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Abstract: We prove, with a purely analytic technique, a one-side Liouville theorem for a class of
Ornstein—Uhlenbeck operators £, in RY, as a consequence of a Liouville theorem at “¢ = —c0” for the
corresponding Kolmogorov operators £y — 8, in R¥*!. In turn, this last result is proved as a corollary
of a global Harnack inequality for non-negative solutions to (£, — d,)u = 0 which seems to have an
independent interest in its own right. We stress that our Liouville theorem for £, cannot be obtained by
a probabilistic approach based on recurrence if N > 2. We provide a self-contained proof of a Liouville
theorem involving recurrent Ornstein—Uhlenbeck stochastic processes in the Appendix.
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1. Introduction and main results

The main “motivation” of this paper is to provide a purely analytical proof of a one-side Liouville
theorem for the following Ornstein—-Uhlenbeck operator in R¥:
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S =4 +(Bx, V), (1.1)

where 4 is the Laplace operator, while ( , ) and V denote, respectively, the inner product and the
gradient in RY. Moreover Bis a N X N real matrix which we suppose to satisfy the following condition:
letting

E(t) := exp(—tB), (1.2)
then,

b :=sup||E(?)|| < oo. H)

teR
It is not difficult to show that condition (H) is equivalent to the following one:

B is diagonalizable over the complex field

with all the eigenvalues on the imaginary axis.

This condition is satisfied in particular if B = —B” and if B> = I, where I is the N x N identity
matrix.
Our positive (one-side) Liouville Theorem for (1.1) is the following one.

Theorem 1.1. Let v be a smooth* solution to
Zw=0inR".
If infgy v > —oo, then v is constant.

If we assume the solution v to be bounded both from below and from above then the conclusion
of Theorem 1.1 immediately follows from a theorem due to Priola and Zabczyk [14, Theorem 3.1],
which, for the operator .%} in (1.1), takes this form:
Consider the Ornstein—Uhlenbeck operator

%o =4+ (Bx, V),
where B is any N X N constant matrix. Then the following statements are equivalent:
(i) £ has the simple Liouville property, i.e.,

Zv=0inR", sup|v| < 0 = v = constant;
RN
(ii) the real part of every eigenvalue of the matrix B is non-positive.

If the matrix B satisfies (H), its eigenvalues have real part equal to zero. Then, the aforementioned
Priola and Zabczyk theorem implies that the bounded solutions to .%,v = 0 in RY are constant.

Theorem 1.1 is a Corollary of the following Liouville theorem “at t = —oo” for the evolution
counterpart of %, i.e., for the Kolmogorov operator in R¥*! = RY x R,

L:=4+(Bx,V)—-20,. (1.3)

* % 1s hypoelliptic, so that every distributional solution to -%,v = 0 actually is of class C*.
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Theorem 1.2. Let u be a smooth solution to
ZLu=0in RN,

If infgy u > —oo, then
lim u(x,t) = 1}Vlf1 u forevery x e RV,
R +

t——o00

It easy to show that this theorem implies Theorem 1.1. Indeed, let v : R¥ — R be a smooth and
bounded below solution to .%yv = 0 in R". Then, letting

u(x,t) =v(x), xeRY, reR,

we have

ZLu=0inR"'" and infu=infv> —c.
RNH RN

Then, by Theorem 1.2,

infv=inf u= lim u(x,f) = v(x) forevery x € R".
RN RNH {——00

Hence, v is constant.
From Theorem 1.2 it also follows a Liouville theorem for bounded solutions to Zu =0 (for a
related result see Theorem 3.6 in [13]).

Theorem 1.3. Let u be a bounded smooth solution to
Zu=0inRVN,

Then, u is constant.

Proof. Let

m=1infu and M =supu.
RN+1 RN+1

Applying Theorem 1.2 to M — u and u — m, we obtain for every x € R" that:

O0=1inf(M —u)= lim (M — u(x, 1))
RN+1 ——00

and

0= inf(u —m) = lim (u(x,t) — m).
RN+1 t——00

Hence, M = m and u is constant. O

Theorem 1.2 is, in turn, a consequence of a “global” Harnack inequality for non-negative solutions
to Zu = 0 in R¥*!. To state this inequality we need to recall that .# is left translation invariant on the
Lie group K = (R¥*!, o) with composition law

x,)o(y, )=+ E()x,t+ 1),
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see [12]. For every z in R¥*! we define the “paraboloid”
P(z0) =zo o P,

where

4

Then, inspired by an idea used in [8] for classical parabolic operators, and exploiting Mean Value
formulas for solutions to -Zu = 0, we establish the following Harnack inequality.

