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1. Introduction

In this paper, we prove a Liouville Theorem for a class of linear second order partial differential operators in RN of the
form

N N
Lu =Y O (azdgu) + Y bidgu, (1)
ij=1 i=1
where a;; = aj; and b; are measurable functions in RN. We setA = (aj)ij=1,..vand b = (by, ..., by).
Our general assumption is that £ is uniformly X-elliptic, in the following sense. Let X := {Xi, ..., X} be a family of
vector fields in RV, Xi = (¢1,...,6n).j = 1,...,m, where the cj’ s are locally Lipschitz continuous functions in RN, As

usual, we identify the vector valued function X; with the linear first order partial differential operator

N
)<J = Z :Cjkaxk'
k=1

Then, we say that the operator £ in (1) is uniformly X-elliptic in RN if
(E1) there exists a constant A > 0 such that

>»\._.

D X0, 6) < qe(x£) <A Zx](x)s Vx, £ € RY, (2)

j=1
where q,(x, &) is the characteristic form of £ given by

N
Ge(x &) = (AWE, £) = ) a;(0E&;

ij=1
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(E2) there exists a function b > 0 such that

N
(b0, §)* <B*(0 D _(X;(0,8)> Vx, & e RV,

=1

In (E1) and (E2) {, ) denotes the usual inner product in RV,
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(3)

The notion of X-elliptic operator was explicitly introduced in 2000 in the paper [1]. However several families of operators
falling into the X-elliptic class were already present in literature, see e.g. [2-6]. More recently, X-elliptic operator have been
widely studied in [7], where a Maximum Principle, a non homogeneous Harnack inequality and a Liouville Theorem are

proved.

1.1. Basic assumptions

To introduce our basic assumptions on the geometric structure underlying the operator .£ we need to recall the definition
of Carnot-Carathéodory distance (or control distance) d = dy related to the family X. A piecewise regular path y : [0, 1] —

RY is an X-trajectory if

p(0) =) aGOX(y (1) aeinf0,1].

j=1
We set

lyl = sup (Z af(r))

tel0,1] =1
and denote by I (, y) the set of the X-trajectories connecting the points x, y € RN. One defines

d(x,y) = dx(x,y) = inf{|y| : y € I'(x,y)}.

If I'(x,y) # @ for every x, y € RN, then d is a metric called the control distance related to X.
Then, we assume the following hypotheses are satisfied:

(H1) The control distance d = dy is well defined, the metric space (R", d) is complete and the d-topology is the Euclidean

one. Moreover there exists A > 1 such that the following doubling condition holds
0 < [Byr| < AlBr|,

for every d-ball B, of radius r, 0 < r < 00, hereafter |E| will denote the Lebsgue measure of the set E C RN,
(H2) There exist positive constants C, v such that the following Poincaré inequality holds

lu — u,|dx < Cr][ |Xu|dx, Yu e C'(B,,)

By Byr

1
for any d-ball B, with u, :][ udx == B, / udx.
Br r Br

Xu denote the X-gradient of u, i.e.
Xu= Xiu, ..., Xpu).
Finally, about the lower order terms of .£ we shall assume the following condition
(LT
C N
b(x) < ———— foreveryx e R",
1+dx)
where C is a suitable positive constant, b is the function in Eq. (3) and d(x) = d(x, 0).

Then, our main result reads as follows. For the notion of weak solution we directly refer to the next subsection.

Theorem 1 (Main Theorem). Let £ be an X-elliptic operator and let u a be a nonnegative weak solution to the equation
Lu=0 inRV.
Assume, together with (H1) and (H2), one of the following hypotheses is satisfied.

(1.1) The lower order terms b;’s are identically zero.
(1.2) Condition (LT) is verified and there exists a sequence rj /' oo such that 0B;;(0) is connected.

Then, u is constant in RN,

(4)
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Remark 2. In (1.2) the assumption on the connectedness of 9B, (0) cannot be removed, as the following example shows
(see [7], Remark 5.5).
The equation

2x
u// + u/ -0
1+ x?
has a nonnegative bounded solution which is non constant: u(x) = /2 + arctanx. Condition (LT) is satisfied but

0B,(0) = 3] — r, r[= {—r, r} is not connected.
1.2. Weak solutions to Lu =0

To give the definition of weak solution it is convenient to first show some consequences of hypotheses (H1) and (H2).

