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Abstract

By exploiting an old idea first used by Pizzetti for the classical Laplacian, we introduce a
notion of asymptotic average solutions making pointwise solvable every Poisson equation
Lu(x) = — f(x) with continuous data f, where L is a hypoelliptic linear partial differential
operator with positive semidefinite characteristic form.
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1 Introduction

The Poisson-type equations related to hypoelliptic linear second order PDE’s with non-
negative characteristic form cannot be studied in L? spaces due to the lack of a suitable
Calderon-Zygmund theory for the relevant singular integrals. Our paper presents a result
allowing to satisfactory study such equations in spaces of continuous functions. We follow
a procedure introduced by Pizzetti in his 1909’s paper [14] based on the asymptotic average
solutions for the classical Poisson-Laplace equation.
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1.1 The Classical Pizzetti Theorem

Let © be a bounded open subset of R”, n > 3, and let f : 2 — R be a continuous
bounded function. Let us denote by u  the Newtonian potential of f, i.e.,

up B R = [ To-ns0)ay.
Q
Here I' denotes the fundamental solution of the Laplace equation, i.e.,
L(x) = calx[*™", x € R* \ {0},
1
nn — 2w,

It is well known that u s € C 1 (R, R), while, in general, u flg € C 2(9, R). However,
in the weak sense of distributions,

wy, being the volume of the unit ball in R"” and ¢,, :=

Auy = —fin Q. (1.1)
As a consequence, if the continuous function f is such that
u ¢ CH(Q.R), (1.2)
then the Poisson equation
Av=—f (1.3)

has no classical solutions, i.e., there does not exist a function v € C 2(Q, R) satistying
Av(x) = — f(x) for every x € Q.
Indeed, assume by contradiction that such a function exists. Then, by Eq. 1.1,
Ay —v) =0in Q

in the weak sense of distributions, so that, by Caccioppoli-Weyl’s Lemma, there exists a
function /4, harmonic in €2, such that

ur(x) —vx) =h(x)

a.e. in Q. Therefore, u y — v being continuous in €2,
up=v+heC*QR),

in contradiction with Eq. 1.2. This proves the existence of continuous functions f such
that the Poisson Eq. 1.3 is not pointwise solvable. In his paper [14], Pizzetti introduced
a notion of pointwise weak Laplacian, making pointwise solvable every Poisson equation
with continuous data. Pizzetti started from the following remark. Given a function u of class
C? in  one has

L M) (x) —u(x)

lim =

r—0 r2 2(”1 + 2)

for every x € Q. Here M, denotes the Gauss average

1
M, = —_— dy,
®)@) |B(x,r>|/as<x,r>”(y ) dy

| B(x, r)| being the volume of B(x, r), the Euclidean ball centered at x with radius r. Then,
if u € C(2, R) is such that the limit at the left hand side of Eq. 1.4 exists at a point x € €2,
Pizzetti defines

Au(x) (1.4)

M, (u)(x) — u(x)

Aqu(x) :=2(n+2) lim 5
r—0 r
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Asymptotic Solutions and Pizzetti-Type Theorem

We call Aju(x) the asymptotic average Laplacian of u at x. Keeping in mind Eq. 1.4, if
u € C*(Q, R), then

Aqu(x) = Au(x) for every x € Q.
We denote by
AR, 4A)

the class of functions u € C(2, R), such that A,u(x) exists at any point x € Q2. Obviously,
A(, A) is a (linear) sub-space of C(€2, R). Moreover, by the previous remark,

CA(Q.R) € AQ, A).
Pizzetti proved that the Newtonian potentials of continuous bounded functions are contained

in A(S2, A). Precisely he proved the following theorem.

Theorem A (Pizzetti Theorem) Let @ C R", n > 3, be a bounded open subset of R" and
let f : Q2 —> R be a bounded continuous function. Then

uys € AR, A)

and
Aguyp = —fin Q.

The aim of this paper is to extend the notion of asymptotic average solution and Pizzetti’s
Theorem to the class of linear second order semi-elliptic partial differential operators that
we will introduce in the next subsection.

1.2 Our Operators

We will deal with partial differential operators of the type

L= 0,0 aj(x), x eR", (15)

i,j=1

where A(x) := (a;j = aj;)i,j=1,..,n 1S a symmetric nonnegative definite matrix,

X —> aji(x), ih,j=1,...,n

are smooth functions in R” and

n
Za,-,-(x) > 0 for every x € R".

i=1
Together with these qualitative properties we assume that £ is hypoelliptic in R” and
endowed with a smooth fundamental solution
F:{(x,y) eR* xR" | x #y} — R,
such that

i) TI(x,y)=T(y,x) >0, forevery x # y;

(ii) limy_ I'(x, y) = oo, forevery y € R";
(i) limy oo (supyeK I'(x, y)) = 0, for every compact set K C R";
@iv) I'(x,-) belongs to Ll (R™), for every x € R".

loc
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We recall that when we say that I" is a fundamental solution of £ we mean that, for every
¢ € CPR",R) and x € R™:

/Rn L(x,y) Lo(y) dy = —p(x).