2
P:{(x,t)eRN” : t<—ﬁ}.

Theorem 1.4. Let zy € R¥*! and let u be a non-negative smooth solution to
Lu=0inRV.
Then, there exists a positive constant C, independent of u and zy, such that
u(z) < Cu(zyp),

for every z € P(z).

We will prove this theorem in Section 5. Here we show how it implies Theorem 1.2 by using the
following lemma (for the reader’s convenience we postpone its proof to Section 3).

Lemma 1.5. For every x € RY and for every zo € RN*! there exists a real number T = T(x,zy) such
that

(x,1) € P(zp) Yt < T.

Proof of Theorem 1.2. Let u be a smooth bounded below solution to .Zu = 0 in R¥*!. Define

m = inf u.
RN+1

Then, for every € > 0, there exists z, € RN*1 guch that
u(z,) —m< e.
Theorem 1.4 applies to function u — m, so that

u(z) —m < C(u(z,) —m) < Ce, (1.4)

for every z € P(z,), where C > 0 does not depend on z and on &. Let us now fix x € RY. By Lemma
1.5, there exists T = T(z., x) € R such that (x, ) € P(z.) for every t < T. Then, from (1.4), we get

O0<ulx,t)—-m<Ce Ve<T.

This means
Iim u(x,t) = m.

t——o00

We conclude the introduction with the following remark.
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Remark 1.6. One-side Liouville theorems for a class of Ornstein—Uhlenbeck operators can be proved
by a probabilistic approach based on recurrence of the corresponding Ornstein—Uhlenbeck process.
We present this approach in Appendix, showing how it leads to one-side Liouville theorems also for
degenerate Ornstein—Uhlenbeck operators. However, the results obtained with this probabilistic
approach contain Theorem 1.1 only in the case N = 2. We mention that, in this last case, Theorem 1.1
is contained in [3], where a full description of the Martin boundary for a non-degenerate
two-dimensional Ornstein—Uhlenbeck operator is given.

We also mention that under particular assumptions on the matrix B that make the operator .Z’
homogenous with respect to a group of dilations, asymptotic Liouville theorems at # = —oo for the
solutions to .Zu = 0 in RV*! are known (see [10] and the references therein); as a consequence, in
such cases, one-side Liouville theorems for the solutions to .%,v = 0 hold.

2. Some preliminaries

The matrix
E(t) =exp(-7B), T1E€R,

introduced in (1.2), plays a crucial role for the operator .. First of all, as already recalled in the
Introduction, defining the composition law o in RV*! as follows:

(x,)o(y, )=+ E(m)x,t+ 1), 2.1

we obtain a Lie group

K = R, o),

on which & is left translation invariant (see [12]; see also [1], Section 4.1.4).
As already observed, assumption (H) implies

o(B) := {eigenvalues of B} C iR.

Then, since B has real entries, —A € o(B) if 4 € o(B). As a consequence,

trace (B) = 0.
A fundamental solution for .Z is given by
[z =y 02), (2.2)

where,

0if r <0,

y(@) =y(x,0) = N

U, (—1<c—1(z)x x)) it £>0

V@t P\ 74 ’ ’
and
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Cc@) = f E(s)E(s)! ds,
0

(see [12, (1.7)], and keep in mind that trace (B) = 0 since B satisfies (H)).
It is noteworthy to stress that

C(t) is symmetric and C(¢) > 0

for every t > 0.
The solutions to Zu = 0 in R¥*! satisfy the following Mean Value formula: for every zo € RV*!,
r>0and p €N,

1
u(zo) = = f u@)WP(z;! 0 2) dz, (2.3)
" JaP ()

where

1
QP (z9) = {z D ¢p(20,2) > ;},
with

I'(zo, 2)

(20,2) i= ———,
P02 = o — )
if z = (x,1) and z9 = (xo, tp).

Remark 2.1. 1f z € Q% (z,), then T(z9,z) > 0, hence ty — ¢ > 0.

