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1. Introduction

In this paper we are concerned with LP-Liouville properties for solutions and subsolutions to the equation
Lu=0 inR", (1.1)

where £ is a linear hypoelliptic second order Partial Differential Operator left translation invariant with respect to a Lie
group in R". More precisely, the operator £ in (1.1) is of the kind

L = div(AV) + (b, V),

where A = (a;)ij=1,....n iSan X n symmetric matrix with real entries a; in C*°(R", R), b = (by, ..., by) is a vector valued
function with real components b; in C*°(R", R), and, as usual, div, V, (, ) denote Euclidean divergence, gradient and inner
product in R". We will assume, without further comments,

(A(X)E,8E) >0 Vx, &eR" and trace A(0) > 0.
Our crucial assumptions on £ are the following ones.

(H1) £ is hypoelliptic, that is if u is a distribution in a open set £2 C R" and £Lu is smooth in £2, then u is smooth in £2.
(H2) There exists a Lie group G = (R", o) such that £ is left translation invariant on G.

For simplicity reasons we assume the Lebesgue measure in R" both left and right invariant on G. Throughout the paper we
will denote by [P the Lebesgue space [P (R", R).
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We recall that G is said to be a homogeneous Lie group if the following property holds: there exists a n-tuple of real
numbers o = (o4, ..., 0y,), With1 < oy < --- < gy, such that the dilation
8, : R" — R", 8 (X1, ..., %) = (A%Mxq, ..., A%"xy,) (1.2)
is an automorphism of G, for every A > 0. The real number
Q=01+ +op

is called the homogeneous dimension of G w.r.t. (§;)s~o.
If G = (R", o, §;) is homogeneous then the Lebesgue measure in R" is right and left translation invariant on G (see

eg. [2]).
Aim of this paper is to prove the following theorems.

Theorem 1.1. Let 1 < p < oo and let u € IP be a smooth solution to
Lu=0 inR". (1.3)
Thenu = 0.

Nonnegative solutions to Eq. (1.3) satisfy also an LP-Liouville property for 0 < p < 1.Indeed:

Theorem 1.2. Let 0 < p < 1and let u > 0, uP € L', be a smooth solution to
Lu=0 inR".
Thenu = 0.

Theorem 1.1 extends to the subsolutions as follows.

Theorem 1.3. Let u € Lj, . be a solution to
Lu >0 inR", in the weak sense of distributions.
If u € I? for a suitable p € [1, oo, thenu < 0 a.e. in R".

When G is a homogeneous group, Theorem 1.3 takes the following sharp form.

Theorem 1.4. Let G be a homogeneous Lie group with homogeneous dimension Q > 3. Assume £ is homogeneous of degree two
w.r.t. the dilations in G. Let u € L, be a solution to

Lu >0 inR", inthe weak sense of distributions.
; 2
If u € I? for a suitablep € [1, 1+ @], then

u=0 ae inR"

2

Moreover, foreveryp > 1+ T

there existsu € [P, u < 0, u = 0, such that

Lu >0 inR" inthe weak sense of distributions.

Our proofs of the previous theorems are based on some devices that allow to obtain, as well, Liouville theorems for semilinear
equations as the following one. We stress that this theorem does not requires the homogeneity of G and .£.

Theorem 1.5. Let f : R — R be a C'-increasing function such that f~'({0}) = 0. Define

F:R— R, F(t):/f(s)ds. (1.4)
0

Let u € C*(R", R) be a classical solution to
Lu=f(u) inR" (1.5)
If F(u) € L'(R") thenu = 0.
If in Theorem 1.5 we choose f (t) = At or f(t) = |t|P~'t, we obtain, respectively, the following corollaries.
Corollary 1.6. Let u € C2(R", R) N L?>(R") be such that
Lu=iu inR", withA > 0.
Thenu = 0.
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Corollary 1.7. Let 1 < p < oo and let u € IP*! be a solution to
Lu=uP'u inR".
Thenu = 0.

Remark 1.8. Theorem 1.1 does not hold, in general, if we assume u € L* instead of u € [P with p < oco. Indeed, consider
the Kolmogorov-type operator in R* = R x R,

1 1
L = 83] + (X] — EXz) 8x1 + <5X1 _XZ) axz — 0.

This operator satisfies (H1) and (H2), however, by a Priola and Zabczyk’s Theorem, it has a bounded solution in R? which is
not constant (see Remark 8.1 for details).

Remark 1.9. When G is a homogeneous group and £ is homogeneous w.r.t. the dilations of G, Theorems 1.1 and 1.2
follow from a general Liouville-type theorem of Geller [7, Theorem 2]. We want to stress that Geller's Theorem also implies
L*°-Liouville property for £ (if G and £ are homogeneous).

Remark 1.10. If the operator £ is homogeneous w.r.t. a group of dilations (5; )¢ as in (1.2), then Theorems 1.1 and 1.2
hold only assuming hypothesis (H1).