1.3 Examples of our Operators
Important examples of operators satisfying our assumptions are the “sum of squares”of
homogeneous Hérmander vector fields. Precisely: let
X={X1,...., Xm}
be a family of linearly independent smooth vector fields such that
(H1) Xjy,..., X, satisfy the Hormander rank condition at x = 0, that is,
dim{Y(0) | Y € Lie{Xy, ..., X;y}} = n;

(H2) Xi,...,X, are homogeneous of degree 1 with respect to a group of dilations
(82)2>0 of the following type
8 : R" — R",

@) =801, ..., x0) = A0x1, ..., A%Txy),
where the 0;’s are natural numbers such that 1 <oy < ... < 0y.

Then,

L= Z x? (1.6)
j=1

satisfies all the assumptions listed in Section 1.2 (see [1, 2]).
We stress that the sub-Laplacians on stratified Lie groups in R” are particular cases of
the operator £ in Eq. 1.6.

1.4 Asymptotic Average Solutions and Main Results

The extension of Pizzetti’s Theorem to the operator £ in Eq. 1.5 rests on some representation
formulas on the superlevel set of I'. If x € R and r > 0, define

Q(x) = {y eR" : I'(x,y) > %}

We will call ©,(x) the £-ball centered at x and with radius r. It is easy to recognize that
Q,(x) is a nonempty bounded open set of R". Moreover

) ={x) (1.7)
r>0

and!
€2, (x)|

r

—> Qasr — 0.

UIf E is a measurable set of R”, | E| denotes its Lebesgue measure.
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Remark 1.1 If £ = A, then

Qr(x) = B(x, p), withp = (cnr)n%z.

Let @ € R” be open and let u € C%(Q, R). Then, for every L-ball, ©,(x) such that
Q,(x) € Q and for every « > —1 we have
u(x) = M, (u)(x) — Ny (Lu)(x), (1.8)
where M, and N, are the following average operators:
oa+1
My () (x) == —— u(y)K(x, y) dy, (1.9)
rett Ja,

where

K . <A(y)vyr(x7 y)vvyr(x7 }’))
() s (T, y))a+2 ’

a+1 ", 1
Ny (w)(x) := o /0 2 (/Q()(l"(x,y)—p) w(y)dy> dp. (1.10)

The proof of the representation formula Eq. 1.8 can be found in [4].

2
Remark 1.2 f L = Aand o = p— then the kernel K is constant and M, becomes the

Gauss average on the Euclidean ball B(x, p), with p = (c,lr)ﬁ.
Letting

1 [ 1
0, (x) = Nr(l)z%/o p° (/Q()mx,y)—p) dy)dp, (111

an easy computation shows that
"Q,(x) pyetl
0,(x) :/ 2 (1 - (7) dp.
o P r

2
Remark 1.3 If L = Aand o = 7 then, letting p = (cnr)ﬁ, we get
n—

M, (u)(x) —u(x) 2+ 2) m fB(x,p) u(y) dy —u(0)
0, (x) p? '

so that, by Eq. 1.4,
M, (u)(x) — u(x)

rino 0,0 = Au(x). (1.12)

The limit in Eq. 1.12 extends to all the operators £ in Eq. 1.5. Indeed, if u is a C? function
in an open set 2 € R”", from the representation formula Eq. 1.8 and the identity Eq. 1.7,
using Corollary 2.5 in Section 2, one immediately gets
M, (1) (x) — u(x)
im ——————————
—0  0;(x)

Then, in analogy with the case £ = A, we introduce the following definition.

= Lu(x).
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Definition 1.4 Let £ be a partial differential operator satisfying the assumptions of
Section 1.2 and let # be a continuous function in an open set 2 € R”. We say that
ue AR, L),
if
tim Mr@)&) —u(x)
im ———————~
r—0 0r(x)

exists in R at every point x € 2. In this case we define

My (u)(x) — u(x)
0r(x) .

Furthermore, if f € C(£2, R) and there exists u € A(2, £) such that

(Lau)(x) = f(x) forevery x € Q,

(Lau)(x) = lim

we say that u is an asymptotic average solution to
Lou = fin Q.
In the case f = O this definition was first introduced in the paper [6].

