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Abstract. In this paper, we address the challenge of state space explo-
sion in the analysis of large stochastic models by advancing the lumpabil-
ity approach, a state aggregation technique that exploits structural reg-
ularities in Markov chains to efficiently compute stationary performance
indices. We generalize the concept of proportional lumpability, which
extends the well-known notion of lumpability and allows for the exact
computation of stationary performance indices, in contrast to quasi-
lumpability, which only provides bounds. Proportional lumpability is
achieved through a perturbation of the original Markov chain’s transi-
tion rates, guided by a proportionality function. We further explore the
idea of perturbing Markov chains through left and right multiplications
by square matrices, introducing the concepts of left and right-perturbed
Markov chains, which preserve the original model’s topology. For left-
perturbed Markov chains, the steady-state distribution of the original
chain can be derived by multiplying the probability vector of the per-
turbed chain by the square matrix used to define the perturbation. In
contrast, for right-perturbed Markov chains, the steady-state probability
distribution remains unchanged.
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1 Introduction

In the realm of performance evaluation for complex systems, continuous-
time Markov chains (CTMCs) serve as a foundational model for a wide array of
modeling frameworks, including Stochastic Petri nets [17], Stochastic Automata
Networks (SAN) [21], queuing networks [26], and various Markovian process alge-
bras [11,12]. The primary objective in these contexts is to compute stationary
performance indices, such as throughput, expected response time, and resource
utilization. Achieving this necessitates the prior determination of the stationary
probability distribution of the underlying CTMC.

Despite the advantages offered by high-level modeling formalisms, which facil-
itate the specification of quantitative models through compositional properties
and hierarchical structures, the inherent complexity of the models can lead to
state spaces of considerable size. This complexity can render the analysis of such
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models not only challenging but, in some cases, computationally infeasible. To
address the state space explosion problem, one effective strategy is to aggregate
states with equivalent behaviors, based on a suitable notion of equivalence.

In this paper, we explore the lumpability approach [6,13,25] as a means
to mitigate the challenges associated with large state spaces in the computa-
tion of stationary performance indices for stochastic models. The lumpability
method employs a state aggregation technique that is applicable to Markov
chains demonstrating structural regularity. This approach not only facilitates the
efficient computation of exact performance indices when the model is lumpable
but also highlights the limitations of traditional lumpability concepts. While var-
ious definitions of lumpability exist in the literature, it is well recognized that not
all Markov chains are amenable to lumping, with only a minority of real-world
applications exhibiting non-trivial lumpability.

To extend the applicability of lumpability, in [15] we introduced the concept
of proportional lumpability, which generalizes the well-known notion of lumpa-
bility and allows for the exact computation of stationary performance indices—
unlike quasi-lumpability, which only provides bounds. Proportional lumpability
is achieved through a perturbation of the original Markov chain’s transition
rates, guided by a proportionality function.

In this work, we revisit proportional lumpability, reformulating it through
matrix multiplications. We then present two matrix-based methods for perturb-
ing a Markov chain, referred to as left- and right-perturbations, and provide
characterizations for two specific classes of these perturbations. Notably, for
left-perturbed Markov chains, the steady-state distribution of the original chain
can be derived by multiplying the steady-state probability vector of the per-
turbed chain by the matrix used to define the perturbation. In contrast, for
right-perturbed Markov chains, the steady-state distribution remains unchanged.
These methods preserve the original model’s topology while enabling the exact
computation of stationary performance indices. Finally, we introduce the con-
cept of generalized proportional lumpability, extending the original lumpability
definition by exploring the notions of left- and right-perturbations of Markov
chains. This generalization offers new perspectives for efficiently analyzing large
stochastic systems.

Structure of the Paper. The paper is structured as follows: In Sect. 2, we review
the theoretical background on continuous-time Markov chains and recall the
concepts of lumpability and proportional lumpability. In Sect. 3, we introduce
the matrix-based multiplication methods for perturbing a Markov chain, named
left- and right-perturbations. Moreover, we introduce the concept of generalized
proportional lumpability. Section4 concludes the paper.

2 Background

In this section, we review the theoretical background on continuous-time
Markov chains and introduce the concepts of ordinary lumpability and propor-
tional lumpability.
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2.1 Continuous-Time Markov Chains

A Continuous-Time Markov Chain (CTMC) is a stochastic process X (t)
for t € RT taking values into a discrete state space S such that the Markov
property holds [13]. An ergodic CTMC possesses an equilibrium (or steady-state)
distribution, that is the unique collection of positive real numbers 7(s) with s € S
such that

m(s) = Jim Prob(X(t)=s| X(0)=5).

Notice that the above equation for 7 (s) is independent of s’. We denote by ¢(s, s')
the transition rate out of state s to state s’, with s # s’, and by ¢(s) the sum of all
transition rates out of state s to any other state in the chain. A state s for which
q(s) = oo is called an instantaneous state since when entered it is instantaneously
left. Whereas such states are theoretically possible, we shall assume throughout
that 0 < ¢(s) < oo for all state s. The infinitesimal generator matrix Q of
a CTMC X (t) with state space S is the |S| x |S| matrix whose off-diagonal
elements are the ¢(s, s’)’s and whose diagonal elements are the negative sum of
the extra diagonal elements of each row, i.e., ¢(s,8) = = > .5 o4, 4(s,8"). For
the sake of simplicity, we use ¢(s,s’) to denote the components of matrix Q.
For s € § and S C S we write g(s,S) and ¢(S, s) to denote ), 5 q(s,s’) and
> oes 4(8',8), respectively.