Moreover,

Gyon P (R.2)\
Wy <z>—wa£’<o,z>{W(z>+ 4(p+2)( = - (2.4)

where w, denotes the Lebesgue measure of the unit ball of R”,

1
W) =W = 7 [c oaf 2.5)
and
Ri(0,2) = \J4(-1)log(r4,(0, 2)). 2.6)
A complete proof of the Mean Value formula (2.3) can be found in Section 5 of [2].
3. Proof of Lemma 1.5
Let zp = (x9, fp) and z = (x, t). Then,
7€ P(zp) =700 P = zal ozeP < (x—E(t—1ty)xp,t—1) € P.
Hence, keeping in mind the definition of P,
— E(t — to)xol*
7= (x,1) € P(zp) = = B = f)xl (3.1)

4(to = 1)
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On the other hand, from (H), we have

lx — E(t — to)xo|’ < A+ blxo|)*
A4ty — 1) T Ay -1)
Therefore: for every fixed zo € R¥*! and x € R, there exists T = T(zo, X) S.L.

— 0, ast— —oo.

z=(x,1) € P(zp) Vi<T.
4. A two “onions”’ lemma

The aim of this section is to prove a geometrical lemma on the level sets Q' (which we call
Z-“onions”), that will play a crucial role in the proof of the Harnack inequality in Theorem 1.4.
First of all we resume that hypothesis (H) implies:

1
ﬁ|x|2 < KC'(D)x, x) < D, 4.1)

for every ¢ € R and for every x € RV,
Indeed, from (H), we obtain

b:=sup|lE®)| < co.
teR

Since we are considering the operator norm, we have
[E(s)"y| < blyl = BIE(=5)" E(s)" y| < D*|E(5)" yl,
so that {
S < TE()"y] < byl

for every t € R and every y € RV,
Then, since

f
(C(0)y,y) = f E(s)yP ds,
0
we get
1 1
5 DIP < —(Cy,y) < B
forevery y e R and t € R \ {0}.
If in these inequalities we choose
y=(C@®)x ift>0

and
1
y=(-C() x if r<0,

we immediately obtain (4.1).
Now, for every r > 0, define

2r={z:(x,t) L t=—rv, |X|2<—4t}.

Then, the following lemma holds

Mathematics in Engineering Volume 2, Issue 4, 680-697.



687

Lemma 4.1. For every p € N, there exists a constant 0 = 6(p) > 1 such that,

QP0)20QP(z) VzeX, VYr>0.

Proof. Letr > 0and z € Z,. Then z = (x, 1), with

2 2
t=—-rv and |x* < 4rve.

Let us now take ¢ = (&, 7) € Q¥ (z). This means

1
(bp(z’ {) > ;
[——4

(CTYt—1)(x— E(t —1)¢),x — E(t — 7)¢) < log

Analogously,

£ € Q(0)

=
(CTN(~1)E(-1)é, E(-7)€) < log LN,
(4m(-7))"
On the other hand, by (4.1) and (H),
2
(CTN(-DE(-1)¢, E(-1)¢) < b4%,

so that, ¢ = (¢,7) € Q7 (0) if 7 < 0 and

1 Or
|¢f|2 < —4|T| log — N
b (4rle]) ="

(4.2)

A4n(t — 7))

4.3)

Then, to prove our lemma, it is enough to show that inequality (4.2) implies (4.3). Now, from (4.2),
using (H), (4.1) and the inclusion z = (x, f) € X,, we obtain (we assume b > 1 so that b*> < b*)

P < PE(@ - 1)éf
< 2DX(E(t = 1) — x> + |xP)
< 26 (1 = (Nt = T(E( — 1) — x), E(t = 1) — x) + 4]
< 2t ((r —7)log ———— + 4|r|] .
(4t - )"

Mathematics in Engineering
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Therefore, we will obtain (4.3), and hence the lemma, if for a suitable § > 1 independent of z and ¢,

the following inequality holds

1 0
2b* ((r —1)log ;N + 4|t|] < —ltllog —rN
(4n(t— 1) b (4nlr)) =
To simplify the notation we put
2
r :pN;-P — p= rNe
(4@? A7
Hence, since z € %,.,
|t| = 4rp,

and inequality (4.4) can be written as follows:

&)
Aot — 1) log P + A1p < Aj|t|log ﬁ,
t—T1 7|

and the A;’s are strictly positive constants independent of z and .
Since ¢ € Q”(z), we have

N+p
2

1 1
- < $p(z,0) < (m) )

then,
O<t—7<p.

