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Abstract

We consider the linear second order PDO’s

N N
L=L— 0= Z O (aij0x;) — ijaxf — o
ij=1 J=

and assume that % has nonnegative characteristic form and satisfies the Oleinik—Radkevi¢ rank hypoel-
lipticity condition. These hypotheses allow the construction of Perron-Wiener solutions of the Dirichlet
problems for .’ and .% on bounded open subsets of RN*1 and of RY, respectively.

Our main result is the following Tikhonov-type theorem:
Let O := Q2x]0, T[ be a bounded cylindrical domain of RN+ @ c RV, xo €0 and 0 <9 < T. Then
20 = (xq, tg) € 30 is L-regular for O if and only if xq is -£-regular for 2.

As an application, we derive a boundary regularity criterion for degenerate Ornstein—Uhlenbeck opera-
tors.
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1. Introduction

We consider linear second order partial differential operators of the type

N N
Lo= > By, (ijdx;) + Y _ by, (1)
i,j=1 j=1

in an open set X of RY, N > 2, and their “evolution” counterpart in X x R
L =% — 0. 2)

We assume % in (1) to be of non totally degenerate Oleinik and Radkevi¢ type, i.e., we
assume

(HD) ajj =aji, bi € C*°(X,R) and
A(x) = (a;j(x)i j=1,.,.n=0 VxeX.
Moreover
infaj; =:a > 0.
X

(H2) rank Lie{X1, ..., Xy, Xo}(x) = N Vx € X, where,

N

N
Xi=) ajdy,. i=1,....N, and Xo=) bjd,.
j=1 j=1

Hypotheses (H1) and (H2) imply that .7 is hypoelliptic in X (see [20]), that is:
Q open subset of X, u € D'(Q), %u € C*°(Q,R) = uc C¥(Q,R).

The same assumptions (H1) and (H2) also imply that .4y — 9; is hypoelliptic in X x R.

We will show in Section 2 that .4 and %) — 9; endow X and X x R, respectively, with a local
structure of o *harmonic space, in the sense of [3], Chapter 6. As a consequence, in particular,
the Dirichlet problems

Zu=0in , (L —0)v=0in O :=Qx]0, T,
ulpe = o, vlho =V,
have a generalized solution in the sense of Perron—Wiener, for every bounded open set Q2 CC X,

for every T > 0, and for every ¢ € C(d2, R) and ¥ € C(00, R). We will denote such general-
ized solutions by, respectively,

Q (@]
H(p and KW‘



188 A.E. Kogoj / J. Differential Equations 268 (2019) 186-203

As usual, a point xg € 3R ((xg, tp) € 00) is called £p-regular for Q (Z-regular for O) if

lim H(x)=¢(x0) Ve eCOQ.R)

X—>XxQ

( lim  K$(x.1) =y (x0.10) vwec(ao,R)>.

(x,1)—>(x0,10)

The aim of this paper is to prove the following theorem:

Theorem 1.1. Let Q2 be a bounded open set with Q C X, and let xo € 92 and ty €]0, T[. Then,
xq is Ly-regular for Q if and only if (xo, ty) is Lo — 0;-regular for O := Q2 x]0, T|.

When ¢ = A — 9, is the classical heat operator, our result re-establishes a theorem proved by
Tikhonov in 1938 [22]. Other proofs of the Tikhonov Theorem were given by Fulks in 1956 and
in 1957 [8,9] and by Babuska and Vyborny in 1962 [5]. Chan and Young extended the Tikhonov
Theorem to parabolic operators with Holder continuous coefficients in 1977 [7], and Arendt to
parabolic operators with bounded measurable coefficients in 2000 [1]. The corresponding version
for p-Laplacian-type evolution operators has been proved by Kilpeldinen and Lindqvist in 1996
[10] and by Banerjee and Garofalo in 2015 [3].

To the best of our knowledge, the only Tikhonov-type theorem for second order “evolu-
tion” sub-Riemannian PDO’s appearing in the literature is the result by Negrini [19] in abstract
B-harmonic spaces.'

The present paper is organized as follows. In Section 2, all the notions and results from Po-
tential Theory that we need are briefly recalled. In particular, we recall the notion of o *harmonic
space and then we prove that % and .Z endow X and X x R, respectively, with a local struc-
ture of o *harmonic space. In this way, we derive the existence of a generalized solution in the
sense of Perron—Wiener in both our settings. Section 3 is devoted to two key results for the proof
of the main theorem (Theorem 1.1), which is the content of Section 4. Finally, combining our
Tikhonov-type theorem with a corollary of a Wiener—Landis-type criterion for Kolmogorov-type
operators [11], we establish a geometric boundary regularity criterion for degenerate Ornstein—
Uhlenbeck operators.