Remark 3. The doubling condition (4) implies that (R¥, d) is a homogeneous space, in the following sense: for every d-ball
of radius r one can find at most M disjoint balls of radius r /2, with M only depending on the doubling constant A (see [8],

page 67). It follows that every d-bounded set F € RV is d-totally bounded so that, since (R, d) is complete, fd is d-compact,
hence Euclidean compact, hence Euclidean bounded. Vice-versa, if F C RN is Euclidean bounded, then its Euclidean closure
F is Euclidean compact, hence d-compact, hence d-bounded.

Remark 4. (RV, d) is a lenght space, i.e. the distance between any pair of points equals the infimum of the length of
rectifiable paths joining them. This easily follows from the fact thatif y : [0, T] — RY is a X-subunit curve, i.e. |y| < 1,
and0 <t; <t) <.-- <t, =T, thend(y(ty—1), y(t)) < tx — ti—1 fork = 1...., p and hence T > metric length of y.

It is well known that conditions (4) and (5) and the topological properties of d imply the following

Remark 5. Foreveryx,y € RN there exists a d-segment connecting x and y, i.e. there exists a continuous curve y : [0, 1] —
RN such that y(0) = x, y(1) =yand

d(x,y) =d(x, y () +d(y(t),y) Vtel[0,1]

(see [9], Lemma 3; see also [2,10]).

Remark 6. For every ball B(x, r) and every A €]0, 1[ the ring
B(x,r) \ B(x, A1)

is non empty. Indeed since R is Euclidean unbounded, hence d-unbounded, there exists y € RN such that d(x, y) > r. Let
y 1[0, 1] — R" be a d-segment connecting x and y. Then

g:[0,11 — RY, g(t) =dx, y()
is a continuous function such that g(0) = 0 and g(1) = d(x, y) > r.Then there exists t €]0, 1[ such that g(t) €]Ar, r[. Thus
Ar <d(x,y(t)) <r, ie. y(t) €B(x,r)\ B(x, Ar).

Remark 7 (Reverse Doubling). There exists 6 €]0, 1[, only depending on the doubling constant A such that
|B(xo, 7)| < 0|B(x,2r)] Vx € R,Vr > 0.
This follows from the previous remark, just proceeding exactly as in [10], Section 2.4.

Remark 8 (Poincaré-Sobolev Inequality). Let Q = log, A, where A is the constant in the doubling condition (4),1 < q < Q
andp = qQ/(Q — g). Then

1 1
<][ lu — ur|"dx>p <S <r][ |Xu|qu> ! , (7)
By BHr

for any d-ball B;, for any u € C!(Bg,).

The constant S and 6 only depend on p, the doubling constant A and the constant C and v in the Poincaré inequality (5).
(See [11], Theorem 5.1; see also [9,12].) Since it is not restrictive to assume the doubling constant A > 4, from now on we
suppose Q > 2.

Remark 9 (Sobolev Inequality). For every bounded open set §2 there exists a positive constant C such that

2Q
lullw@) < CliXullz@) Vu € Cy(2), p= -2 (8)
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Obviously, it is enough to prove this statement when £2 is a d-ball B, = B(x, r). Letu € C(} (B:). Then

1
lullr@,y = lullpe,) < llu— up, llrs,,) + lus,, | |Bar|?.
On the other hand

1-1
1 B P

g, | < —/ uldy < B

|Bar| Jg, |Bar |

By using this inequality in the previous one, we get

1
B \'"*
lullpe,y < llu— ug, llire,) + 1Byl llullp s,
2r

1
(by the Reverse doubling of Remark 7)||u — ug,, ||1p@,,) + o' lulles,)-

=<
Hence
lullps,) < ﬁ”u — ug,, I s,
1—-6 "7
< (by the Poincar’e inequality (5), and keeping in mind that u is supported in Br)ﬁ IXull 2(p, -
1—-6 "7