As a consequence, since
drp =t < |t| < |t —t| + |t| < p + 4np,

we get

Ar+1 7" |1] ~ 4n
Thus, the left hand side of (4.5) can be estimated from above as follows:

1 P 1

l‘_
Ao(t =) log L~ + Ap = p(Ao—T log £ + Al) < p(AoS +A)),
t—7 P t—7

where
1
S :sup{slog— : 0<s<1}.
s

Moreover, the right hand side of (4.5) can be estimated from below as follows:

6
At log ﬁ > p4rA; log P

Therefore, if we choose 6 > 0 such that

0
ApS + A §477A210g4 —
vy

inequality (4.5) is satisfied. This completes the proof.

4.4)

(4.5)

O
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5. Proof of Theorem 1.4

Since . is left translation invariant on the Lie group (K, o), it is enough to prove Theorem 1.4 in
the case zo = 0 € R¥*!. In particular, it is enough to prove the inequality

u(z) < Cu(zp), with z5 =0, (5.1

for every non-negative smooth solution u to

Zu=0in RN,

and for every z = (x,1) € P = {(x,1) : |x]> < —41}.

The constant C in (5.1) has to be independent of u. To this end, taken a non-negative global solution
uto Zu = 0, we start with the Mean Value formula for u on the £ -level set Qg’;)r(zo), with p > 4 and
with 8 given by Lemma 4.1:

1 -
umﬁzzﬁl%mﬂ@m%mﬁoada (52)

Let us arbitrarily fix z = (x,7) € P. Then ¢ < 0 and |x|> < 4[¢]. In (5.2) we choose r > 0 such that

2
t=—rvs,

By Lemma 4.1 we have the inclusion
Q) (z0) 2 QP(2),

so that, since u > 0, from (5.2) we get

1 () -1
oz g [ wowhG! o0 d 53)

Let us now prove that, for a suitable positive constant C independent of u and of z, we have
(zp' =20 =0):

W(p) —1 o 29
M >= Ve QP(z). (5.4)

W@ty €
It will follow, from (5.3),

uz) > iﬂf WOWP (™ 0 ) de
I"C Q(rl’)(z)

(again by the Mean Value formula (2.3))

= éu(z),

i.e., u(z) < Cu(zp), which is (5.1).
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To prove (5.4) we first estimate from below Wép )

by keeping in mind that z, = 0, and letting £ = (&, 7), we obtain:

pw,  (Rag(20,0))P *2
4(p +2) 72
p+2 P

= c)lrlT (log(20r¢ (20, O))) 7™
(Bp(20,0) 2 & since £ € QP(0) € OP(z0))
¢} (10g(26))* ™[
Gf p > 2)
> ¢!

p-2
= cprrv,

Wiphz' 0 0)

\%

W%

/

P'(z;' © ¢). From the very definition of this kernel,

Here, and in what follows, ¢/, ¢, .. ., ¢, denote strictly positive constants only depending on p. So, we

b p’
have proved the following inequality

I~

=

W -2

P zy' 0 ) > cpriv V¢ e QP)(z).

Now we estimate W (™! o {) from above, estimating, separately

Ki(z,0) = R0,z o OW(Z™ 0 Q)
and
_RIM(z0,27' 0 0)
k(w0 = (t—1)?
We have
K] (Z, {) = (40 - T) 10g (I"F(Z—’{)Nﬂ’))2 W(Z—l o {))
Ar(t—1)) 72

IA

27 ((r —7)log ;N)z Wi o).

