal behaviors in the heart	  
A smart electro-mechanical pump engineered by nature 

Pittsburgh NMR Center 

Anatomy Fibers Vessels 

MicroCT Cornell 

EKG 

Surface 

 
5 billions of cells (nodes):  
  
•  communicating over a complex structure 

•  synchronizing to contract the muscle  

•  fault-tolerant, self-stabilizing 

Emergent  
behaviors 
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Engineering Safe CPS 
 How to automatically ensure safety-critical requirements in CPS ? 

Google Cars 
The Wired Magazine 

Exhaustive verification of CPS is increasingly intractable: 
 

§  Openness, environmental change 
 

§  Uncertainty, spatial distribution 

§  Emergent behaviors resulting from the 
local interactions are not predictable by 
the analysis of system’s individual parts 

§  Classic state-space explosion problem 
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Open Hot Topics: 
 

•  Apply CS methods for optimization & control 
•  Predicting emergent behaviors 



Temporal Logics  
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Temporal logics in a nutshell	  

§  Temporal logics   
§  Concise and intuitive formal specification 

languages to specify temporal behaviors 

§  Example: Linear Temporal Logic (LTL) 
§  LTL deals with discrete sequences of states 
§  Classical logical operators (not, and, or) + 

temporal operators: “next”, “always” (G), 
“eventually” (F) and “until” (U) 

Spa%o-‐Temporal	  Model	  Checking	   10	  23-‐06-‐2016	  



Linear Temporal Logic (LTL)	  

Syntax: 
ϕ := T | p |¬ϕ |ϕ1 ∨ϕ2 |○ϕ |ϕ1Uϕ2

  

An LTL formula ϕ  is evaluated on a sequence of events,
e.g.: w = aaabbaaa…

A. Pnueli, 1977 

 An LTL atoms are symbols:  a,b
 At each step of w,  we can define a truth value of ϕ, noted χϕ w,i( )

F  ϕ = T  U  ϕ
G  ϕ = ¬F¬ϕ
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Derived operators 



LTL, Temporal Operators	  
  ○ (next), G (always), F (eventually), U (until) 

They are evaluated at each step w.r.t. the future of sequences 
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LTL, Temporal Operators	  
  ○ (next), G (always), F (eventually), U (until) 

They are evaluated at each step w.r.t. the future of sequences 

 

χ  is acasual: it depends on future events

Finite sequences semantics allows to define a unique value ∀ w,i( )
Notation: w |=ϕ ⇔ χϕ w,0( ) = 1
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Verification	  
 Suppose w are execution traces of a system M

 aaaabbbaa… ϕSystem M Property  111000…

Model-checking: proving that M |=ϕ
where  M |=ϕ ⇔∀w∈traces(M ),  χϕ w,0( ) = 1

Monitoring: computing                  for finite sets of  χϕ w,0( ) w

Statistical Model-Checking 
Computing statistics on                 for population of  χϕ w,0( ) w

Spa%o-‐Temporal	  Model	  Checking	   16	  23-‐06-‐2016	  



•  Black-‐box	  Systems:	  
ü  We	  just	  need	  the	  system	  running	  !!	  	  
ü  No	  legacy	  issues	  

	  
•  It	  deals	  with	  finite	  (expanding)	  words	  

ü  It	  is	  not	  exhausCve	  

•  Lightweight	  	  
ü  The	  complexity	  of	  monitor	  generaCon	  

is	  less	  important	  than	  the	  complexity	  
of	  monitoring	  

•  It	  can	  be	  used	  both	  for	  tesCng	  and	  to	  
trigger	  safe	  mechanisms	  

•  White-box Systems: 
ü  We need a system model 
 

  
•  It deals with infinite words: 

ü  It is exhaustive 

•  Very computational expensive:  
ü  State Explosion Problem 

•  It can be used  for certification 
ü  It return a counterexample 

Model Checking and Monitoring 
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Monitoring	  
Problem	  defini4on:	  

	  Given a program P, an execution trace τ  of P, 
and a property φ,  decide whether τ  satisfies φ.

Monitoring	  Process	  

	  

Example:	  	  Traffic	  Light	  

	  

 ϕ := green→ ¬red  U yellow( )

Property:	  

	  

Safe	  Behavior:	  

	  

Unsafe	  Behavior:	  

	  

?	   ?	   ?	   ?	   ?	   ?	   ?	  

……..	  

?	   ?	   ?	   ?	   NO	  

Always	  if	  the	  light	  is	  green	  implies	  
no	  red	  light	  un%l	  yellow	  	  	  

…	  s0 
t1 s1 s2 

t2 t3 
Program	  

m1 m2 Instrument	  

Observables/Traces	  

…	  m0 m1 m2 Monitor	  

A	  monitor	  reads	  a	  finite	  trace	  and	  return	  a	  
verdict	  (True,	  False,	  Not	  known	  yet)	  

Spa%o-‐Temporal	  Model	  Checking	  23-‐06-‐2016	  



From LTL to DFSM 

LTL formula ϕ

A¬ϕ

Non	  determinis4c	  
Büchi	  Automata	   Det.	  Finite	  State	  Machine	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  (DFSM)	  ϕ := green→ ¬red  U  yellow( )

Wolper,	  Vardi	  1986	  

	  
	  
P.	  Wolper	  (2001):	  Construc4ng	  Automata	  from	  Temporal	  Logic	  Formulas:	  A	  Tutorial,	  Lectures	  on	  formal	  methods	  
and	  performance	  analysis,	  LNCS	  2090.	  	  
	  