Now, we are able to give our notion of weak solution to Lu = 0.
Let £2 be a bounded open subset of RN. Due to the Sobolev inequality (8) the function u > || Xu l12() is @ normin C(} (£2)

and, as usual, we define the space Wol(.Q, X) as the closure of C(}(.Q) with respect to this norm.
Ifue Wol (£2, X) then X;u exists in the sense of distributions and Xju € 1?(£2) forj = 1, ..., m. Hence the X-gradient is
well defined for any u € W (£2, X). We denote by W'(2, X) the space

{uel>(2): Xu e *(2)}.
We have the following inclusions
W, (2,X) C W'(2,X) C W.(2,X),

with an obvious meaning for v € WILC(Q, X).
To define the notion of weak solution to the equation Lu = 0 in £2, we introduce the bilinear form

L(u,v) = / {(ADu, Dv) + (b, Du)v}dx,
2

foru € C'(£2) and v € Cj(£2). Since A > 0, we have

IL(u, v)| < / {{ADu, Du)? (ADv, Dv)? + |(b, Du)||v|}dx.
2

Therefore, since £ is X-elliptic,

[L(u, v)| gkf |Xu||Xv|dx+/ b|Xu||v|dx. (9)
2 2

Since £2 is bounded (hence d-bounded) and b € L™ (RN) the bilinear form (u, v) + L(u, v) can be extended continuously
to W1(£2, X) x Wj(£2, X).
Afunction u € W, (RN, X) is a weak solution to Lu = 0, if

L(u,v) =0 Vv e G RY).

1.3. Comparison with previous results

Liouville-type theorems for several classes of X-elliptic operators or, equivalently, for degenerate elliptic operators with
underlying Carnot-Carathéodory structures, are present in literature. Korany and Stanton proved a Liouville theorem for the
Heisenberg Laplacian in [13]. This theorem was extended by Varopoulos [5] to the Laplacians on general Lie groups with
polynomial growth. Liouville-type Theorems for sub-Laplacians on stratified Lie groups are also contained in [14]. Lancia
and Marchi [6] proved a Liouville Theorem for operators which are X-elliptic with respect to the vector fields generating
the Lie algebra of the Heisenberg group in R?"*1. General X-elliptic operators satisfying our Assumption (E1) and (E2), (H1)
and (H2) have been studied in [7]. In that paper, a Liouville Theorem is proved, assuming a weaker form of (6) and the extra
condition that the vector fields of the family X are homogeneous of degree one with respect to a family of dilations in RV,
Here we strongly relax this condition, just assuming the connectedness of 9B, (0) for a divergent sequence of radius.
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2. Global cut-off function
Our proof of Theorem 1 is based on a result concerning “global”cut-off function. Precisely:

Theorem 10. Let B,, and B;, be two concentric d-balls with 0 < ry < r; < oc. Then there exists n € WO1 (B,) such that n = 1
a.e.in B, and

[Xn| <

ae.inB;,.
n—n

To prove this Theorem we need the following Lemma, a consequence of Proposition 2.9 and inequality (2.2) in [15].

Lemma 11. Let xo € RY be fixed and define
p: RN — R, px) = d(x,x).
Then p € W,).(RV) and

Xp| <1 ae.in RV. (10)

Proof. By Proposition 2.9 in [15] we know that p € W, (R") with [Xp| € L2 (R"). We want to show that

loc
|Xijpl <1 ae.in RN,jz 1,...,m.

Obviously, from these inequalities, (10) follows. For every x € RN and t € R sufficiently small, define
exp(tX) (x) = y (x, 1),

where y (x, -) is the solution to the Cauchy problem y = X;j(y), y(0) = x. We explicitly remark that for every fixed
compact set K there exists T = T(K) > 0 such that exp(tX;)(x) is well defined for every x € K and t €]0, T[. Then, for every
@ € C5°(RN) the function

o) = /N Ap(x, t)p(x)dx, (11)
R
with
p (exp() () — p(X)
t
is well defined for0 <t < T = T(supp ¢).
From the definition of control distance, and keeping in mind that t > exp(tX;)(x) is a X-sub-unit curve, we get
p(exp(tX;)(x)) — p(x) = d(xo, exp(tX;)(x)) — d(xo, X)
< d(xo, X) + d(x, exp(tX;)(x)) — d(xo, x) < t.