(t—1)7

Moreover, from (2.5) and (4.1), we obtain

|
W' o) = flCT@ -0 - B - ol

. D E@-ap
S 4 (r-rp

To estimate the right hand side of this inequality we use the inclusion { € Q" (z) which implies:

1
¢p(z’ g) > ;

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)
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—
N+p

(;) 2 exp(—%(C‘l(t—T)(x—E(t—T)f),x—E(t—T)g) >%

4nr(t—1))
—

(CHt-1)(x— E(t —1)é),x — E(t — 7)€) < log —
Ar(t—1)) 72

This inequality, keeping in mind (4.1), implies

Ix — E(t — )& < b*(t — 1) log

N+p *

o
(n(t - )"

Then
€ —E@-0x < |EG-DIPIE( - 1)¢ — xI*
< b4(t - 1) log ;NW
(4n(t - 1)
, rNip
= % 4’
where

1
c;,:b4sup{slog—:0<s< 1}.
s

Using this estimate in (5.9) and (5.8) we obtain:

[S1aS)

p-2
< cprvir,

Ki(z,0) < c;,’rN%P(t — )it [log —w]
@r(—-1)7

o .
where, ¢, = c, S ,, with

b 1\’
S,,:sup{sz‘z(log—) 0<s< 1}.
S

We stress that S, < oo since p > 4.
The same estimate holds for K,. Indeed:

p+2
2

IA

K>(z,0) c,(t— )3 [log —M]
@n(t—1)) 7

2 (P p=2
cprm(i_]) = CprNﬂJ’

IA

where,

(5.10)

(5.11)
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Keeping in mind (5.6) and (5.7), and the very definition of W (z, {), from inequalities (5.10) and
(5.11) we obtain

WP 0 0) <ot VL€ QP(Z). (5.12)
This inequality, together with (5.5), implies (5.4), and completes the proof of Theorem 1.4.
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6. Appendix: A one-side Liouville theorem for Ornstein—Uhlenbeck operators by recurrence

Here we show a one-side Liouville theorem for some Ornstein—Uhlenbeck (OU) operators based on
recurrence of the corresponding OU stochastic processes.

It is a general fact from probabilistic potential theory (see in particular [9]) that recurrence of a
Markov process is equivalent to the fact that all excessive functions are constants (we also mention that
the equivalence between excessive functions and super harmonic functions has been established in a
general setting; see [6] and the references therein). On the other hand, a characterization of recurrent
OU processes is known (see [7] which extends the seminal paper [5]; see also [15] for connections
between recurrence and stochastic controllability).

We present the main steps to prove a one-side Liouville theorem in a self-contained way. Comparing
with [5,7,9], we simplify some proofs; see in particular the proof of Theorem 6.6 in which we also use
a result in [14]. We do not appeal to the general theory of Markov processes but we use some basic
stochastic calculus. It seems to be an open problem to find a purely analytic approach to proving such
result.

Let Q be a non-negative symmetric N X N matrix and let B be a real N X N matrix. The OU operator
we consider is

1 1
Ko = 3 tr(QD?) + (Bx, V) = > div(QV) + (Bx, V). (6.1)
We will always assume the well-known Kalman controllability condition:
rank[Q, BQ, ..., B Q] = N, (6.2)

see [4,7,11,12,14,15] and the references therein. Under this assumption K is hypoelliptic, see [12].
Before stating the Liouville theorem we recall that a matrix C 1is stable if all its eigenvalues have
negative real part.

Theorem 6.1. Assume (6.2). Let v : RY — R be a non-negative C*-function such that Kyv < 0 on R".
Then v is constant if the following condition holds:

(HR) The real Jordan representation of B is
(B o 0 ) (6.3)

0 B

where By is stable and B, is at most of dimension 2 and of the form B; = [0] or By = (g —Oa) for some

a € R (in this case we need N > 2).

Mathematics in Engineering Volume 2, Issue 4, 680-697.



694

The proof of Theorem 6.1 will immediately follow by Lemma 6.4 and Theorem 6.6 below.

Remark 6.2. Note that when N = 2 the matrix B = (8 (1)) does not satisfy (HR). On the other hand

B = (8 8) verifies (HR) with @ = 0. Moreover, an example of possibly degenerate two-dimensional

OU operator for which the one-side Liouville theorem holds is
Ko = 05, + ady + xB, — yd,, a>0.

Remark 6.3. It is well-known, that condition (6.2) is equivalent to the fact that
!
0, = f exp(sB) Qexp(sB” )ds is positive definite for all > 0 (6.4)
0

(cf. [4,7,12]). Note that C(f) = exp(—tB)Q, exp(—tB") is used in [12] and in Section 5 of [2] with Q
replaced by A.