2. %-harmonic and .Z-harmonic spaces
2.1. The o*harmonic space

For the readers’ convenience we recall the definition of o*harmonic space supported on an
open set E C R”, p > 2, and refer to Chapter 6 of the monograph [4] for details.

Let H be a sheaf of functions in E such that 7 (V) is a linear subspace of C(V, R), for every
open set V C E. The functions in H(V) are called H-harmonic in V. The open set V is called

‘H-regular if

(i) VCEis compact;
(ii) forevery ¢ € C(dV,R) there exists a unique function such that

' For a definition of B-harmonic spaces see [6].
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h(‘p/(x)—np(é) asx — &, forevery § € 0V
(iii) hy >=0if ¢ >0.

A lower semicontinuous function u : W —] — oo, o], W C E open, is called H-superhar-
monic if

@) u> h(‘; in V for every H-regular open set V with V. C W and for every ¢ € C(3V, R) with

@ <ulpv;
(ii) {x e W] u(x) <oo}isdensein W.

A fu_nction v: W — [—o00, o0l, is called H-subharmonic if —v is H-superharmonic. We denote
by H(W) (H(W)) the cone of the H-superharmonic (H-subharmonic) functions in W.
The couple (E, H) is called a o *harmonic space if the following axioms hold:

(A1) There exists a function 4 € H(E) such that infz > 0.
(A2) If (u,),eN 1S a monotone increasing sequence of 7{-harmonic functions in an open set
V C E such that

{x e V| supu,(x) < oo}
neN

is dense in €2, then

u:=supu, is H-harmonicin V.
14

(A3) The family of the H-regular open sets is a basis of the Euclidean topology on E.
(A4) Forevery x,y € E, x # y, there exist two nonnegative H-superharmonic and continuous
functions u, v in E such that

u(@x)v(y) # u(y)v(x).

(A5) For every xo € E there exists a nonnegative H-subharmonic and continuous function Sy,
in E, such that Sy,(xo) =0 and

inf Sy, >0
E\V

for every neighborhood V of xg.

We now recall some crucial results in o *harmonic space theory; first of all the definition of
Perron—Wiener solution to the Dirichlet problem.

Let V be a bounded open set with V C E, and let ¢ : 9V —> R be a bounded lower semi-
continuous or upper semicontinuous function. Define

U, = {ueHVv)| liminfu(x) = p(§) V& aV)
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and

H) = infl, . 3)

Then H(/Y is H-harmonic in 2. It is called the generalized Perron—Wiener solution to the Dirichlet
problem

ueHw),
ulyy = .

We also have

HY = supQ[V, 4)

where,

Uy = {veH(V) | limsupv(x) <¢(€) V& eV}

x—>&

We say that a point y € 9V is H-regular for V if
lim H (x) =¢(y) VYo eC@V.R).
xX—=>y

On the o *harmonic space the Bouligand Theorem holds. Indeed: a point y € dV is H-regular
for V if and only if there exists a H-barrier for V at y, i.e., if there exists a function b, defined
in V.N W, where W is a suitable neighborhood of y, such that

(i) bis H-superharmonic;
@@i) b(x)>0VxeVNWandb(x) — Oasx —> y.

For our purposes it is important to recall that if y € 0V is H-regular for V there exists a barrier
function for V at y which is defined and #-harmonic all over V.

Finally, we recall the minimum (maximum) principle for H-superharmonic (#H-subharmonic)
functions.

Let V be a bounded open set with VCEandletu e H(V) (u € HV)). If

liminfu(x) >0 (limsupu(x) <0) VyeadV,
x—>y

x—y

thenu>0m <0)inV.
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2.2. The £y-harmonic space

Let E be a bounded open subset of X such that E C X. For every open set V C E we let

HV)={ueC®(V,R)| ZLu=0in V}.

Then, V —— H (V) is a sheaf of functions such that 7{(V) is a linear subspace of C(V, R).
If u € H(V) we will say that u is H-harmonic or -%j-harmonic in V.
We have that

(E,H) is a o *harmonic space. 5)

Before showing this statement we remark that a C>-function u in a open set V is H-superhar-
monic if and only if Zyu < 0in V. This is an easy consequence of Picone’s maximum principle
(see e.g. [14], page 547). Now we are ready to prove (5).