Ap(x, t) ==

Then |Ap(x, t)| < 1. As a consequence

601 < [ loOiax
RN
On the other hand
1
- (/ p(exp(tX;) (x))p(x)dx — / ,O(X)go(x)dx)
t RN RN
( by using the change of variable y = exp(tXj)(x) <= x = exp(—tXj)(¥))

1
T (/ PV e(exp(—tX)¥) I, t)dy—/ p(X)so(X)dx>, where Z(y, t) =
RN RN

¢ (t)

d
det (X)‘ .
dy

Therefore, letting

P(exp(=tX)) )GV, 1) — ¢(¥)

A%p(y, t) = .

we have

(0 = / PO A*(y. )dy.
]RN
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Now we claim that
lim¢(t) = f Xpx)p((x)dx.
t—0 RN
Taking this claim for granted, we obtain

‘ f Xp) (Ve dx| = |lim (o)
RN t—0

IA

lim sup f | Ap(x, Dllp()]dx
t—0 RN

/ o (dx.
1RN

IA

Then

f (Xp) (e (0dx
]RN

< / 0 (0ldx
]RN

for every ¢ € C3°(RN). This implies
supess [Xp| < 1.

2979

(12)

We are thus left with the proof of the claim. We may suppose there exists a compact set K containing the support of A*¢(-, t)
for every t €]0, T[. Choosing a function y» € C§° (RN) such that ¥ = 1on K, we set py := p. Then p, € WS(Q,X) being

£2 a bounded open set containing K. Then, there exists a sequence (ok)k>1 in C& (£2) such that
ok —> po ask —> oo, in W, (£, X).

Therefore

¢>(t)—f (Xp)fde=f poA*qo(-,t)dx—f (X po)pdx
RN RN RN
_ / (00 — PO A% (-, dx + / LA (-, Odx — / (X po)pdx
]RN RN RN

=f (po—pk)A*w(-,t)dX+f Apk(~,t)</)dx—/ (Xjp0)pdx
RN RN RN

=f (po—pk)A*go(-,t)dvaf (Apk(-,t)—ka)quXJr/ X — Xjpo)pdx.
RN RN RN

From inequality (2.2) in [15] we get
1 1
A% (x, t)| < ?Iw(eXP(tXJ))(X) — )|+ ;Iw(eXP(t&)(X))Ilgl(x, t)—1|
1
< ?Iw(exp(txj))(X) — )|+ G sup o]

for a suitable constant C; > 0. Thus
limsup |A*(:, £)| < [Xjo| + Cysup ||
t—0
< (C, onKk.

Using this estimate in (13), we obtain

1
< G212 ]lpo — pk||L2(Q)

lim sup ‘(b(t) — / Xp)edx
RN

t—0

+ limsup fN [Apk(-, £) — Xiorl loldx + [1Xjox — Xjpoll 2oy 191l 12(0)-
R

t—0

(13)

On the other hand, since py is C!, A o (X, £) —> Xjpr(x) as t — 0, for every x € £2. Moreover, the mean value theorem

gives Api(x, t) = Xjp(exp(tX;)(u)) for a suitable 7 €]0, t[. Therefore
sup [Api(-, ) — Xjpoil = 25&13 IXjol
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and the Lebesgue Dominated Convergence Theorem implies

lim |A/)k(5t) _)(]pkl |§0|dX:O

t—0 JpN

Hence

1
< GIL212 |k — el + IXioxk — Xjooll22) @12y foreveryk € N.

imsup o) — [ cgp)pa
t—0 RN
Letting k go to infinity at the right hand side we get

lim sup

t—0

<0.