Let us introduce the OU stochastic process starting at x € RY. It is the solution to the following
linear SDE

!
X (w) = x + f BXX(w)ds + \JOW,(w), t>0, xeR", weQ, (6.5)
0

see, for instance, [7, 14]. Here W = (W,) is a standard N-dimensional Wiener process defined a
stochastic basis (Q, 7, (7,), P) (the expectation with respect to P is denoted by E; as usual in the sequel
we often do not indicate the dependence on w € Q).

For any non-empty open set O C R", we consider the hitting time 7}, = inf{r > 0 : X' € O} (if {-}
is empty we write 77, = 00).

Now we recall the notion of recurrence. The OU process (X7),»o = X* is recurrent if for any x € R,
for any non-empty open set O C RY, one has

po(x) =P(ry <o) = 1. (6.6)

Thus recurrence means that with probability one, the OU process reaches in finite time any open set
starting from any initial position x.

Lemma 6.4. Suppose that the OU process is recurrent. Let v € C*(R") be a non-negative function
such that Kov < 0 on RY. Then v is constant.

Proof. We will adapt an argument used in the proof of Lemma 3.2 of [9] to show that excessive
functions are constant for recurrent Markov processes.
Let us fix x € RY. Applying the It formula and using the fact that K,v < 0 we get, P-a.s.,

!
V(X)) =v(x) + f Kov(X)ds + M, <v(x)+ M, t>0,
0

where we are considering the martigale M = (M,), M, = fot Vu(XY) - \VOdW;.

Let O c R" be a non-empty open set and consider the hitting time 77,. We have 0 < v(X* ) <
o

v(x) + Mizrs, t 2 0. By the Doob optional stopping theorem we obtain

Bv(X;).)] < v(x), £>0.
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Hence
v(x) 2 E(X )] 2 EVXE, ) L el x€RY, 2> 1. 6.7)

Recall that P(r}, < o0) = 1, for any x € R". By the Fatou lemma (using also the continuity of the paths
of the OU process) we infer

B[v(X5)] = Elliminf v(X}, . )] < v(x), (6.8)

Now we argue by contradiction. Suppose that v is not constant. Then there exists 0 < a < b, z € RY
such that v(z) < aand U = {v > b} = {x € RY : v(x) > b} which is a non-empty open set. By (6.8)
with x = z we obtain

a>v(z) > E[V(X%j)] >b

because on the event {7}, < oo} we know that Xiz € {v > b}. We have found the contradiction a > b.
U
Thus v is constant. O

Recall the OU Markov semigroup (P;) = (P;):>0,

P f(x) = (Pf)(x) = E[f(X)] = fR SO plxy)dy, 1> 0, (6.9)

10,2 @By

where x € R, f : R¥ — R Borel and bounded and p,(x,y) = m. We set Pof = f. The

associated potential of a non-negative Borel function g : R¥ — R is

Ug(x) = f ) P.g(x)dt, xeR". (6.10)
0

Clearly, in general it can also assume the value co (cf. [9]).

Remark 6.5. Let A be an empty open set and let 1, be the indicator function of A. The probabilistic
interpretation of Ul is as follows. First one defines the sojourn time or occupation time of A (by the
OU process starting at x) as

Ji(w) :f LA X (w))dt, weQ;
0

it is the total amount of time that the sample path ¢ — X;(w) spends in A. Then E[J}{] = fom E[14(X;)]dt
= Ul,(x) is the average sojourn time or the expected occupation time of A.

The next result is a reformulation of a theorem in [7] at page 822 (see also the comments before
such theorem and [5]). Erickson proves some parts of the theorem and refers to [5] for the proof of the
remaining parts.

Theorem 6.6. Assume (6.2). The next conditions for the OU process are equivalent.
(i) Condition (HR) holds.
.. 0 1 _
(ii) ji Wdt = Q.
(iii) For any x,y € RY,

f i pi(x, y)dt = co. 6.11)
1

(iv) The OU process (X}') is recurrent.
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We will only deal with the proofs of (i) = (ii) = (iii) and (i) = (iv); the last implication is needed
to prove the one-side Liouville theorem in Lemma 6.4.

The proof of the recurrence (i) = (iv) is different and simpler than the proof given in [5] which
also [7] mentions (see the remark below for more details).