(A1) is satisfied since the constant functions are .%-harmonic.

(A2) - (A4) are proved in [14]. We would like to stress that our operators %} are contained in
the class considered in [14] since the rank condition (H2) implies that both .4 and %) — B, for
every B > 0, are hypoelliptic.

The axiom (AS5) follows from the following Lemma which seems to have an interest per se.

Lemma 2.1. Let us consider a linear second order PDO of the kind
N N
Li= D @i + D bjdy,.
i,j=1 j=1

where ajj = aj;, b; are continuous functions in Y, where Y is a bounded open subset of RV.
Suppose”

N
infaj;:=a >0 and Zajj >0inY.
Y
j=1

Then, for every xo € Y there exists a function h € C*°(Y, R) such that

(i) h(xp) =0 and h(x) > 0 for every x # xo;
@(ii) Lh>0inX.

Proof. For the sake of simplicity we assume xo = 0. We define

h(x)=EMx1) 4+ (x5 +---+x%), x=(x1,x2,...,xy) €RY,

where A > 0 will be fixed in the sequel. Moreover,

.....
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E(s) =exp(¢(s)) — exp(¢(0))

and
¢(s)=V1+s2, seR.
We have:
) =1, ¢(s)>1 Vs#0, E(s)>0 Vs#0, EQ0)=0,
§(6) = ———. ¢()=—.
V1+s2? (1 +52)3
Hence
52 1 1
(¢>/2+¢>”) ©=1ra"t 7o 2.5 " eR.

On the other hand

E'=exp(9)¢’, E' =exp()(@” +¢").

Therefore, letting

N
ﬂ::sulebﬂ (<o0) and X =sup|x],
X j=1 xeX
we get

N
Lh(x)= AZE//(Axl)a11(x) + AE' (x1)b + ZZ(ajj(x) +bj(x)x;)
j=2

2V2
2 o |b1]
(o)

2of ¢ B _
= (573)

If A is big enough, this implies

N
> exp( (Ax1)) (sz — A|b1|) —2) " 1bjlixj
Jj=2

Lh>0in X.

Moreover
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h(0)=E0)=0, h(x)>0 if x>0.
The proof is complete. O

2.3. The £-harmonic space

~

Let E be a bounded open subset of X x R such that E C X x R. For every openset V C E
we let

KWV)={ueC®V,R)| Lu=0inV}.
Then, V +— KC(V) is a sheaf of functions making
(E, K) a o*harmonic space.
This can be proved just by proceeding as in subsection 2.2. We call K-harmonic or
Z-harmonic in a open set V the solutions to Zu =01in V.
Here we prove some typical results of the present K-harmonic space, that we will need in
the proof of the main theorem of this paper. We first show a “parabolic” minimum principle for

-#-subharmonic functions in cylindrical domains.

Proposition 2.2. Let Q be a bounded open subset of X such that Q € X and let T > 0. Consider
the cylindrical domain O := Qx]0, T[ and define the “parabolic boundary” of O as follows

0,0 1= (2 x {0}) x (2x]0, T')).

Then, if u € KC(O) is such that

liminfu(z) >0 V¢ €9,0,

—>¢
we have u >0 in O.
Proof For every arbitrarily fixed T €0, T[ we let 0= Qx]0, T[ We will prove that u > 0 in
O. Since T is arbitrarily fixed in ]O, T'[, this will guarantee the proof of our lemma. To this end,
given any ¢ > 0, we define

& —~
ug() =uc(x,t) :=u(x,t)+ T z€O.

Since u is C-superharmonic in O and

1 ~
,,2”,\8 = —£0; = :—AS <0in O,
T—t T—t (T —1)?

then u, is KC-superharmonic in O. Moreover

limilgfug(z) >0 V¢ed,O,
—>
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and, for every & € €,

~ e
liminf u.(z) > u(e, T) + liminf =< = 00.
—(&.T) 2T T —t

By the minimum principle recalled in subsection 2.1, we have u, > 0 in 0. Letting ¢ go to zero
we have u, > 0 in O, thus completing the proof. O

Proposition 2.3. Let 2 C X be open and let Ty and T € R, such that 0 < Ty <T. Let
O :=Qx]0,T[ and u : O — R be such that the restrictions u|qx10,1,[ and ulQx1,,T[ are
K-superharmonic. Then, if

l1rn(;n7f u(x, t)_ hmlnf u(x H=u(&, Ty) VEeQ, (6)
Z(x t)e(’)o t<T0
(x,H)eO

the function u is K-superharmonic in Q2x]0, T|.