(t) — / (X;p)pdx
RN

This completes the proof. O
Proof of Theorem 10. Let f be a real smooth function defined on R such that

f=1 on[—ry, 1], f=0 onR\[-r,r] forasuitabler €]r, [, |f'| <

rp—r1
Define

n:R— R, 7 =f(dxo,x).
Then

n e WO]B(XO, r2), n = 1onB(xg, 1)

and, by the previous lemma

IXnl = In'(d(xo, -))Xd(xo, 0)] < ae.

rnp—n

In the first identity we have used the Leibnitz-type rule for the X-derivative of the composite functions (see e.g. Proposition
2.1in[7]). The proof is complete. O

3. Proof of the main theorem

The proof of our main result requires some preliminary lemma.
Lemma 12 (Main Lemma). Let u € WILC(IRN, X) be a nonnegative solution to
Lu=0 inRY,
Then, for every d-ball B, (xo), Xo € RN, r > 0, we have

sup u < C inf u
Br(x0) Br(x0)

where C depends on the constants A, A, Cp, v and on

%
bi(xo) == sup p ][ b* )
By (2)SBar (x0) Bp(2)

Proof. Let u be a nonnegative weak solution to the equation Lu = 0. Then
L(u,v) =0 (14)

for every compactly supported v € W' (RV). By replacing u with u + s, if necessary, we can assume u bounded away from
zero.

Let By, be a d-ball of radius 4r centered at a point x, € R". By plugging into (14) test functions v of the kind v = n?u?
with 8 # —1and n € W' (RV), supp  C By, we get (see [7], pagg. 1849-50):

”nw”[_i(&r) <CaO+|B+ ‘l|)1+H (llnwlng<B4r>||wXU||Lg(g4r)) s (15)

where w = uft'and u = Zp%w Here we use the notation

Nl = (][ |u|5dx)
Br

=
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The constant C in the previous inequality only depends on A, the X-ellipticity constant of .£ in (2), A in the doubling condition
(4), Cp and v in the Poincaré inequality (5) and b} (xo).

In particular we stress that C is independenton u, 8 and r.

At this point, we choose 7 as the cut off function in Theorem 10. Precisely, given ry and r, such that

L5 Ly}
1l<—<—=

< < 2,

we choose 1 € WO1 (Byr) satisfying

n=1 inB, and [Xn| =<
p—n

(By; denotes the d-ball of radius r; centered at xo).
Using this » in (15) we obtain

1+n r
|w|l_ﬂ(3r1) <20+ B+1p™ (1 + ﬁ) ||w||L§(Br2)' (16)
By applying these estimates on the sequences (By) and (ry) given by
1=0% withs>1,0=2 r=r(1+-
B+ 1=06% withs> 1, =5 =T +?

and letting k tend to infinity, we obtain

1
supu < C (][ usdx) .
By BZr

(See the Moser-iteration procedure as presented in [16], pag. 197; see also [7], pag. 1850.) The constant C in the previous
inequality only depends on s and the structural constants A, A, Cp, 6, . Analogously, iterating (16), on a sequence of negative
B’s, we get

=
infu>C ][ u~Podx
By B3r

for every py small enough. Here C > 0 only depends on py and the structural constants.
On the other hand, inequality (16), with the choice of a suitable 8 €] — 1, 0[, gives

s %
<][ u‘dx) <C (][ uPo dx)
Byr B3y

Summing up, we have

1

Po
supu < C <][ u”odx> (17)
By Bs;

_1

Po

infu>C <][ u"’odx> (18)
Br B3y

for every py sufficiently small, and C > 0 only depending on pg and the structural constants.
We now use a John-Nirenberg-type Lemma to prove that

4 4
(][ upodx) <C <][ upodx) (19)
B3r BBr

for every d-ball Bs, centered at a point x. This, together with (17) and (18), will complete the proof of the theorem.
Let B, be a d-ball centered at a point z € By (Xo), B,(z) < Bar(Xo). Plugging into (14) the test function v = nlogu, with
n € WIRN, X), supp n € By,, n = 1inB,, and letting w = log u we obtain

/ [nXw|?dx < c/ ((dn)* + 1Xn*) dx.
RN RN
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Then, choosing the cut off function , in such a way that |X#n| < 2p (see Theorem 10), also using the doubling condition (4),
we get