The main result of our paper is the following theorem which extends Pizzetti’s Theorem
to the operators Eq. 1.5.

Theorem 1.5 Let f : R" — R be a compactly supported continuous function. Define

up(x) = /R LCx, y) f(y)dy, x € R".

Then, uy € A(R", L) and
Louyp=—finR"

We will prove this theorem in the next section. Here, by using a result in [6], we show a
consequence of Theorem 1.5.

Theorem 1.6 Let f,u : R" —> R be compactly supported continuous functions. Then,
Lou=—finR"

if and only if
Lu=—finD®R").

Proof By the previous Theorem 1.5,
Lou=—finR"
if and only if
Lo(u—usr)=0inR".
Then, by Corollary 3.4 in [6], u —u s € C°(R", R) and
Lu—up)=0
in the classical sense (and vice versa). Since L is hypoelliptic, this is equivalent to say that
Lu—us)=0inD'R"),

or that
L(u) = L(uy)in D' R"). (1.13)
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On the other hand, T" being a fundamental solution of £, L(uy) = — f in D'(R"). Then,
Eq. 1.13 can be written as follows:

Lu=—fin D' R").

This completes the proof. O
1.5 Bibliographical Note

In recent years asymptotic mean value formulas characterizing classical or viscosity solu-
tions to linear and nonlinear second order Partial Differential Equations have been proved
by many authors; we refer to [3, 5-8, 10-13]. In those papers one can find quite exhaustive
bibliography on this subject.

We would also like to quote the papers [4] and [9] where the notion of asymptotic sub-
harmonic function is introduced in sub-Riemannian settings to extend classical results by
Blaschke, Privaloff, Reade and Saks.

2 Proof of Theorem 1.5
For the readers’ convenience, we split this section in some subsections.
2.1 AFirstLemma

Let G be a compact subset of R” and let » > 0. Define

G, = U Q, (x). 2.1

xeG

Then, we have the following lemma.

Lemma 2.1 For every compact set G C R" and for every r > 0, the set G, is compact.

Proof 1t is enough to prove that G, is bounded. We argue by contradiction and assume that
G, is not bounded. Then, there exists a sequence (z,) in G, such that

|zn| —> oo.

By the very definition of G,, for every n € N, there exists x, € G such that z,, € Q,(x,).
This means that

1
I'(xp, z0) > —.
,
As a consequence,

1
- < I'(xp, z0) < sup I'(x, z,),
r xeG

so that, by the assumption (iii) related to T’

1
0< - < lim (sup I‘(x,zn)) =0.

r n—oo xeG

This contradiction shows that G, is bounded. O
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2.2 ASecond Lemma
In this subsection we prove the following lemma.

Lemma 2.2 Let G be a compact subset of R" and let r > 0. Then, there exists a positive
constant C,(G) such that
sup O, (x) = Cr(G). (22)

xeG

Proof Keeping in mind the definition of O, (x) (see Eq. 1.11) for every x € G we get

1 r
0w = 5 [ ([ reoay) ao @3)
r 0 Qr(x)

a+1 " o
byl 2 / ) ( / ) dy) dp.
r 0 G,

On the other hand, if ¢ € C(‘)’O (R"*, R) is such that ¢ = 1 on G, ¢ > 0 (such a function
exists thanks to Lemma 2.1), we have

/ [(x,y)dy
Gr

IA

IA

/ eI (x,y) dy
R}I

IA

sup / eMT(x,y) dy

xeG

Cy(G).

Using this estimate in Eq. 2.3 we obtain

a+1 (7
sup 0.) = Cu(@) 5 [ o ap

xeG

A

Cy(G) :=C(G).

Remark 2.3 Since Q,(x) € Q,(x) for every p €]0, r[, we can assume
Co(G) < G (G)

forevery0 < p <r.
2.3 ATopological Lemma

Now, we show a kind of continuity property of the 2, (x) balls with respect to the Euclidean
topology. Precisely, we prove the following lemma.

Lemma 2.4 For every x € R" and for every R > 0 there exists r > 0 such that
Qr(x) € B(x, R).

Proof We still argue by contradiction and assume the existence of R > 0 such that Q. (x) ¢
B(x, R) for every r > 0. Then, if (r,) is a sequence of real positive numbers such that
rn \{ 0, for every n € N there exists y, € €2,, (x) such that

yn & B(x, R).