Proof. Since u is lower semicontinuous in 2x]0, Tyo[ and in Qx]Tp, T[, the assumption (6)
implies that u is lower semicontinuous in O = Q2x]0, T[.
To prove that u is XC-harmonic in O we will show the following claim.

Claim. For every z € O there exists a basis B, of KC-regular neighborhoods V of z such that
w(2) =Ky () VoeCOV,R),ulyy > ¢.

Here K(X denotes the unique K-harmonic function in 'V, continuous up to 3V and such that

K} lav = ¢.

From this Claim our assertion follows thanks to Corollary 6.4.9 in [4].

If z € Qx]0, Ty[ or if z € 2x]0, T[, the Claim is satisfied since u is K-superharmonic
both in ©x]0, Tp[ and in 2x]0, T[. Then it remains to prove the Claim for every point
;=(&,Tp),& € 2. Let B = (V) be a basis of K-regular neighborhoods of ¢ such that VCo.
Letpe C(OV,R), o <ulyy. Thenu — K(X is KC-superharmonic in 2x]0, Tp[ and

liminfu(z) > u(z) —u(Z) =0 V7 e 0,210, Tol.
7—7

Therefore, by Proposition 2.2,
u—K, =0inVni<To
As a consequence, keeping in mind assumption (6), we have

u(S,To)z liminf u(x,?) > liminf K (x, t)—K (&, Ty),
(e, )= (€,7) (x,1)—(&,To)
t<To t<Ty

that is,
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u(E, To) = K, (€, To).
This completes the proof. O
3. Some preliminary results
The proof of our main theorem rests on the following two lemmata.
Lemma 3.1. Let Q be a bounded open set such that QC X, andlet O .= Qx)0,T[, T eR, T >

0. Let ¢ : 00 —> R be upper semicontinuous and such that t — @(x, t) is monotone decreas-
ing, Yx € 02 and

¢(x,0)=M =supgp (M € R).
00

Then, the Perron solution K (f? is monotone decreasing w.r.t. the variable t: more precisely

t—> Kg) (x, t) is monotone decreasing for every fixed x € Q2.

Proof. For every fixed § €]0, T'[ let us define
_r0 o
hx,t)=Kg (x,1) — K, (x,t+6), x€Q,0<t <T —34.

It is enough to prove that # > 0 in Os := Q2x]0, T — §[. To this end we show that, for every
ue Hf andv € Qf,? , the function

wx,t)=ulx,t) —v(x,t+96)
is nonnegative in Os. Now, we have:

(a) w is K-superharmonic in Os, since u € K(O) and (x, ) —> v(x, t 4 §) is K-subharmonic
in Os being v € I£(O) and & translation invariant in the variable 7.
(b) For every x € €,

liminf w(x,7) > liminf wu(x,t) — liminf v(x,t4$)
(x,t)—(x,0) (x,t)—(x,0) (x,t)—(x,0)

2 (0(37, 0) - U(f, 6)
=M—-v(x,68)>0.

We remark that v < M in O since v is K-subharmonic and

limsupv(z) <) <M V¢ e€dO.

z—¢

Here we use the maximum principle for subharmonic functions.
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(c) Forevery ¢ =(§,71),§ €0Q,0<t<T -3,

liminf w(x,t) > ¢, 1) —pE, T4+96) >0,
(x,t)—(&.7)

by hypothesis.
From (a), (b) and (c) and the minimum principle for superharmonic functions we get
w > 0in Os.
This completes the proof. O
With Lemma 3.1 at hand we can easily prove the following key result for our main theorem.
Lemma 3.2. Let Q2 be a bounded open set such that QC X, andlet ©:=Qx]0,T[, T > 0. Let
z0 = (x, t9) € 02 %10, T[ be a L -regular boundary point.

Then there exists a function b € K(O) such that

(@) b is an L-barrier for O at zp;
(ii) t —> b(x,t) is monotone decreasing for every fixed x € Q2.

Proof. Let Y be a bounded open set such that Q C Y C Y C X and let xo € Q. By Lemma 2.1
there exists a function 2 € C*°(Y, R) such that

(a) h(xp) =0and h(x) > 0 Vx # xq.
(b) Zh>0inQ.