Bp Bap

Xw|?dx < C b2dx + 1)< 2|b) 2 +1) < £(b* +1
- pZ - p2 P Lip(sz) - pZ :
As a consequence, by using the Poincaré inequality (5), we obtain

lw—w,|dx <C,
Bp

where C is a positive structural constant. Then, the following John-Nirenberg estimate holds
/ exp(polw — w3 )dx < C
B3r

for every ball B3, centered at a point of A;. Here po and C are suitable positive structural constants, see [17], Theorem 0.3
and Theorem 0.4. Finally, this inequality implies

][ u’podx][ upodx:][ exp(—pow)dx][ exp(pow)dx
B3r B3r B3; B3;

2
< <][ exp(polw — w3r|)dx>
BSr

which obviously implies (19). O
From the proof of the previous lemma we immediately obtain the following lemma
Lemma 13 (Invariant Harnack Inequality). Let u € WIZ,C(]RN, X) be a nonnegative weak solution to
Lu=0 inR".
Assume the lower order terms b;’s of &£ are identically zero. Then

supu < Cinfu (20)
By By

for every d-ball B,, with C > 0 independent of uandr.
Lemma 14. Let B, (xy) be a d-ball such that
0B:(xg) is connected.
Let 0 < 6 < 1. Then there exists x4, . .., X, € 0B (o), with p independent of r, such that:
(i)

p
9By (x0) < |_J Bor (x));
j=1
(ii) letting K; := Bgr(X;) N 9B, (xo),

m
(UIQ)ﬂKmH #@ form=1,...,p—1.
j=1

Proof. (i) LetB = (B%r(xj))jeg be a maximal family of disjoint balls of radius %r, centered at a point of 9B, (xp). Since the d-

topology has a countable basis of open sets, the family &8 is countable. Due to the maximality of B, for every x € 9B, (xo)
there existsj € g such that B%r(x) ﬂB%r(xj) # (. Hence By, (x;) 2 B%r(x) > x. This shows that (B, (x;))jeg covers B, (xo).

On the other hand, since & is disjoint, for every finite set {1, ..., p} € ¢ we have

)4 p
> 1Bo, (I = ||JBs, )
j=1 j=1

Moreover, since Bor(x;) D Br(xo), foreveryj € {1, ..., p} we have
[Br(X0)| < |B2r(x;)| < (by the doubling condition)

Q
4 <2(4+9))
0

< Bexo)l.  R= (1 + %) . (21)

’

B%r(xj)‘ = AQ

By, (%)
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Q
whereAqg = A (2(49—“))) . Using this estimate in (21), we get

p
—|Br(x0)| < |Br(x0)!,
Aq

hence p < Aq.
(ii) By removing from the family (B% (%j))j=1,...,p the balls having empty intersection with 9B, (xy) we may assume K; # ¢
foreveryj € {1, ..., p}. Now, there exists at least one K; such that K; N K; # . Indeed, otherwise,

p
21 = B% (x1) and £2, = UB%(XJ')
j=2
would be open sets satisfying
21N 2, N0B (x0) =0, $21N 3B (x0) # @ # 2, N 3B (x0) $21 U 22 2 9B, (Xo),

in contradiction with the connectedness of 9B, (xp). Thus, we may suppose K; N K, # (. The same argument as above
proves that (K; UK;) NK; # ¢ for a suitable j > 2. Then, we may assume (K; UK;) N K3 # (. The proof can be completed
by iterating this procedure. O

Lemma 15. Let Ky, ..., K, be any family of non empty sets such that

m
(Ulg)ﬂl<m+17éﬂ form=1,...,p—1.

j=1
Assume we are given a nonnegative functionu : K — R, K = Ujm:] K;, such that

supu < Cinfu forj=1,...,m.
4 Kf

Then

st}ipu <P i?fu. (22)

Proof. Letx,y € K; UK, and choose a pointz € Ky NK,.1fx,y € Ky orx,y € K, we have u(x) < Cu(y).Ifx € K;andy € K>,
orx € K, and y e Ky, we have u(x) < Cu(z) and u(z) < Cu(y), so that, since u > 0, u(x) < C?u(y). Thus, in any case, being
=1,

u(x) < Clu(y) foreveryx,y € K; UK;.