@ Springer



Asymptotic Solutions and Pizzetti-Type Theorem

This means
1

yn ¢ B(x,R) and TI'(x,y,) > —.
P

n

. 1 .
Since I'(x, y) — O as y — oo and — —> 00, the sequence (y,) is bounded. As a
T,
consequence, we may assume "

lim y, = y*
n—s00

for a suitable y* € R". Then y* ¢ B(x, R). In particular y # x so that I'(x, y) < co. On
the other hand,
1
C(x,y")= lim I'(x,y,) > lim — = oo.
n—>-00 n—>00 1y,

This contradiction proves the lemma. O
From the previous lemma we obtain the following corollary.

Corollary 2.5 Let f : R* — R be a continuous function. Then, for every x € R”",

sup | f(y)— f(x)|]— Oasr — O.
YEQr(x)

Proof Since f is continuous at x, for every € > 0 there exists R > 0 such that

sup  [f(y) = f(x)] <e.

YEB(x,r)

By the previous lemma, there exists ro > 0 such that Q,,(x) € B(x, r). Then, for every
r <ro,

sup [f(y) = f)l= sup |f(y)—f(x)|= sup [f(y)—fx)]<e.

yeQ (x) Y€y (x) yeB(x,r)
We have so proved that for every ¢ > 0 there exists ro > 0 such that

sup [f(y) = f(x)| <e

yEQ (x)
for every r < rg. Hence,

lim ( sup If(y)—f(X)|> =0.

r—0 \yeq,(x)

2.4 APoisson-Jensen-type Formula
Let f as in Theorem 1.5 and, to simplify the notation, let us denote u y by u. The aim of this
subsection is to prove the following identity:
u(x) = My (u)(x) + N, (f)(x) Vx eR™ (2.4)
To this end we choose a sequence (f}) in C5°(R", R) with the following properties:

(i) there exists a compact set K € R" such that supp f € K and supp f), € K for every
peN;
(i) supg |fp — fl —> Oas p — oc.
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For simplicity reasons, letus putu, = uy,, ie.,
w0 = [ P00 dy = [ e f0 dy.
Then, by Lebesgue’s dominated convergence Theorem,
) = fim_up) = [ TG tim fy0 dy.

for every x € R". Actually, we have a stronger result. For every compact set G € R”,

IA

sup
xeG

sup|fp—f|supf C(x,y) dy
K xeGJK
C(G. K)yswplfy — fI.

K

/KF(’" V) — FO) dy‘

sup |u, — u|
G

IA

We explicitly observe that C(G, K) is a strictly positive finite constant.
Hence,

sup lu, —u| — Oas p — oo. 2.5)
G
Moreover, for every p € N,
up € C°MR",R) and Lu,=—fp.
Then, by identity Eq. 1.8,

up(x) = My(up)(x) — Ny (Lup)(x)
Mr(”p)(x) + Nr(fp)(x)

for every p € N.
We have already noticed that u, (x) — u(x) as p —> oo.
To prove Eq. 2.4 we now show that

p@)loo M, (up)(x) = My (u)(x) (2.6)
and
pli_n)loo Nr(fp)(x) = N (f)(x). 2.7

For every x € R" we have

| My (up)(x) = My () (x)| = [M(up —u)(x)]

< sup |up —u|M(1)(x)
Q2 (x)

= sup |up —ul.
Q2 (x)

Since 2, (x) is compact (see Lemma 2.1), and keeping in mind Eq. 2.5, the last right hand
side goes to zero as p —> oo. Then,

|My(up)(x) — My (u)(x)] —> Oas p —> o0,
proving Eq. 2.6.
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Let us now prove Eq. 2.7. For every x € R", we have

IN:(fp)(x) = N ()@ < IN(Lfp — FD@)]
szplfp = f10,(x).

A

IA

Then, for every compact set G € R”",
sup [Ny (fp) — Ny ()| < sup|fp — flsup|Qr(x)]
G K xeG

(by(2.2)) C.(G) sup |fp = f1.

A

IA

So we have proved that (N, ( f))) is uniformly convergent to N, (f) on every compact subset
of R". This, in particular, implies Eq. 2.7.

2.5 Conclusion

In this subsection we complete the proof of Theorem 1.5. To this end we first remark that,
thanks to Eq. 2.4, for every x € R"”, we have
M, @)(x) —u) N ()
0r(x) 0r(x),

so that, as f(x) is constant with respect to y € Q,(x),

M, (u)(x) — u(x) _ -
o W= g NU@ = HE

= sup |f(u)— fODNIQr(x).

YEQ,(x)

A

By Corollary 2.5 and Remark 2.3, the left hand side of the previous inequality goes to
zero as r —> 0. Hence,
M, —
i MO —u)
r—0 0r(x)

for every x € R". This completes the proof of Theorem 1.5.
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