M.	  Geilen	  (2001):	  On	  the	  Construc4on	  of	  Monitors	  for	  Temporal	  Logic	  Proper4es,	  Electr.	  Notes	  Theor.	  
Comput.	  Sci.	  	  55(2),	  pp.	  181–199,	  
	  

Literature	  

  
Complexity: size of monitor M ≤ 2ϕ
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Deterministic Finite State Machine 

  

A deterministic finite state machine (DFSM) is 

a tuple M  =  SM ,minit ,V ,δ ,F  where:

  •   SM  is the set of states

  •   minit  ∈   SM  is the initial state

  •   V is the alphabet 
  •   δ  : SM ×V → SM  is the transition function

  •   F is the set of accepting states

 minit m0

  m1

yellow∨!green

!yellow∧!red ∧ green

!yellow∧ red ∧ green

!yellow∧!red

!yellow∧ red

yellow

True

 ϕ := green→ ¬red  U yellow( )
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A deterministic finite state machine (DFSM) is 

a tuple M  =  SM ,minit ,V ,δ ,F  where:

  •   SM  is the set of states

  •   minit  ∈   SM  is the initial state

  •   V is the alphabet 
  •   δ  : SM ×V → SM  is the transition function

  •   F is the set of accepting states

 minit m0

  m1

yellow∨!green

!yellow∧!red ∧ green

!yellow∧ red ∧ green

!yellow∧!red

!yellow∧ red

yellow

True

 ϕ := green→ ¬red  U yellow( )

Safe	  Behavior:	  

	  

Deterministic Finite State Machine 
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A deterministic finite state machine (DFSM) is 

a tuple M  =  SM ,minit ,V ,δ ,F  where:

  •   SM  is the set of states

  •   minit  ∈   SM  is the initial state

  •   V is the alphabet 
  •   δ  : SM ×V → SM  is the transition function

  •   F is the set of accepting states

 minit m0

  m1

yellow∨!green

!yellow∧!red ∧ green

!yellow∧ red ∧ green

!yellow∧!red

!yellow∧ red

yellow

True

 ϕ := green→ ¬red  U yellow( )

Safe	  Behavior:	  

	   ……..	  

Deterministic Finite State Machine 
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A deterministic finite state machine (DFSM) is 

a tuple M  =  SM ,minit ,V ,δ ,F  where:

  •   SM  is the set of states

  •   minit  ∈   SM  is the initial state

  •   V is the alphabet 
  •   δ  : SM ×V → SM  is the transition function

  •   F is the set of accepting states

 minit m0

  m1

yellow∨!green

!yellow∧!red ∧ green

!yellow∧ red ∧ green

!yellow∧!red

!yellow∧ red

yellow

True

 ϕ := green→ ¬red  U yellow( )

Unsafe	  Behavior:	  

	  

Trap	  state	  

Deterministic Finite State Machine 
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Efficient DFSM: BTT-FSM 

 minit m0

  m1

yellow∨!green

!yellow∧!red ∧ green

!yellow∧ red ∧ green

!yellow∧!red

!yellow∧ red

yellow

True
Checking	  each	  proposi4on	  	  
could	  be	  expensive	  !!	  	  	  

Binary	  Transi4on	  Tree	  
Finite	  State	  Machine	  

M.	  d'Amorim,	  G.	  Rosu:	  Efficient	  Monitoring	  of	  omega-‐Languages.	  CAV	  2005:	  364-‐378	  
Literature	  
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Syntax:	  
ϕ := T | p |¬ϕ |ϕ1 ∨ϕ2 |○ϕ |ϕ1Uϕ2 |⊙ϕ |ϕ1Sϕ2

next	   unCl	   previous	   since	  

Derived	  Temporal	  Operator:	  

  Fϕ = T  U ϕ  Gϕ = ¬F¬ϕ
Eventually	   Globally	  

  Oϕ = T  S ϕ  Hϕ = ¬O¬ϕ
Once	   Historically	  

    

ξ ,t( ) |= ⊙ϕ ↔ t > 0 and ξ ,t − 1( ) |= ϕ

ξ ,t( ) |= ϕ1 S ϕ2 ↔
∃ ′t :  0 ≤ t ' < t , ξ , ′t( ) |= ϕ2  and 

∀ ′′t :  0 ≤ ′′t < t , ξ , ′′t( ) |= ϕ1

Seman4cs	  of	  the	  Past	  operators:	  

LTL with Past	  
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 Fa
t0	   t1	   t2	   t3	  