This follows from a result of Xuebo who extended Geller's Theorem to homogeneous hypoelliptic operators, not
necessarily left invariant on a Lie group (see [ 15, Theorem 1]).

Remark 1.11. We want to explicitly remark that Geller’s and Xuebo’s Theorems do not apply to subsolutions.

Remark 1.12. We say that £ satisfies the one-side Liouville property if
Lu=0 inR", u>0—= u=const.inR".

This property does not hold, in general, even for left translation invariant and homogeneous operators. This is the case,
e.g., of the classical heat operator in R" = RV*1 = RN x R,

n
H=A—0, A=) 0,
=1

which is hypoelliptic, invariant w.r.t. the euclidean translations and homogeneous of degree two w.r.t. the dilations
8 RVFT — RN 5. (x, t) = (Ax, A%t), A > 0.
The function u(x, t) = exp(x; + - - - +xy + Nt) is a non-constant strictly positive solution to #u = 0in RN*1, Several classes

of homogeneous operators satisfying the one-side Liouville property have been presented in [10-12].

Remark 1.13. L'-Liouville Theorems for sub-Laplacians in suitable half spaces of stratified Lie groups in R” have been proved
by Uguzzoni [17] and Kogoj [9].

Remark 1.14. When £ = A is the classical Laplacian in R", Theorem 1.5 is contained in [4, Theorem 4.5].

Remark 1.15. For some kind of IP-Liouville Theorems for sub-Laplacians on stratified Lie groups we directly refer to the
monograph [2], Chapter 5, Section 5.8.

Remark 1.16. Liouville-type Theorems based on suitable representation formulae for both solutions and subsolutions to
some classes of higher order systems are contained in [5].

The remaining part of the present paper is organized as follows. In Section 2 we introduce a representation formula
which will play a crucial role in the proof of our Liouville-type Theorems. Some properties of the integral operators involved
in the representation formula are proved in Section 3. Section 4 is devoted to the proofs of Theorems 1.1 and 1.2, while
Theorems 1.3 and 1.4 are proved in Sections 5 and 6, respectively. Section 7 contains the short proof of Theorem 1.5. Finally,
in Section 8 we show some explicit examples of operators to which our results apply.

2. Arepresentation formula

The assumptions A(0) > 0 and trace A(0) > 0 imply the existence of aindex j € {1, ..., n} such that a;;(0) > 0. For
simplicity of notation we assume

(111(0) > 0.
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For 0 < ¢ < R, let us define
V =V.r :=D(Re;,R+¢) N D(—Re;, R+ ¢),

where e; = (1,0, ...,0) and D(«, r) denotes the Euclidean ball with center « and radius r. If R is sufficiently big and &
sufficiently smooth, V satisfied the so called non-characteristic exterior ball condition at any point of its boundary. As a
consequence, for every x, € dV there exists a function h(xo, -) € C?(V, R) satisfying

h(xg,) >0 inV\xy and h(xo, o) =0,
Lh(xg, ) < —1 inVforeverye € [0, 1],

where £, = £ 4+ A and A is the Laplace operator in R".

The proof of this statement follows from very standard arguments (see e.g. [2, pp. 383, 384 and 387]).

The existence of barrier functions h(xq, -) implies the following Picone-type estimate: there exists a constant C > 0,
independent of ¢ € [0, 1], such that

sup |u| < sup |u| + Csup |Leul, Yue C3V,R) (2.1)
v v v

and for every ¢ € [0, 1].
We also have the following Picone Maximum Principle:
ifu e C2(V,R) N C(V, R) satisfies

Lu>0 inV and ulyy <0,

thenu < 0inV (see, e.g.[13]).
The hypoellipticity of £, the estimate (2.1) and the boundary barrier functions h(xg, -) allow to prove the solvability of
the boundary value problem

:xu =—f inV (22)

Ulgy = @

with an elliptic regularization procedure.

Proposition 2.1. Forevery f € C*®(V, R) and for every ¢ € C(dV, R) the boundary value problem (2.2) has a unique solution
u € C*®(V,R) N C(V, R). This solution satisfies the estimate

sup [u| < sup |¢| 4 Csup [f],
14 av 14

where C > 0 does not depend on u, ¢ and f. Moreover, if f > 0and ¢ > 0, thenu > 0.
Proof. It follows, along standard lines, as in [3, Theorem 5.2] and [2, pp. 383-387]. O

We denote by G(f) the solution of (2.2) with ¢ = 0 and by H(¢) the solution of (2.2) with f = 0.Then, letting Co(V,R) =
{ue C(V,R) | u=0onadV}, the operators

G:C®(V,R) — G(V,R)
and B
H:C@V,R) — C®°(V,R) N C(V,R)

are linear, nonnegative and satisfy

sup [G(f)| < Csupf| Vf € C*(V,R),

\%4 "4
sup |H(p)| < sup|e|.
v v

Then, G can be continued to a linear, nonnegative and continuous operator, still denoted by G,
G:C(V,R) — Co(V,R).
Let us now consider the functionals