Let us now take x,y € U,; K; and choose z € (K1 UKy) NKs. Ifx,y € K1 UK, orx,y € K3 we have u(x) < C%u(y) or

u(x) < Cu(y).Ifx € K; UK, andy € K3 we have u(x) < C?u(z) and u(z) < Cu(y) hence u(x) < C3u(y). The same inequality
obviously holds if x € K3 and y € K; U K;. Thus, in any case

3
u(x) < Clu(y) foreveryx,y e UKJ"
=1

Iterating this procedure we obtain

p
u(x) < CPu(y) foreveryx,y € UKj.
j=1

This inequality obviously implies (22). O
Now we can give the proof of our main result.

Proof of Theorem 1. We first assume b; = 0 for everyj = 1, ..., N. Then, in this case, by Eq. (20), the following Harnack
inequality holds

supv < Cinfv
Br Br

for every nonnegative weak solution v of £v = 0inR" and for every d ball B,, the constant C being independent of r and v.
Then, if u > 0 and solves Lu = 0in RN, lettingv = u — infzv u we have v > 0 and Lv = 0. As a consequence

supv < C inf v
By (0) By (0)

so that, letting r go to infinity, we get 0 < supgv v < Cinfgy v = 0. Hence v = 0 and u = infgwn u.
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Let us now assume hypothesis (1.2) is satisfied. From the Main Lemma we have
supv < Cinfv
By Brj
3 8
for every nonnegative weak solution to £Lu = 0 in RN and for every d-ball B centered at a point of 8B,,(0), with C > 0
independent on u and on the ball Br; . Indeed the constant C in the previous Harnack inequality only depends on the structural
8

constant and on

b7
sup b7 (y) := sup sup  p ][ p*| .
yedBr(0) 8 y€dBr;(0) Bp(2)SBr; (v) By (2)
2

By using the assumption (LT), with an easy computation we recognize that the right hand side can be bounded by a structural
constant b* independent of j. Then, by applying Lemma 14 with & = 1/8 and Lemma 15, we obtain

sup <C inf foreveryj> 1, (23)
9Br; (0) 9Br; (0)

where C is independent of v and j. Let us now define v = u — infgy u, where u is any nonnegative solution to Lu = 0in RV,
Then, v > 0 and £Lv = 0 in R". By using (23) and the Maximum Principle in [7], Theorem 3.1, we obtain

supv = sup v <C inf v =C inf v.
Br; (0) 3Br; (0) 9Br; (0) Br; (0)

Letting r; go to infinity, we get

0 <supv < Cinfv =0.
RN RN

Hencev=0andu =infepvu. O
4. Further comments and results

It is well known that Liouville Theorem follows from invariant Harnack inequality (see the proof of Theorem 1). From
our Harnack inequality of Lemma 13, with another standard argument we get the following result.

e Let hypotheses of Lemma 13 be satisfied. Then there exists « > 0 such that every weak solution to Lu = 0 such that
1
lim — sup|ul=0
r—soo 1 B;(0)
must be constant.

Indeed, the invariant Harnack inequality (20) implies

dix, »\*
lu(x) —u)| = C (7 sup [u
r B (0)
for suitable C > 0and 0 < o < 1, independent of r. (See e.g. Theorem 5.3 [10], see also [16] pages 190-191.). Then, for
every fixed x,y € RV, letting r go to infinity we get |u(x) — u(y)| = 0, that is u = const. We would also like to remark

that the noteworthy Colding-Minicozzi’ s Theorem 0.7 in [ 18] can be extended to the X-elliptic operators in principal part.
Indeed, the existence of a global cut-off function given by our Theorem 10, and the Caccioppoli-type estimate (16) allow us
to, verbatim, repeat the proof in [ 18]. For reading convenience, we explicitly state here the result

e Let Lasin(1)withb; =0fori=1,...,N.Assume (E1) and (E2), (H1) and (H2) are satisfied. Then, for every fixed o > 0
the linear space of the weak solution to Lu = 0 in RN satisfying

1
sup ( sup |u|> < o0
r>1 \T% B, (0)
is finite dimensional.

Suitable versions of this result for a class of linear second order operators with nonnegative characteristic form, smooth
coefficients and which are homogeneous with respect to a group of dilations in R, are contained in [19].
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