…	  t4	  

t0	   t1	   t2	   t3	  
…	  t4	  

○a

a	  whatever	   whatever	   whatever	   whatever	  

  ⊙a

a	   whatever	   whatever	   whatever	   whatever	  

t0	   t1	   t2	   t3	  
…	  t4	  

a	   whatever	  a	   a	   b	  

t0	   t1	   t2	   t3	  
…	  t4	  

whatever	  b	   a	   a	  
  a  U b
whatever	  

a S b

t0	   t1	   t2	   t3	  
…	  t4	  

whatever	   whatever	   whatever	   whatever	  a	  

 Oa
t0	   t1	   t2	   t3	  

…	  t4	  

whatever	   whatever	   whatever	   whatever	  a	  

t0	   t1	   t2	   t3	  
…	  t4	  

whatever	   a	   a	   a	   a	  

 Ga

t0	   t1	   t2	   t3	  
…	  t4	  

a	   a	   a	  a	  

 Ha

whatever	  

LTL with Past	  
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Beyond LTL	  

§  The use of LTL has been very successful in formal 
verification and synthesis of hardware digital circuits 
and software    

 
 
§  However, the expressivity of LTL is rather limited to 

discrete-time systems than to hybrid (discrete-
continuous) systems  
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Spa%o-‐Temporal	  Model	  Checking	  

Monitoring Signals 
From	  the	  Earth	  

Seismometer	  

From	  the	  Heart	  

ECG	  

From	  the	  Climate	  Changes	  	  

From	  Circuits	   From	  Music	  

Amplifier	  

From	  the	  Economy	  	  

El	  Niño/La	  Niña-‐Southern	  Oscilla%on	   Stock	  Market	  

Music	  Sheet	  
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From LTL to Signal Temporal Logic	  
§  Extending LTL with real-time and real-valued constraints 
 
 

§  Example: request-grant property 

Linear Temporal Logic 

Metric Temporal Logic 

Boolean predicates, discrete-time 

Boolean predicates, real-time 

Signal Temporal Logic 
Predicates over real values, real-time 

 G  a⇒  F b( )

 
G  a⇒  F[0,0.5s ]  b( )

 
G  x[t]> 0⇒  F[0,0.5s ]  y[t]> 0( )
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Signal Temporal Logic 
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STL Semantics 
The validity of a formula     w.r.t. a signal                        at time t:  x = x1,…, xn( )ϕ
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STL Semantics 
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STL Examples 
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STL Examples 

3.5	  

The	  signal	  is	  never	  above	  3.5	  

ϕ :=  G x[t] < 3( )
0.5	  

23-‐06-‐2016	  
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STL Examples 

2	  

2	  s	  

5	  s	  

2	  

0.5	  

ϕ :=  G 2,5[ ] x[t] < 2( )
Between	  2s	  and	  5s	  the	  signal	  is	  between	  -‐2	  and	  2	  	  

23-‐06-‐2016	  
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STL Examples 

1.5	  s	  <	  1	  s	  

0.5	  

ϕ :=  G x[t] > 0.5( )→ F0, 1[ ] G 0, 1.5[ ]x[t]< 0.5( )( )
Always	  |x|	  >	  0.5	  è	  within	  1	  s,	  |x|	  se@les	  between	  0.5	  and	  1.5	  s	  

0.5	  

1.5	  s	  <	  1	  s	   1.5	  s	  <	  1	  s	  

0.5	  

23-‐06-‐2016	  
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Model-Checking STL 
§  Models are generally hybrid systems producing hybrid traces 
§  Model-Checking is limited to restrictive cases 
§  Monitoring simulated traces is more practical  
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Model-Checking STL 
§  Models are generally hybrid systems producing hybrid traces 
§  Model-Checking is limited to restrictive cases 
§  Monitoring simulated traces is more practical 
§  Quantitative satisfaction of STL can address the problem of 

noise and approximation  
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Robust Satisfaction Signal 
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Robustness of STL 

y = f (t) ρ y ≥ 2,ω ,t( )



Robustness of STL 

ρ y ≥ 2,ω ,t( )
  
ρ ◊ 0,0.5⎡⎣ ⎤⎦

y ≥ 2,w,t( )
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Property of Robust Satisfaction Signal 
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Robust Monitoring 
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Temporal Frequency Logic 
Donze,	  Maler,	  Bartocci,	  Nickovick,	  Grosu,	  Smolka,	  ATVA,	  2012	  	  
	  

They	  extend	  STL	  with	  	  frequency	  predicates	  	  

0 1 2 3 4 5
⌥1

0

1

0 1 2 3 4 5
0

5

10

15

20

25

30

35

40

45

50

0 1 2 3 4 5
0

0.1

0.2

0 0.5 1 1.5

 

Continuous-time STFT:

STFT {x(t)}(τ ,ω ) ≡ X(τ ,ω ) = x t( )
−∞

∞

∫ ω (t −τ )e− jωtdt

Discrete-time STFT:

STFT {x n[ ]}(m,ω ) ≡ X(τ ,ω ) = x n[ ]ω[n −m]e− jωn
n=−∞

∞

∑
Fixed Resoultion: It	  depends	  on	  the	  window	  size	  

New	  predicate	  for	  the	  logic:	  

by one of the authors, was indeed a Blues melody. To do this, we built a
formula based on the fact that standard blues is characterized by a 12-bar
structure (a bar being basically four beats). In the key of E, it is as follows:
E E E E | A A E E | B A E E. Note that a bar in E does not mean that we
play four beats of E notes in a row. There can be di↵erent notes, but the overall
bar should sound like a melody in the key of E (music is a mix of strict and very
subjective rules that is likely to both fascinate and exasperate the most rigorous
computer scientists). If we assume though that in a bar of E there should be at
least one E note played, and similarly for A and B, it is easy to write a formula
that directly translates the above structure. For example, if b is the duration of
one bar:

µ

E

^⌃[b,2b]µE

^ ⌃[2b,3b]µE

^ ⌃[3b,4b]µE

^⌃[4b,5b]µA

^ ⌃[5b,6b]µA

^ ⌃[6b,7b]µE

^ ⌃[7b,8b]µE

^⌃[8b,9b]µB

^ ⌃[9b,10b]µA

^ ⌃[10b,11b]µE

^ ⌃[11b,12b]µE

)

This formula is still, however, too strict in transcribing the above blues pattern,
for the simple blues line that we recorded. Indeed, our melody does not have
an E in the fourth bar (but has other notes that sound cool with an E line).
Instead, we verified a simpler (but definitely bluesy) formula which looks for a
starting E, an A in bars 5-6, and the so-called “turn-around” (the sequence B
A E) in bars 9-11:

'blues = µ

E

^ ⌃[5b,6b]µA

^ ⌃[8b,9b](µB

^ ⌃[b,2b]µA

^ ⌃[2b,3b]µE

) (10)

Our results are presented in Figure 5.

Implementation We implemented function pitch in Matlab and defined STL
formulae using the Breach tool [5]. All examples in this paper are also avail-
able at http://www-verimag.imag.fr/

~

donze/breach_music_example.html

Breach implements the full STL syntax (Boolean and temporal operators) on
top of STL predicates of the form

µ = f(x, p) > ✓

where f is some arbitrary signal operator and p is one or more parameters. The
function f can be an explicit arithmetic expression such as 2 ⇤ x[t] + p or a
routine implemented separately and available in the Matlab environment, such
as the pitch

!

routine or any other implementation of spectral operators f

L,!

.
This makes the implementation of FTL straightforward in the Breach framework.
Moreover, Breach allow fully parameterized formulae, i.e., with parameters not
only in the predicates (such as p and ✓) but also in the timing constraints, e.g.:
⌃[p0,p1]µ. This can be very useful in the context of music ,where the same piece
can be played at di↵erent tempos: the same formula can be used to recognize a
pattern independently from the execution speed.
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Monitoring Music 

by one of the authors, was indeed a Blues melody. To do this, we built a
formula based on the fact that standard blues is characterized by a 12-bar
structure (a bar being basically four beats). In the key of E, it is as follows:
E E E E | A A E E | B A E E. Note that a bar in E does not mean that we
play four beats of E notes in a row. There can be di↵erent notes, but the overall
bar should sound like a melody in the key of E (music is a mix of strict and very
subjective rules that is likely to both fascinate and exasperate the most rigorous
computer scientists). If we assume though that in a bar of E there should be at
least one E note played, and similarly for A and B, it is easy to write a formula
that directly translates the above structure. For example, if b is the duration of
one bar:

µ

E

^⌃[b,2b]µE

^ ⌃[2b,3b]µE

^ ⌃[3b,4b]µE

^⌃[4b,5b]µA

^ ⌃[5b,6b]µA

^ ⌃[6b,7b]µE

^ ⌃[7b,8b]µE

^⌃[8b,9b]µB

^ ⌃[9b,10b]µA

^ ⌃[10b,11b]µE

^ ⌃[11b,12b]µE

)

This formula is still, however, too strict in transcribing the above blues pattern,
for the simple blues line that we recorded. Indeed, our melody does not have
an E in the fourth bar (but has other notes that sound cool with an E line).
Instead, we verified a simpler (but definitely bluesy) formula which looks for a
starting E, an A in bars 5-6, and the so-called “turn-around” (the sequence B
A E) in bars 9-11:

'blues = µ

E

^ ⌃[5b,6b]µA

^ ⌃[8b,9b](µB

^ ⌃[b,2b]µA

^ ⌃[2b,3b]µE

) (10)

Our results are presented in Figure 5.

Implementation We implemented function pitch in Matlab and defined STL
formulae using the Breach tool [5]. All examples in this paper are also avail-
able at http://www-verimag.imag.fr/

~

donze/breach_music_example.html

Breach implements the full STL syntax (Boolean and temporal operators) on
top of STL predicates of the form

µ = f(x, p) > ✓

where f is some arbitrary signal operator and p is one or more parameters. The
function f can be an explicit arithmetic expression such as 2 ⇤ x[t] + p or a
routine implemented separately and available in the Matlab environment, such
as the pitch

!

routine or any other implementation of spectral operators f

L,!