C(V,R) > f — G(f)(0) e R
and
C(AV,R) 5 ¢ —> H(p)(0) € R.
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They are linear, nonnegative and continuous. Then there exist two nonnegative Radon measures v and j, respectively on V
and dV such that

G(f)(0) = / fdv foreveryf e C(V,R)

1%
and

H(p)(0) = / o du forevery ¢ € C(aV,R).
av
Then, the following proposition holds

Proposition 2.2. For every u € C2(V, R) we have

u(0) :/ udu—ﬁiu dv. (2.3)
v 14

Proof. We first assume u € C* (V, R). Let us put f = £Lu. By the very definition of G, the function v = G(f) satisfies:
veC®V,R)NC(V,R)and

Lu=—f=—Lu inV,
U|3V =0.

Then, £(v + u) = 0and (v + u)|s3v = u|yy, so that
v+u=H(@uldV),

u=H(|dV) — G(Lu).
Hence

u(0) = H(u|dV)(0) — G(Lu)(0)

:/ udu—ﬁ£udv.
1% Vv

Then (2.3) holds true if u € C*°(V, R). On the other hand, ifu € C(V, R), there exists a sequence (uy), with u, € C®(V, R),
such that

u, —> u uniformly on oV
and B
Lu, —> Lu uniformly on V.

On the other hand, for what we have already proved,

un(O):/ und,u—/o(iundv VneN.
v v

Letting n go to infinity we obtain (2.3). O

We are now ready to state and prove the main result of this section.
Theorem 2.3. For every v € C2(R", R) we have
v(x) = M(v)(x) — N(Lv)(x) Vx€eR",
where,

M(u)(x) = fa u(xoy) du(), (2.4)
14

and

N = ﬁ f(xoy) dv(y). (2.5)
14

Here o denotes the composition law of G.
Proof. Let x € R" be fixed and consider the function

u:R" — R, u@y) =v(xoy).
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Obviously u € C2(R™, R) and, since £ is left translation invariant,
Lu(y) = (Lv)(xoy) foreveryy e R".
Then, by Proposition 2.2,

V() = u(0) = /3 u(y) du(y) — ﬁ Lu(y) dv(y)
14 14

/a v(xoy) du(y) — ﬂ<£v><xoy) ()
14 \%4
— M) — N(LO). T

3. Some properties of the operators M and N

In this section we prove some properties of the operators M and N defined in (2.4) and (2.5), respectively.
We start with the following lemma.

Lemma 3.1. Let v be a continuous and L'-function in R".
Then M (v) € L'(R") and

/ v(x) dx :/ M(v)(x) dx. (3.1)
Rn Rn

Proof. It follows from Fubini Theorem and the invariance of the Lebesgue measure on G. Indeed:

/ M) (x) dx = / (/ v(xoy) du(y)) dx
R" R av
= / </ v(xoy) dx) du@y)
av \Jrn
= (/ v(x) dx) (/ du(y)). (3.2)
RN av

On the other hand, by Proposition 2.2 applied to the function u = 1, we have

1:/ du.
v

Using this information in (3.2), we obtain (3.1). O

Regarding the operator N we have:

Lemma 3.2. Let f € C(R", R). Then the following statements hold.

(i) N(f) = 0if f > O;
(ii)if f >0and N(f) =0, thenf = 0;
(iii) N(f) € C(R™", R).

Proof. (i) It is obvious.
(ii) Let f > 0 and N(f) = 0 in R". Assume, by contradiction, f s 0. Then, there exists x, € R" such that f (xo) > 0. Since
f is continuous, there exists an open set £2 > Xq such that f(x) > 0 for every x € £2. It follows

f(zoy) >0 Vz,yeR":zoye€ £2.

As a consequence, for every z € R" we have

ozNG)(z>=ﬁf<zoy> dv@)zﬁ f(zoy) dvy),
v VN(z—1of2)

1

so that, since f(zoy) > Oforeveryy € z7' o £2, we get

v(VN @z 'oR2)=0 VzeR". (3.3)
Since

U o2)=r"

zeRM
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from (3.3) we obtain
v(V) =0.

As a consequence, by Proposition 2.2,
u(0) = / udu Yue C3(V,R).
av
In particular:

u(0) =0 Vue (V. R),

which is absurd. This completes the proof of (ii).
(iii) Since f is continuous and V is compact, for every zqg € R" we have:

sup|f(zoy) —f(zooy)l —> 0 asz —> zp.

yev
Then
N = [ fa oy dve) = [ lim foy)dvy)
\'4 Vv
= lim /f(zoy) dv(y)
7=z [y
= Zlirrzl N()(2).