For a fixed 6 €]0, Ty[ let us define

h(x) ifd<t=<T,

h:Qx[0,T]— R, hix,t)= .
M if 0<r<3§,

where M = supg h.
This function is .Z-subharmonic in O} := 2x]0, §[ and in O, := Q2x]6, T[ since

Lh=0in0; and Lh=%h>0in0,.
On the other hand,

lim sup iz\(x, t)=M = limsup /h\(x, ).
(x,t)—g(%‘ﬁ) (x,1)—>(§,9)
t<

Then, by Proposition 2.3,

he K(Qx]10, TD.
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Moreover,

t —> h(x,t) is monotone decreasing,

for every fixed x € Q.
Let us now put

o)
b= KmaO’

which is well defined and KC-harmonic in O, since ﬁl 30 1s bounded and upper semicontinuous.

Moreover, by Lemma 3.1,  —> b(x, t) is monotone decreasing for every fixed x € €.
It remains to show that b is an .Z-barrier for O at zg. To this end we first remark that

I (@
he Qﬁlao’
so that
h<binO.
This implies b > 0 in O since s strictly positive.
On the other hand, since |3¢ is continuous in a neighborhood of zg, and z is £ -regular for
09
lim b(z)= lim K& (z)="h(z) = ¢(xo) =0.
z—20 z—>20 h|8(’)
This completes the proof. O
4. Proof of Theorem 1.1
Let us keep the notation of Theorem 1.1 and split the proof in two steps.

(1) If xo € 02 is Ly-regular for Q, then 7 = (xq, ty) is L -regular for O.

Indeed, the %p-regularity of x¢ implies the existence of a .Z-harmonic barrier for 2 at xo, i.e. a
function by € KC(£2) such that

bp>0inQ and by —> 0asx —> xg.
It follows that
b(x,1) =bo(x), (x,1)€0,
is .Z-harmonic in O (.i”fa\z Zobo = 0). Moreover,
b>0inO and b(x,1) =by(x) —> Oas (x,1) —> (xo, f0).

Hence, b is an .Z-barrier function for O at zg and, as a consequence, z is .Z-regular for O.
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2) If z = (x0, t9), x0 € 2,0 <ty < T, is L-regular for O, then xq is Ly-regular for Q.

Indeed, by Lemma 3.2, there exists a function b € K(O) such that b > 0, b(z) — 0 as 7 —>
zo and

t —> b(x,t) is monotone decreasing Vx € .
It follows that, letting bo(x) = b(x, tp),
Zobo=ZLb+ 9,b=09,b<0in Q.
Hence, by is £-superharmonic in Q. Moreover, by > 0 in € and
bo(x) =b(x, tg) — 0 as x —> xp.
Therefore, by is an £ -barrier for Q2 at xg, and x¢ is Zp-regular.
5. An application to degenerate Ornstein—-Uhlenbeck operators

In RY let us consider the partial differential operator

Ly=div(AV) + (Bx, V), @)
where A = (a;;)i,j=1,..8 and B = (b;j); j=1,..8 are N X N real constant matrices, x =
(x1,...,xy) is the point of RY, div, V and (-, -) denote the divergence, the Euclidean gradi-

ent and the inner product in RY, respectively.
We suppose that the matrix A is symmetric, positive semidefinite and that it assumes the

following block form
Ao O
A=|"" ",
0 0

Ap being a pg x po strictly positive definite matrix with 1 < pg < N. Moreover, we assume the
matrix B to be of the following type

0O o0 ... 0 O
By 0 0 0

B=|0 B 0 0f, (8)
0 0 ... B O

where Bj isa p;—1 x p; block withrank p; (j =1,2,...,r), po> p1>...> pr > 1 and po +
p1+..+p-=N.
Finally, letting

E(s) :=exp(—sB), seR,
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we assume that the following condition is satisfied:

t
C(t)= / E(s)AE T(s) ds is strictly positive definite for every ¢ > 0.
0

As it is quite well known this condition implies the hypoellipticity of L, see [15]. In that paper
it is proved that the evolution counterpart of Ly, i.e. the operator

L=Lo— 9 inRNT!,
is left translation invariant and homogeneous of degree two on the homogeneous group
K = @Rt 0,5,
with composition law o defined as follows
x,)o(x, 1)=& +E()x,t +1)
and dilation §;, A > 0, defined by

5, RN RN_H, 8. (x, 1) = 5A(x(P0)’x(P1)’ o ’x(l’r),l)

— (Ax(pO), )L3x([71)’ o )LZV-HX(Pr)’ )\Zt)’

where x(P) e RPi, i =0,...,r.
The natural number g := Q + 2, with

Q:=po+3p1+...+Qr+Dp,, ©))

is the homogeneous dimension of K. In what follows we will write

81(2) = 8u(x, 1) = (Dy.(x), 4°0),
where,
Dj.(x) = (x PO W35 P02 (P 52y,
Obviously, (Dy)s~0 is a group of dilations in R”. The natural number Q in (9) is the homo-
geneous dimension of RY w.rt. the group (D;)>0.