.
This makes the implementation of FTL straightforward in the Breach framework.
Moreover, Breach allow fully parameterized formulae, i.e., with parameters not
only in the predicates (such as p and ✓) but also in the timing constraints, e.g.:
⌃[p0,p1]µ. This can be very useful in the context of music ,where the same piece
can be played at di↵erent tempos: the same formula can be used to recognize a
pattern independently from the execution speed.

Blues	  pa`ern	  (12	  bar):	  

1	  bar	  =	  4	  beats	  

0 5 10 15 20 25 30
⌃1

⌃0.5

0

0.5

1

0 5 10 15 20 25

0

2

4

x 10⌃3

0 5 10 15 20 25

⌃1

0

1

2

x 10⌃3   
◊ 4b ,6b⎡⎣ ⎤⎦

µA

  
◊ 8b ,9b⎡⎣ ⎤⎦

µB ∧ ◊ b ,2b⎡⎣ ⎤⎦
µA ∧ ◊ 2b ,3b⎡⎣ ⎤⎦

µE( )
Turn	  around	  

  
µE ∧ ◊ 5b ,5b⎡⎣ ⎤⎦

µA ∧ ◊ 8b ,9b⎡⎣ ⎤⎦
µB ∧ ◊ b ,2b⎡⎣ ⎤⎦

µA ∧ ◊ 2b ,3b⎡⎣ ⎤⎦
µE( ) 47	  



Monitoring ECG 

d) VENTRICULAR TRIGEMINY 
 

a) NORMAL RHYTHM 

b) VENTRICULAR TACHICARDIA  

0.76 0.53 1.31 0.93 

0.41 0.23 0.40 0.38 0.35 0.30 0.45 0.38 

N 
1.31 1.27 0.61 1.20 

c) VENTRICULAR BIGEMINY 

0.52 0.51  1.30 0.55 

1.29 0.94 0.50 1.29 1.02 0.56 1.33 0.98 

0.56 
V N N V N N V 

in sec. 
N V V N V 

N N V N N V N N 
in sec. 

V V V V V V V V 

DIFFFERENT	  RHYTHMS	  	  

R 

P 

Q 
S 

T 

R"R#interval#(Beat#dura0on)#

R 

Q 
S 

P T 

Normal##
Beat#

(beat#N)#

Normal  
Beat 

(beat N) 

R 

Q S 

P 

T 

Left bundle  
branch block 

(beat L) 

b) 

T 

R 

T 

Premature 
Ventricular  
Contraction 

(beat V)  
#

d) 

R 

Q 
S 

P 
T 

Right bundle  
branch block 

(beat R) 

c) a) 

DIFFFERENT	  BEATS	  	  
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Spatial Logics – 
Linear Spatial Superposition Logic  
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Emergent Behavior in Heart Cells 

Arrhythmia afflicts more than 3 million Americans alone 

ECG	  

Surface	  
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Excitable Cells 

•  Generate action potentials (elec. pulses) in 
response to electrical stimulation 

–  Examples: neurons, cardiac cells, etc. 

•  Local regeneration allows electric signal 
propagation without damping  

•  Building block for electrical signaling in 
brain, heart, and muscles 

Neurons of a  squirrel 
University College London 

Artificial cardiac tissue 
University of Washington 
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Action Potential (AP) 

Membrane’s AP depends on:  
•  Stimulus (voltage or current): 

–  External  
–  Neighboring cells  

•  Cell’s state  
time 

vo
lta

ge
 

failed initiation 

Threshold 

Resting potential 

St
im

ul
us
	

Schematic Action Potential 
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S%mulated	  

Hybrid Automaton Model 
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S%mulated	  

off Us v V∧ <ons

Uv V≥

Ev V≥

Pv V≤

Rv V≤

Fv V≤

Hybrid Automaton Model 
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S%mulated	  

off Us v V∧ <ons

Uv V≥

Ev V≥

Pv V≤

Rv V≤

Fv V≤

    

!x1 = b1x1   
!x2 = b2x2

v = x1 + x2

  

v ≤VP /  
x1 = a1  
x2 = a2

Hybrid Automaton Model 
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Fibrillation/Defibrillation  
 (400x400 neonatal-rat cells) 
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Finite Mode Abstraction 

•  Preserves spatial properties (4160,000 images) 
Spa%o-‐Temporal	  Model	  Checking	   57	  23-‐06-‐2016	  



Problems to Solve 

•  Detection problem:  
–  Does a simulated tissue 

contain a spiral ? 

•  Specification problem: 
–  Encode above property as 

a logic formula? 
–  Can we learn the formula? 