This proves the continuity of N(f). O
4. Proof of Theorems 1.1 and 1.2

We start with the following elementary lemma.
Lemma 4.1. Let F : R — R be a C2-function and let u € C%(£2, R), 2 C R", open. Then
v:=F(u)
is a real C2-function in §2 such that
£Lv = F (W)Lu + F' ()| Vaul?,
where

|Vaul? == (AVu, Vu).

Proof. We show the elementary computations for reader convenience. We have:
Lv = div(AV(F(u))) + (b, V(F(w)))
= div(F' (u)(AVu)) + (b, Vu)F' (1)
= F'(u)(div(AVu) + (b, Vu)) + F"(u)(AVu, Vu)
= FWwLu+ F'W)|Vaul>. O
To prove our theorems we need another lemma.
Lemma 4.2. Let 2 € R" be open and connected and let v € C?(§2, R) be such that
[Vaul? =0 and (b, Vu) =0 in$2. (4.1)
Then u = const. in £2.

Proof. Let us denote by X1, ..., X, the vector fields constructed with the columns of the matrix 4, i.e.,

n
Xj = Zak_jaxk, j=1,...,n
k=1

Let us also put

n
Xo = Z bkaxk.
k=1



A.E. Kogoj, E. Lanconelli / Nonlinear Analysis 121 (2015) 188-205

Then, assumption (4.1) can be written as follows
Xu=0 ingforeveryj=0,1,...,n.
As a consequence,
Yu=0 inf2VY € Lie{Xy, X1, ..., Xn}.
On the other hand, since £ is hypoelliptic,
rank Lie{Xo, X1, ..., Xa}J(x) =N Vx e 27,

195

(4.2)

where 2* is an open subset of £2 such that 2* C £. Then, for every x € £2* and for everyi € {1,...,n} there exist

Y1, ..., Y, € Lie{Xq, X1, ..., X;} and real constants cf”(x), el ci(") (x) such that

n
b=,
=1

Thus, from (4.2), we obtain
du(x) =0 Vxe ", Vi=1,...,n.
Since u € C'(£2, R) and £2* is dense in £2, this implies
Vu=0 inf2.
Then u is constant in 2. O
A key tool in the proof of our Liouville theorems is given by the following proposition.
Proposition 4.3. Let v € C2(R", R). If
vel'(R"Y and £Lv>0 inR"
then
Lyv=0 inR"
Proof. The representation formula of Theorem 2.3 gives
v =M() — N(Lv).
Now, being v € L'(R"), Lemma 3.1 implies M (v) € L'(R") and

/v(x)dx:/ M(v)(x) dx.
R" RN
Then, N(«£v) € L'(R") and

/ N(Lv)(x) dx = 0.
RTI

Since Lv > 0, by Lemma 3.2-(i), N(£Lv) > 0 and the last integral identity implies N(Lv) = 0 a.e. in R™. On the other hand,

Lv is continuous and, by Lemma 3.2-(iii), N («£v) is continuous. Therefore
N(£Lv) =0 inR",

so that, by Lemma 3.2-(ii),
Lv=0 inR". O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Letu € [’(R"), 1 < p < o0, be a solution to Lu = 0 in R" and assume, by contradiction, u = 0.

Define
v :=F(u)
with
F:R—R,  F(t)=(/1+¢2—1)P.
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Elementary computations show that F € C%(R, R),

t? P
0<Flt) = —u— p 43
=Fo (WH) =1 (43)
and
F'(t) >0 Vt#0. (44)

By our assumption the function u is smooth, and, by Lemma 4.1, we have

L) = F (wLu + F' )| Vaul* = F’ ()| Vaul. (4.5)
On the other hand F (u) € L'(R"), since, by (4.3),

0<F@) <|uf and uel’@R").
From Proposition 4.3 it follows

L(F(w) =0 inR",
so that, keeping in mind (4.5),

F"(w)|Vaul> = 0.
Then, by (4.4),

|Vaul> =0 in 2 == {x € R" | u(x) # 0}. (4.6)
£2¢ is an open subset of R" which is nonempty because we are assuming u = 0. Since A > 0 from (4.6) we obtain

AVu =0 in £,
so that

div(AVu) =0 in £2.
As a consequence, keeping in mind that Lu = 0,

(b, Vu) =0 in £2. (4.7)
Identities (4.6) and (4.7) and Lemma 4.2 imply

u = const. on every connected component of §2;.

Let O be one of the connected component of §2y. If 0 = R" we have u = const. in R", so that, sinceu € [(R"),u = 0in O. If
0 # R",then 90 # ) and u = 0 on 90. Being u = const. in O, this implies u = 0in O.
Thus, we have proved that u = 0 on every connected component of §2g, that is

u=0 in £,
in contradiction with the definition of 2. O
The previous argument can be easily adapted to prove Theorem 1.2.
Proof of Theorem 1.2. Let u > 0 be a smooth solution to Lu = 0 such that u? € L' (R") for a suitable p €]0, 1[. Define
v:=F(u)
with
F:[0,00[— R, F({t)=1+1t)P—1.
The function F is smooth,
0 <F(t) <tP foreveryt >0
and
F’(t) <0 foreveryt > 0.
By Lemma 4.1, we have

LFW) = F (WLu + F'(W)|Vaul> = F' ()| Vaul?.
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Hence .£(F(u)) < 0.0n the other hand F(u) € L'(R"), since
0<F() <ul and v el'(R").