Remark 6.7. In [5] it is proved that (iii) = (iv) by showing first that (iii) implies that, for any non-
empty open set O, one has U1, = oo, and then using a quite involved Khasminskii argument (see pages
142—-143 in [5]) which uses the strong Markov property, the irreducibility and strong Feller property
of the OU process. Alternatively, the fact that U1y = oo, for any non-empty open set O, is equivalent
to recurrence can be obtained using a potential theoretical approach involving excessive functions as
in [9] (see in particular the proof that (ii) implies (iv) in Proposition 2.4 and Lemma 3.1 in [9]).

Proof. (i) = (ii). This can be proved as in the proof of Lemma 6.1 in [5] by using the Jordan
decomposition of the matrix B (see also the remarks in [7]).

(ii) = (iii) Note that Q, < Q7 (in the sense of positive symmetric matrices) if 0 < t < 7. Hence by
the Courant-Fischer min-max principle, we have A(¢) < A(T) (where A(s) is the minimal eigenvalue of
0O,). Hence, there exists M > 0 such that, forr > 1,

1 M
Q7' (e®x—y),ePx—y) < mwﬁ‘x -y < muxﬁ +IyP).

Then p,(x,y) > exp(—%(])(lxl2 + ) m, t > 1, and (6.11) holds if (ii) is satisfied.

(i) = (iv) The proof of this assertion is inspired by [9] and uses also the Liouville-type theorem for
bounded harmonic function proved in [14].

Let us fix a non-empty open set O C RY and consider the function ¢p = ¢ : RY — [0, 1] (cf. (6.6)),
¢(x) = P(r, <), x € RY. We have to prove that ¢ is identically 1.
Using the OU semigroup (P;) we first check that

P.p(x) < p(x), r>0, xeR". (6.12)

This is a known fact. We briefly recall the proof for the sake of completeness. Let us fix x € RY
and r > 0O and note that ¢ is a Borel and bounded function. Since P(X;, € O, forsome ¢ > 0)
<P(X; € O, forsomet>0)=¢(x), we get (6.12) by the Markov property:

P(th-;-r € O, for some t > 0) = E[E[l{XﬁHGO, for some >0} \ 7:)*]]
= E[¢p(X))] = P.¢(x).

Now take any decreasing sequence (r,) of positive numbers converging to 0, i.e., r, | 0. We have

{X; € O, forsome >0} =U,»{X};, € O, forsome s> 0} (increasing union) and so P(X},, €

O, forsomet >0)=P, ¢(x) T ¢(x). Hence
P,p(x) T ¢(x), ass — 0%, x e RV, (6.13)
Since ¢ > 0, properties (6.12) and (6.13) say that ¢ is an excessive function.
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Let us fix s > 0 and introduce the non-negative function f; = (f_—f“”). We have

0<Ufi(x) = %f P.p(x)dt < 0o, xeR. (6.14)
0

Indeed, for any T > s,

1 (7 1 (7 1 (7
o<t f PA(¢ - Pd))dr = ~ f Pt - - f Pry ()1
s Jo s Jo s Jo

l T 1 T+s 1 S 1 T+s
—+ [ powar- [ powodi = [ Pawar- [ poa
s Jo S Js s Jo S Jr

< ! f s P.gp(x)dt
s Jo

(in the last passage we have used that ¢ > 0). Passing to the limit as 7 — oo we get (6.14). Now by
the Fubini theorem, for any s > 0,

oo > Ufi(x) = fo dt f Fspi(x,y)dy > f f:O0( fl pi(x, y)dt)dy.
RN RN

Since we know (6.11) we deduce that f; = 0, a.e. on R". This means that, for any s > 0,
#(x) = Pp(x), forany x € RY ae.. (6.15)
It follows that, for any ¢ > 0,
Pp(x) = P(P¢)(x) = Py(P,$)(x), 520, (6.16)

holds, for any x € R" (not only a.e.). Thus, for any t > 0, P,¢ is a bounded harmonic function for (P,).
By hypothesis (HR) and Theorem 3.1 in [14] we deduce that P,¢ = ¢, for some constant c,.

Since ¢ is excessive we know that P,¢(x) T ¢(x) ast — 0%, x € R". It follows that ¢, T ¢y and
¢ = co. Take z € O. We have ¢(z) = 1. Hence ¢ is identically 1 and the proof is complete. O
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