How? Use Spatial Abstraction 
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Superoposition Quadtrees (SQTs) 

4

i ij j
j=1

1p (m) = p (m )
4∑l!m {s,u,p,r}. p (m) = 1∃ ∈

Abstract position and compute PMF p(m) ≡ P[D=m] 
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SQGs and Kripke Structures (KSs) 

Superposition Quadgraphs (Fractals):  modal SSL  

Kripke Structure: linear / branching SSL  
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The Path to the Core of a Spiral 

Root	

2	1	 3	 4	

2	1	 3	 4	

2	1	 3	 4	

2	1	 3	 4	

2	1	 3	 4	

Click the core to  
determine the quadtree 
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Linear Spatial-Superposition Logic 

Syntax 

Semantics 
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SQGs, KSs and LSL 

x 2 2x x
4 3
+= ⇒ =

!
¬G(P[D=b]!=! 23)
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Overview of Our Approach 
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The Wave Front 

•  Measure density of mode stimulated (yellow) 

•  Yellow modes represent the wave front 
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Learning Formula 
Input – Sequence of images (mode distribution) 
	  

	  
	  
	  

Output – Set of records with attributes (a table) 
1	   2	   3	   4	   5	  

Record a1 a2 a3 a4 … Spiral 
1 … … … … … N 
2 … … … … … N 
3 … … … … … Y 
4 … … … … … Y 
5 … … … … … Y 
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Class Description Formula 

ij I ij iji

corresponds  to  a  discrimEach  reco inant  ru
r a

ler
   v c v

d
      )

:  
   ( ∈∧ ⇒≡ = =

i

i

n n
i=1 i i=1 j I ij ij

n
i=1 j I ij ij

   corresponds  to  co

         r ( a v c v)

                  

nj

    

un

    

ction  of  ruTable:

   ( a v

les

) (c v

  

)

∈

∈

∧ = ∧ ∧ = ⇒ =

= ∨ ∧ = ⇒ =

i

n
i=1 j I ij ij

the  antecedent  Class  description  formula  (CDF):

      v

  

   a     ∈∨ ∧ =
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Creating/Checking an LSSL formula 

Spiral detection for SQT T: reduces to BMC of T ⊨ φ  

Decision tree algorithm: simplifies the CDF 

    if a7≤ 0.875 then {if a2 > 0.049 then c else ¬c} 
    else if a3 ≤ 0.078 then { if a0 > 0.025 then c else ¬ c} else ¬c  

LSSL formula φ : gives meaning to attributes ai 

    X7(P(D=s)≤ 0.875) ∧ X2(P(D=s) > 0.049) ∨  
    X7(P(D=s)> 0.875) ∧ X3(P(D=s) ≤ 0.078) ∧ (P(D=s) > 0.025) 
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Overview of Our Approach 
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Using Weka 
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Emerald: Learning LSSL Formula 

Emerald: Bounded Model Checking 
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Results 

Prediction accuracy for spiral detection in Emerald 
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Spatial Logics 
Tree Spatial Superposition Logic  
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0	  0	  
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1	   1	  

1	  1	  1	  1	  
1	   1	  
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Space Representation 	  
Quadtree and Spatial Superposition 

Leaves of the tree 
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Space Representation 	  
Quadtree and Spatial Superposition 

0	  

0	  0	   0	  

0	  0	  

1	  1/2	  

1/4	   1	  

3/4	  

3/4	  

1	  

1	   1	  

1	  0	  
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0	  

0	  0	   0	  

0	  0	  

1	  1/2	  

1/4	   1	  

3/4	  

3/4	  

1	  

1	   1	  

1	  0	  

Space Representation 	  
Quadtree and Spatial Superposition 

0	  

1	  

3/4	  

14/16	  7/16	  
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0	  

1	  

3/4	  

14/16	  7/16	  

Space Representation 	  
Quadtree and Spatial Superposition 

33/64	  
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Space Representation 	  
More compact representation 

Pruning the tree 
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Reasoning over QuadTrees	  
From QuadTrees to Kripke Structures 

 M = S, s0 ,R,L( )

 S→ finite set of states

 s0 → initial state

 
R∈S× S is a total transition relation
∀s ∈S, ∃t ∈S : (s, t)∈R

 L : S→ 2AP  is a labeling (or interpretation) function
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Reasoning over QuadTrees	  
Compact Kripke Structures 

 M = S, s0 ,R,L( )

 S→ finite set of states

 s0 → initial state

 
R∈S× S is a total transition relation
∀s ∈S, ∃t ∈S : (s, t)∈R

 L : S→ 2AP  is a labeling (or interpretation) function

1	  

1	  

1	   1	  

1	  
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1	   1	  

1	  

1	  

1	  

0	  

0 3/4	  
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33/64	  
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14/16	  7/16	  
1	  0	  
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1/4	  
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Tree Spatial Superposition Logic (TSSL)	  

	  	  1/2	  

0 

1 

	  	  1/2   1/2 

Problem: chessboard example	

They both 
satisfies the 
same LSSL 
properties  

Aydin-‐Gol,	  Bartocci,	  Belta,	  CDC	  2014	  	  
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Tree Spatial Superposition Logic (TSSL)	  
Adding directions (NW, NE, SW, SE) to transitions	

  NW 

  SW 

	  	  NE 

  1/2 

0	  

1 

  1/2   1/2 

	  	  NW,	  SW,	  NE,	  SE	  

	  	  NW,	  SW,	  NE,	  SE	  

  NW, SW, NE, SE 

	  	  NW,	  SW,	  	  NE,	  SE	  

  1/2 

0 

1 

  
1/2 

	  	  
1/2	  

  NW, SW, NE, SE 
  1/2 

  NW, SW, NE, SE 

  NW, SW,  NE, SE 

  NW,SE 

  NW,SE 
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Tree Spatial Superposition Logic (TSSL)	  