Then by Proposition 4.3,
L(F(u) =0 inR",

so that,
F'(w)|Vaul? =0 inR".

Being F”(u(x)) < 0 at any point, from this last identity we obtain
[Vaul> =0 inR".

Now, arguing as in the proof of Theorem 1.1, we obtain
u = const. inR",

so that, since u? e L'(R"),

u=0 inR"

5. Proof of Theorem 1.3

We start by proving Theorem 1.3 in the case of u smooth. Thus, let u € C*°(R", R) be such that
Lu>0 inR" and uelP(R"), 1<p < oo.
We want to prove that u < 0 in R". Arguing by contradiction, we assume
20 ={xeR"|uk) >0} #0.

Let us consider the function

N (¢ ift <0,
R FO= ety o

Then:

(i) F € C2(R, R);

(ii) F is increasing and convex;
(iii) F'(t) > 0and F’(t) > 0ift > 0O;
(iv) 0 < F(t) < tP forevery t > 0.

We let
v = F(u).
From the properties of F we get that v € C2(R, R) and 0 < v < |u|P, so that v € L' (R"). Moreover
Lv = F (u)Lu + F"(u)|Vaul® > 0.
Then, by Proposition 4.3, £Lv = 0 hence,
F'(w)Lu=0,F' |Vau> =0 inR".
Since F'(u(x)) > 0 and F”(u(x)) > 0 for every x € 29, Eq. (5.1) implies
£=0,|Vau?=0 in2.
Starting from this identities and arguing as in the proof of Theorem 1.1 (see Section 4), we obtain

u=0 in £y,

197

in contradiction with the definition of £2,. This proves Theorem 1.3 in the case u smooth. We will remove this restriction by

using the following lemma.

Lemma 5.1. Let u € [P(R"), 1 < p < oo, be such that Lu > 0 in R" in the weak sense of distributions. Then there exists a

sequence of functions (uy) such that

(i) ur € C*(R", R) forevery k € N;
(ii) Luy > 0inR" forevery k € N;
(iii) Lux € [P(R") inR" forevery k € N;
(iv) up —> winLl (R™).
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Proof. The proofis quite standard. We give it in the details for reader convenience. Let ¢ > 0 be fixed and choose a function
Je € C°(R", R) such that supp §; € D(0, €), [n §e(v) dy = 1, . > 0. Define

i, : R" — R, g (x) = / u(y ox)g.(y) dy.
]Rn
A change of variable in the integral gives
fi, (%) 2/ u@)ge(zox™ ") dz,
RH

showing that u, € C§°(R", R). Moreover, for every ¢ € C;°(R"), ¢ > 0, we have (£* = formal adjoint of .£)

f i, (X)L (x) dx:/ (ﬂe(y)/ u(y o X)L @ (x) dX) dy
R R R

= / F () (/ u@) (L) o2) dZ) dy
]Rﬂ Rn

= (since £* is left translation invariant)

/ 2.0) ( / U@ (L 9" 02) dz) d.
R R"

Since Lu > 0 in the weak sense of distributions the inner integral at the last right hand side is > 0. Therefore
/ () L*e(x)dx >0 Ve (MR, ¢>0.
RN
Since i1, is smooth we can integrate by parts at the left hand side, getting
/ L ()ex)dx>0 Yo e PR, ¢>0.
RN
Thus

Li, >0 inR"

Moreover
|ag<x>|1’dxs/ (/ |acyox)|”gcg(y)dy) dx
Rn Rn Rn

- [ g%(y)(/ |ﬁ(vox>|"dx> dy
R" R"

= |a(x)|P dx.
Rn

Hence
i, € P(R).

Finally, for every fixed compact set K C R",

/|ag<x>—u(x>|dx < f 2.0) ([ |ucyox>—u(x)|dx> dy
K RN K

sup lu(y ox) — u(x)| dx
yeD(0,8) JK

= wy (U, &).

A

IA

On the other hand, being u € L} (R"),
wig(u,e) — 0 ase — 0.

Therefore, a sequence (uy)gen Satisfying (i)-(iv) can be constructed by choosing uy = ii 1 O
K

We are ready to complete the proof of Theorem 1.3.