The operator L has a fundamental solution I" given by

[(z0,2) :=y(z ' oz0), 2z, z0€ RV,

where o is the composition law in K, z~! denotes the opposite of z in K and, for a suitable
CQ > O,
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0 if + <0,
X, 1) = 2
y(x,1) f_gexp(—% D 1[ (x) C) if t>0,

where,

IvIZ =(C Dy, y),
see again [15].

It is quite easy to recognize that our Tikhonov-type theorem applies to the operators Lo and
L. Hence, if 2 is a bounded open subset of RY, xoedQande]—T,T[, T > 0, we have:

xq is Lo-regular for Q2
if and only if
z0 = (x0, 0) is L-regular for O := Qx]—T, T|.

On the other hand, in [11, Corollary 1.3] it is proved that
20 is L-regular for Ot

if, for a u €]0, 1[, the following condition holds:

o0 C
|OT k (zo)l
2 g =% (10)
k=1 W 0
where a(k) = klogk, | - | denotes the Lebesque measure in RY +1 and

1\%® 1\ @k+D
074 (20) = [Z #Or : (—) =TI'(z0,2) =< (—) } .
K w

We express now this condition in a more explicit form. To this end we let
1\ 2®
Ajxo) =, ) eRVT 1 x ¢ Q (27 o (x,0) = (;) : 1D
Then,

alk+1)
O7.4((x0, 0)) = (A (x0) \ Ag+1(x0)) U [J/ = (;) }

2 Ap(x0) \ Ar+1(20).

Hence, denoting for the sake of brevity,

dp =1Ar(zo)| and v=p 2 ,
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condition (10) is satisfied if

]

di — di+1
Z = 0. (12)
k=1
On the other hand, for every p € N,
i di — dyi1
po (k)

d 1 2 | 2 dpi1
=am T4 (Uaa) - Ua(l)) totdp (Uomp) - Ua(p—l)) )

p
< (1 —vle?) Z di_ dpr1
k=1

) Lelp)”

d
Then, since " (pl) — 0 as p — oo (as we will see later) condition (12) is satisfied if
v

o0
dy
E = 00. (13)
(k)
k=1 e

Keeping in mind the very definition of I", we have that A (xo) is equal to the following set

<2Qlog ,

N1 ~ 2 (Coue®)o
@, eR¥ 1 xeqQ <0, ——

D_1 (xo — E(|t]x))
Wil

c
whereby, with the change of variables y := xo — E(|t|)x, T = —t, we get

2
dy = H(y,f) |7>0, yexo— E(@)(Q°),

D1
Tl

Izl

al
<2Qlog — ¢|. (14)
C t

2
Here Ry = (Cou®®)0 and Q¢ := RN L Q.
Therefore,

2

di < D

7]

{(y,r)|t>0,

Ry
<2Qlog—
C T
(using the change of variables y = Dm(é), T = Rys)

042

_ 0
_Rk

{(é,S) |s >0, 'D\/T(S)

1
§2Qlog—”.
s

Hence, for a suitable dimensional constant C’é >0,
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0+2
di < Cxéua(k)% — C*Qvoz(k)'

Then,

d
B e S T P,

since0<pu<landa(p+1) —a(p) =plog”TJrl +log(p+1) — 0.

We have completed the proof of the following criterion:
Let L be the Ornstein—Uhlenbeck-type operator in (7) and let @ € RN be a bounded open set.
Then, a point xo € 02 is L-regular for Q if

oo

dy (€2, x0)
;—Ma(k)% = 00, (15)

where di(S2, xo) := di is defined in (14).

We note that condition (15) holds if €2 satisfies the exterior cone-type condition introduced in
[13]. Geometric boundary regularity criteria for wide classes of hypoelliptic operators are also
established in [2], [12], [16], [17], [18], [21], [23], [24] and [25]. Thanks to our Theorem 1.1,
several regularity results for evolution operators contained in the previous papers can be used to
obtain boundary regularity criteria for operators of the type (1).
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