  

∀* m ≥ 1
2

⎛
⎝⎜

⎞
⎠⎟

U1 ∃ NW ,SE{ }X ϕ1( )∧ ∃ NE ,SW{ }X ϕ 2( )( )
ϕ1 = ∃ NW ,SE{ }X m ≤ 0( )∧ ∃ NE ,SW{ }X m ≥1( )
ϕ 2 = ∃ NE ,SW{ }X m ≤ 0( )∧ ∃ NW ,SE{ }X m ≥1( )
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ϕ ::=⊥|m ∼ d |¬ϕ |ϕ ∧ϕ | ∃B○ϕ |∀B○ϕ | ∃BϕUkϕ |∀BϕUkϕ

∼∈ ≤,≥{ },d ∈ 0,b[ ],
b∈# + ,k ∈$ >0
B⊆ D
B ≠ ∅

Syntax	

  1/2 

0 

1 

  
1/2 

	  	  
1/2	  

  NW, SW, NE, SE 
  1/2 

  NW, SW, NE, SE 

  NW, SW,  NE, SE 

  NW,SE 

  NW,SE 



Tree Spatial Superposition Logic (TSSL)	  

Quantitative Semantics	

  
ρs ∃BX (m ≥ 0.7),s( ) = 0.5 − 0.74

= −0.05
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Tree Spatial Superposition Logic (TSSL)	  

Quantitative Semantics	

  
ρs ∃BX (m ≥ 0.7),s( ) = 0.5 − 0.74

= −0.05
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  1/2 

  NW, SW, NE, SE 

  NW, SW,  NE, SE 

  NW,SE 

  NW,SE 



Spatio-Temporal Logics 
SpaTel: Spatial-Temporal Logic 
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SpaTel: Spatial-Temporal Logic 
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ϕ ::=⊥|m ∼ d |¬ϕ |ϕ ∧ϕ | ∃B○ϕ |∀B○ϕ | ∃Bϕ1
#Ukϕ2 |∀Bϕ1

#Ukϕ2

Φ ::=ϕ |¬Φ |Φ1 ∧Φ2 |Φ1UI  Φ2

SpaTel: Spatial-Temporal Logic	  

Syntax	
TSSL	  

Signal	  Temporal	  Logic	  
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Φ = F0,T[ ](ϕcboard →G 0,1[ ]ϕ flipcboard )

ϕcboard = ∀
B*
!F2 ∀ SW ,NE{ }○w∧∀ NW ,SE{ }○b( )

ϕ flipcboard = ∀
B*
!F2 ∀ NW ,SE{ }○w∧∀ SW ,NE{ }○b( )



 

ϕ ::=⊥|m ∼ d |¬ϕ |ϕ ∧ϕ | ∃B○ϕ |∀B○ϕ | ∃Bϕ1
#Ukϕ2 |∀Bϕ1

#Ukϕ2

Φ ::=ϕ |¬Φ |Φ1 ∧Φ2 |Φ1UI  Φ2

SpaTel: Spatial-Temporal Logic	  

Syntax	
TSSL	  

Signal	  Temporal	  Logic	  
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Quantitative Semantics	



Pattern Synthesis Problem	  

   
Problem:  Find (the optimal) (p1,…,pn) :Μ p1,…,pn( ) |= Ρ

Parameters Model Property Satisfies 

Example of models: 

!u = F(u,v)− duv + Du∇u
!v =G(u,v)− dvv + Dv∇v

REACTION	  
DEGRADATION	  

DIFFUSION	  

Turing	  Diffusion	  Model	  

Parameters 
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System Design and Parameter Synthesis	  

   
Problem:  Find (the optimal) (p1,…,pn) :Μ p1,…,pn( ) |= Ρ

Parameters Model Property Satisfies 

Example of properties: 

!u = F(u,v)− duv + Du∇u
!v =G(u,v)− dvv + Dv∇v

REACTION	  
DEGRADATION	  

DIFFUSION	  

Turing	  Diffusion	  Model	  

Parameters 

LS

SS

t=0 t=5 t=10 t=20 t=30 t=40 t=50 t=60

Pattern 1 

Pattern 2 
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“close”	  to	  paeern	  

“far”	  from	  paeern	  	  
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Q
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1.	  Learning	  (training)	  
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Training	  set	  

good	   bad	  
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Turing	  diffusion	  system:	  	  

Unknown	  parameters:	  	  D
x

, D
y

Par%cle	  swarm	  op%miza%on	  over	  the	  parameter	  space.	  
Fitness:	  The	  quan%ta%ve	  valua%on	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  of	  the	  image	  from	  TSSL	  formula	  J�LSK �LS

Desired	  paeern:	  

System Design and Parameter Synthesis	  

:	  learned	  from	  LS+	  and	  LS-‐3	  (95.64	  %	  on	  test)	  