Letu € [P(R"), 1 < p < oo, be such that Lu > 0 in the weak sense of distributions. By the previous lemma there exists
a sequence (uy)ren Of smooth functions such that Lu, > 0, u, € [P(R") and uy, —> uask — ooin L}OC(R"). For what
proved in the first part of this section, u;, < 0in R" for every k € N. This implies u < 0 a.e. in R", and completes the proof.
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6. Proof of the Theorem 1.4

199

We need several prerequisites. First of all, the assumptions on £ and G imply the existence of a fundamental solution

I :R" — [0, 00]
such that
(i) I e L, (R"), I" € C>°(R" \ {0}) and
I'x) — 0 asx — oo;

(ii) fen T )L @(x) dx = —(0)Ve € C°(RM);
(iii) I'(8,(x)) = 222 I(x)¥x € R"\ {0}, YA > 0

(see e.g. [6]).
Given f € C5°(R", R) we let

I f(x) = / ry 'ox)f(y)dy = / I'@)f(xoz ") dz.
R R
From (i) it follows:
I'xfeC®R"R) and I *f(x) — 0 asx —> oo.

Moreover, as an elementary computation shows,

/R”(F * f)X)Lp(x) dx = — /Rnf(y)w(y) dy Vo eGER,R).
Hence,

L xf)=—f.
The operator £ satisfies the following Maximum Principle on R".
Proposition 6.1. Let u € C2(R™, R) be such that

Lu>0 inR" and limsupu(x) <O0.

X—> 00

Thenu < 0inR"

(6.1)

Proof. We have already remarked the existence of a bounded neighborhood V of the origin on which o satisfies the Picone
Maximum Principle: if v € C2(R*, R) N C(V, R), £Lv > 0inV and v|sy < 0, then v < 0in V (see Section 2). Let ¢ > 0 be

arbitrarily fixed and define
v, (%) =u(8(x)) —e, x€R", A>0.
The second assumption in (6.1) implies the existence of A, > 0 such that
v, (x) <0 VxedV, VA > A,.
Moreover, since £ is §, -homogeneous of degree two:
L, (x) = A2 (LU)(8,(x) =0 VxeR", VA > 0.
As a consequence, by Picone Maximum Principle on V,
v, <0 inV VA> A,
which means
us,(x)) <e VxeV, VA > A,.

On the other hand, since V is a neighborhood of the origin

U &) =r"

A>Ag
Together with (6.2) this implies
u<e inR", Ve>0.

Henceu < 0inR". O
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As an application of the previous proposition, we prove the positivity of I".
Corollary 6.2. Itis
'x) >0 VxeR"\ {0}

Proof. For every f € C(§°(R", R), f < 0, we have
LT *f)=—f>0 and I *f|e =0.
Then, by the previous theorem, I" * f < 0in R". In particular
F*f(0)=f ry"Hfydy<0 VfeCPC®R.R), f =<0,
Rn
from which (6.3) follows, since I" is smooth out of the origin. O
Note. If we agree to let
r'(0) := lim igfl“(x),
X—>
then I" : R® — [0, oc] is lower semicontinuous.
Given a function f € C*°(R", R), f > 0, we agree to let
I'xf= lim I *fy,
m—00
where f, = fon and ¢, € C§° (R, R) satisfies
¢m =1 inD(0, m), ¢m=0 inR"\DO,m+1) and 0<g¢, <1.

(6.3)

(6.4)

Since 0 < ¢, < @m+1, the sequence (f;)men is Nnonnegative and increasing, so that (6.4) is meaningful by Beppo Levi
theorem. It is also easy to recognize that the left hand side of (6.4) is independent of the choice of the sequence (¢n)men.

The proof of Theorem 1.4 relies on the following Lemmas 6.3 and 6.4.

Lemma 6.3. Let u € C*°(R", R) be such that
u<0 and Lu>0 inR".
Then
u=—-IxLu+w ae inR",
where w € C*(R",R), LW =0and w < 0inR".
Proof. Let (¢)men be a sequence as above and let
fn = (L)@
Then (fn) men is an increasing sequence of nonnegative C5°(R", R)-functions such that
fom /S f = Lu.
Define
Wy i =u+ T *fy.
Then w;,;, € C*°(R", R) and
L(Wn) = LU = fn =F(1 — ¢m).
Hence,
L(wy) >0 inR" and L(wy) =0 inD(0, m).
Moreover, since u < 0,

lim sup wy, (x) < limsup I" * f;;(x) = 0.
X—> 00 X—>00

The Maximum Principle of Proposition 6.1 gives

wnm <0 inR".

(6.5)

(6.6)
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On the other hand, (w,) is increasing so that

w = lim wy
m—00

is well defined and satisfies

w; <w <0. (6.7)

1

This implies w € L.

(R™) and, keeping in mind the second statement in (6.6),
/l;n wL e dx = mli_r)noO g WL @ dx =0
for every ¢ € C§°(R"). As a consequence, since £ is hypoelliptic, there exists w € C*°(R", R) such that
w=w ae and LW =0 inR"
Obviously, w also satisfies
wi <®W <0 inR".
Letting m go to infinity in (6.5) we obtain
w=u+T xf, (6.8)
so that
u=—-rIxLu+w ae 0O

Note. (6.8) and (6.7) imply I" * f(x) < oo for every x € R". We complete our prerequisites by proving next lemma.

Lemma 6.4. Let f € C*°(R", R), f > 0 and such that
2
I'+f eI’P(R") forasuitablep € |:1, 1+ Q2:| . (6.9)
Then f = 0.
Moreover, for every f € C§°(R", R),

2
I xf eIP(R") foreveryp e]l + Q2,00|:~

Proof. Forevery x = (x1, ..., x,) € R" define

n
Il =" 1517
j=1
where the o;’s are the exponents related to the dilation 8, in (1.2). Then x —> ||x|| is ,-homogeneous of degree one:
8, () l= Allx]l Vx € R",VA > 0.
Let ¥ := {x € R" | ||x|| = 1}. Since I" > 0 and, obviously, I" £ 0, there exists a (relatively) open subset X, of X' such that
I'(x) >20 >0 Vxe X,
for a suitable o > 0. Then, there exists p > 0 such that
F'Glox)>0 Vxe X, VyeR": |yl < p. (6.10)
Consider the open §, -cone
K :=1{6,(x) | x € Xy, A > 0}.

Now, assume by contradiction f = 0. Then there exist a bounded open set B # (J such that f(x) > ¢ for every x € Band a
suitable & > 0. As a consequence, for every x € R",

Ffo = fr(y” 0o 0f () dy > e[rcy-l o) dy
B B

-1
8||x||2’Q/F ((Sm(y)) oéﬁ(x)> dy. (6.11)
B
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On the other hand, for a suitable M > 1, ||§
if x € K. Then, by (6.10),

1
]

WY = ﬁ”y”” < pforeveryy € Band ||x|| > M.Moreoveréﬁ(x) e X

-1
r ((5ﬁy) oﬁﬁ(x)> >0 Vxek, x| >M and Vy eB.
Using this estimate in (6.11) we get

Isf(x)=eo|x|>"® VxeK, x| =M.

Therefore:

/<F*ﬂwfz(wwf Ix][P3~® dx
B KOl =M}

o0

2_
—cary | I dx
k=1 Y KN{Mk<||x]| <mk+1}

= (using the change of variable x = §,;x(¥))

o0
(e0)P ”y”p(Z—Q) dy ZMk(P(Z—Q)+Q)
Kn{1=|lyll=M}

k=1

e Qe _
= 0 lfpr_z—l—l—Q_z.

This contradicts the assumption (6.9) and proves the first part of the lemma.
To prove the second part we argue as follows. If f € C§°(R", R) then f € LY(R") for every q €]1, 2. As a consequence,

since I" is 8,-homogeneous of degree 2 — Q, hence I" € L, withr = %, one has
11 1 1 2
'sfelPR"Y with—-=-4+-—-—1=-——,
p r q g Q

Since we can choose any q €]1, 2[, this gives

2
sfelPR") Vpe [1+ ——,00|. O
Q-2
We are ready to prove Theorem 1.4.Letu € [P(R"), withp € [1, 1+ é], be such that £Lu > 0in R" in the weak sense

of distributions. We have to prove that u = 0 a.e. in R".

We will prove the theorem on the extra assumption u € C*(R", R). This restriction can be removed with an approxi-
mation argument like the one used in the proof on Theorem 1.3. By Theorem 1.3 we already know that u < 0 so that, from
Lemma 6.3, we get

u=—-IxLu+w ae. inR",

wherew € C*®°(R", R), Lw = 0and w < 0.Then, since Lu > 0,u < w < 0.Hence, beingu € [P(R")with1 <p < 1+
we also have

2
Q-2

2
w € [P(R") fora suitablep € |:l, 1+ 2] .

Theorem 1.1 implies w = 0, so that
u=—I%JLu, inR"

From Lemma 6.4 it follows Lu = 0, hence u = 0 in R". This completes the proof of the first part of Theorem 1.4. The second
part directly follows from the second part of Lemma 6.4.

7. Proof of Theorem 1.5

Let u € C?(R", R) be a classical solution to the Eq. (1.5) and define
v =F(u)
with F given by (1.4). Then v € C?(R", R) and, by Lemma 4.1,
Lv = F'(u)Lu + F'(u)| Vaul?
= (Fw)* + F"(w)|Vau|* > 0.
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Since v € L'(R"), by Proposition 4.3, it follows £v = 0, i.e.,
FW)? +F'Ww)|Vau? =0 inR".
Being F” = f’ > 0, from this identity we obtain f (u) = 0, hence u = 0 in R".

8. Some examples

8.1

Let G = (R", o, §;) be a stratified Lie group' and let X1, . .., X, be a basis of the first layer of its Lie algebra. The sub-
Laplacian

p
=Y (8.1
j=1

is left translation invariant on G and §;-homogeneous of degree two. Then Theorems 1.1-1.5 and Corollaries 1.6 and 1.7
apply to £ in (8.1).