J�LS,3K(Q) = 0.0011
D

x

= 6.25

D
y

= 29.417
PSO:	  	  

�LS,3
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Smart Neighborhood Model (DSM)	  
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Commercial	  	  
Zone	  

Residen%al	  	  
Zone	  

Residen%al	  	  
Zone	  

Residen%al	  	  
Zone	  

EV	  charging	  	  
Sta%on	  

EV	  charging	  	  
Sta%on	  

EV	  charging	  	  
Sta%on	  

Inside	  each	  building,	  ni(t)	  appliances	  are	  consuming	  rate	  ri	  KW.	  
The	  arrival	  distribu%on	  of	  appliances	  for	  building	  class	  i	  over	  the	  period	  [t,t+1]	  
is	  a	  Poisson	  distributed	  with	  a	  rate	  λ(Ui-‐pj(t))/Ui,	  where	  Ui	  is	  the	  u%lity	  of	  an	  appliance	  
of	  class	  i	  and	  	  pj(t)	  is	  the	  broadcast	  price	  for	  neighborhood	  class	  j,j	  in	  {c,r}	  with	  residen%al	  	  
building	  and	  EV	  sta%on	  charged	  by	  the	  same	  price	  
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Φ = Φ1 ∧Φ2 ∧Φ3 ∧Φ4
Φ1 = G 0,24[ ] ∀NW○ m ≤150( )( )
Φ2 = G 0,12[ ] ∀{NE ,SE ,SW }○ ∀{NW ,SE ,SW }○ m ≤ 25( )∧∀{SE}○ m ≤150( )( )( )
Φ3 = G 12,18[ ] ∀{NE ,SE ,SW }○ ∀{SE}○ m ≤ 200∧m ≥ 30( )( )( )
Φ4 = G 15,18[ ] ∀{NE ,SE ,SW }○ ∀{NW ,SE ,SW }○ m ≥ 5( )( )( )

Specifica4on	  
The	  total	  power	  consump%on	  of	  the	  commercial	  
buildings	   is	   always	   less	   than	   150;	   the	   power	  
consump%on	   is	   below	   150	   in	   each	   EV	   sta%on	  
and	   below	   25	   in	   each	   of	   the	   residen%al	  
neighborhoods	   in	   the	   first	   12	   hours;	   awer	   12	  
hours,	   the	   power	   consump%on	   of	   each	   EV	  
sta%on	   is	   between	  30	   and	  200;	   awer	   15	  hours,	  
the	  power	  consump%on	  in	  all	  residen%al	  areas	  is	  
above	  5.	  
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Φ4 = G 15,18[ ] ∀{NE ,SE ,SW }○ ∀{NW ,SE ,SW }○ m ≥ 5( )( )( )

Specifica4on	  
The	  total	  power	  consump%on	  of	  the	  commercial	  
buildings	   is	   always	   less	   than	   150;	   the	   power	  
consump%on	   is	   below	   150	   in	   each	   EV	   sta%on	  
and	   below	   25	   in	   each	   of	   the	   residen%al	  
neighborhoods	   in	   the	   first	   12	   hours;	   awer	   12	  
hours,	   the	   power	   consump%on	   of	   each	   EV	  
sta%on	   is	   between	  30	   and	  200;	   awer	   15	  hours,	  
the	  power	  consump%on	  in	  all	  residen%al	  areas	  is	  
above	  5.	  
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Φ = Φ1 ∧Φ2 ∧Φ3 ∧Φ4
Φ1 = G 0,24[ ] ∀NW○ m ≤150( )( )
Φ2 = G 0,12[ ] ∀{NE ,SE ,SW }○ ∀{NW ,SE ,SW }○ m ≤ 25( )∧∀{SE}○ m ≤150( )( )( )
Φ3 = G 12,18[ ] ∀{NE ,SE ,SW }○ ∀{SE}○ m ≤ 200∧m ≥ 30( )( )( )
Φ4 = G 15,18[ ] ∀{NE ,SE ,SW }○ ∀{NW ,SE ,SW }○ m ≥ 5( )( )( )

Parameter Synthesis 



Spatio-Temporal Logics 
Signal Spatio-Temporal Logic 
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Nenzi,	  Bortolussi,	  VALUETOOLS,	  2014	  
Nenzi,	  Bortolussi,	  Ciancia,	  Lore4,	  Massink,	  RV,	  2015	  

	  



Signal Spatio-Temporal Logic (SSTL)	  
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Somewhere	  

l1 l2 l3

E = l1,l2( ), l2,l3( ){ }
E* = l1,l2( ), l2,l3( ), l1,l3( ){ }
TRANSITIVE CLOSURE 

1	   1	  

2	  

Shortest path 
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Everywhere	  
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Surround	  
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Spatio-temporal signals	  
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Spatio-temporal signals	  
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Pattern formation	  
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Spots formation property	  
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Monitoring SSTL 	  
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Monitoring SSTL	  
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Quantitative Semantics	  

Spa%o-‐Temporal	  Model	  Checking	   112	  23-‐06-‐2016	  



Example	  
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