8.2

Let G as above and consider in R" = RN*! := RN x R, the heat-type operator

p
H=Y XP— 0. (8.2)
j=1

This operator is left translation invariant and homogeneous of degree two with respect to the stratified Lie group
GC=GoR=®R"""5375),
where 6 and SA are defined as follow
x, DX, t) =(xox, t+1t)
8. (x, £) = (8, (x), A%0).
The homogeneous dimension of G is
Q=Q+2
being Q the homogeneous dimension of G.

To the operator # in (8.2) Theorems 1.1-1.5 and Corollaries 1.6 and 1.7 apply.

83

Let us consider in R* = RVN*! .= ]R)’(V X R; the Kolmogorov-type operators

L = div(AV) + (Bx, V) — 0o, (8.3)
where A and B are constant N x N real matrices, A symmetric and > 0.
Define

E(s) := exp(—sB), s€R.
Then the operator .£ in (8.3) is left translation invariant on the Lie group
K = (RN+1 , O)

with composition law

X o, t)=&+EtHx, t +1t). (8.4)
The Lebesgue measure is both left and right invariant on K if and only if
trace(B) = 0. (8.5)

1 We refer to the monograph [2] for notions and results recalled in this section.
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Moreover, if we assume
t
C(t) :=/ E(s)AET(s)ds >0 V¢t >0, (8.6)
0

then £ is hypoelliptic (see e.g. [14], see also [2, Sections 4.1.3, 4.3.4]). Then, under the assumptions (8.5) and (8.6),
Theorems 1.1, 1.2, 1.3, 1.5 and Corollaries 1.6 and 1.7 apply to £ in (8.3). On the other hand, if the matrix B takes the particular
block form fixed in [14], then there exists a family of dilations (6, );-¢ in R¥*! making

K= ®""", 0,34)

a homogeneous Lie group and the operator £ in (8.3) is §;-homogeneous of degree two. Therefore under this extra
assumption, also Theorem 1.4 apply to £.

Remark 8.1. Consider the stationary counterpart of .£ in (8.3), i.e., the degenerate Ornstein-Uhlenbeck operator

Lo = div(AV) + (Bx, V). (8.7)
Priola and Zabczyk in [ 16, Theorem 3.1] proved that £y has the L°°-Liouville property if and only if

Re(A) <0 forevery A eigenvalue of B.

Then, if B has an eigenvalue with real part strictly positive, there exists a bounded solution v to £ov = 0 in RN which is not
constant. Hence

u(x, t) = v(x)
is a bounded nonconstant solution to
Lu=0 inRV,

Thus £ does not have the L*°-Liouville property. An explicit example is given by the operator £ in Remark 1.8, which can be
written as in (8.3) by taking

1
1 R
_(1 0 — 2
A= (O 0) and B = 1
— -1
2
The eigenvalues of B are —‘/7§ and ‘/7§ Moreover
trace(B) = 0,

so that the Lebesgue measure is both left and right invariant w.r.t. the composition law in (8.4). Finally, (8.6) can be verified
by a direct computation or simply recognizing that, letting

1 1
X=0y and Y= <x1 — Exz) Oy + (Em — x2> Ox, — O,

the hypoellipticity Hormander rank condition
Lie{X,Y}(x,t) =3 V(x,t) e R®
is satisfied. Then: the operator £ in Remark 1.8 has the [P-Liouville property for every p € [0, oo, but it has not the L*°-Liouville
property.
84

Let us consider the operator in R", n > 3,
L= 331 + U1 (X1)0x, + - - + Up_1(X1) Dy, (8.8)
where {uq, ..., u,_1}is a real fundamental system of solutions of the ODE P(u) = 0, being
P) == u""Y +a, ,u™? + .-+ a;u? + aou,

with ag, ...,a,_» € Rand a,_, = 1.In[1] it is proved that £ is hypoelliptic and left translation invariant on a Lie group
G(P) = (R", o) which, in [1], is called P-group. Due to the condition a,_, = 1, the Lebesgue measure is both left and right
invariant on G(P). Then Theorems 1.1, 1.2, 1.3, 1.5 and Corollaries 1.6 and 1.7 apply to the operator £ in (8.8).



A.E. Kogoj, E. Lanconelli / Nonlinear Analysis 121 (2015) 188-205 205

Remark 8.2. An explicit example of an operator .£ as in (8.8) is given by the Mumford operator
M = 0] + C0sX10y, +senx;dy, inR>

which is left invariant on G(P) with P given by
P(u) =u" +u.

Remark 8.3. Theorems 1.1, 1.2, 1.3, 1.5 and Corollaries 1.6 and 1.7 also apply to the evolution counterpart of the operator £
in (8.8),i.e., to

L — 0 = 331 + u1(X1)0x, + -+ Un_1(X1)0xy — 0.

This operator is hypoelliptic and left translation invariant w.r.t. the group composition law
x,H)0(X,t) = (xox, t+1),

where o is the composition law of G(P). More formally, £ — 9; is left invariant on

G(P) @ R.
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