Any non-trivial vector of positive real numbers p satisfying the system of
global balance equations (GBEs) pQ = 0 is called invariant measure of the
CTMC. For an irreducible CTMC X (), if p; and g, are two invariant measures
of X (t), then there exists a constant k& > 0 such that p; = kp,. If the CTMC is
ergodic, then there exists a unique invariant measure @ whose components sum
to unity, i.e., > g7(s) = 1. In this case 7 is the equilibrium or steady-state
distribution of the CTMC.

In the remainder of this paper, we will refer to finite ergodic CTMCs by their
infinitesimal generators. Thus, with a slight abuse of notation, we will denote a
finite ergodic CTMC over the state space S as Q. To verify that a square matrix
is the infinitesimal generator of a finite ergodic CTMC, the following conditions
must be met.

Definition 1 (Finite Ergodic CTMC Represented as a Square Matrix).
Let Q be a square matriz, then Q is a finite ergodic CTMC if

1. All off-diagonal elements are non-negative.

2. The sum of each row is zero.

8. It serves as the adjacency matriz of a strongly connected weighted directed
graph.

Below, we will write that Q is a CTMC to indicate that Q is the infinitesimal
generator of a finite ergodic CTMC.

2.2 Ordinary Lumpability

In performance and reliability analysis, the concept of lumpability offers a
method for simplifying models. It enables the creation of a reduced Markov
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chain that is smaller than the original one, while still allowing for accurate
determination of results for the initial process.

The concept of lumpability can be formally defined using equivalence rela-
tions over the state space of a Markov chain. These equivalence relations cre-
ate a partition of the state space, where aggregation is performed by grouping
equivalent states into macro-states, thereby reducing the overall size of the state
space. If the partition meets the criteria for ordinary lumpability [2,13], then the
equilibrium solution of the aggregated process can, be used to derive an exact
solution of the original one.

Ordinary lumpability, also known as strong lumpability, was introduced in
[13] and further explored in [1,6,16,25].

Definition 2 (Ordinary Lumpability). Let Q be a CTMC over S and ~ be
an equivalence relation over S. We say ~ is an ordinary lumpability for Q if ~
induces a partition on S such that for any equivalence classes S;, S; € S/~ with
i1#j and s, s’ €8,

Q(Sa S]) = q(8/7 SJ) , Ge.,

Z q(S,SN) — Z q(SI,SN).

s"7€S; s €8S;

Thus, an equivalence relation over the state space of a Markov chain exhibits
ordinary lumpability if it induces a partition into equivalence classes such that
any two states within the same class have identical aggregated transition rates
to any other class. It is important to note that every Markov chain is ordinarily
lumpable with respect to the identity relation, as well as the trivial relation
where all states belong to a single equivalence class.

In [13] the authors prove that for an equivalence relation ~ over the state
space of a Markov chain Q, the aggregated process is a Markov chain for every
initial distribution if, and only if, ~ is a ordinary lumpability for Q. Moreover,
when the ordinary lumpability condition holds the infinitesimal generator of the
lumped chain can be directed computed from the original generator as expressed
by the following theorem.

Theorem 1 (Aggregated CTMC for ordinary lumpability). Let Q be a
CTMC over S having equilibrium distribution . If ~ is a ordinary lumpability
for Q, then the aggregated CTMC Q over the state space S/~ is defined as: for
any equivalence classes S;, S; € S/~ with i # j and for any s € S;,

5(51,53) = q(S’Sj) .

Then the equilibrium distribution ™ of Q is such that for any equivalence class

SeS/~,
7(S) = Z w(s).
seS
A well known characterization of ordinary lumpapability is formulated in
terms of matrix equations (see, e.g., [6,13]) as outlined below. Let us first intro-
duce the following definition.
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Definition 3 (Matrices Associated to ~). Let ~ be an equivalence relation
over the state space S of a CTMC Q. The matrices V and U associated to ~
are defined as follows:

— V is the Boolean matriz of dimension |S| x |S/ ~ | that assigns each state
to its equivalence class, i.e., v(s,S;) =1 iff s € S;.

— U be the matriz of dimension |S/ ~ | x |S| in which the row corresponding
to an equivalence class S; is the uniform distribution probability over the
elements of Sy, i.e., u(S;,8) =1/]S;| if s € S; and 0 otherwise.

The matrix U can be obtained as diag(eV)~'VT where e is the row vector
with all elements equal to 1, diag(eV) is the diagonal matrix with the ith element
of the vector eV on the ith row, and V7 is the transpose of V. These choices
ensure the following results [6,13].

Theorem 2 (Matrix-based characterization of ordinary lumpability).
Let Q be a CTMC over S and ~ be an equivalence relation over S. Let V and
U be the matrices associated to ~. The relation ~ is an ordinary lumpability for
Q if and only if

QV =vUuQV.

Moreover, the infinitesimal generator Q of the aggregated CTMC can be
obtained as

Q=UQV.

In general, ordinary lumpability is a stringent condition that is often difficult
to achieve in practical systems. To address this, the notion of quasi-lumpability,
also known as near-lumpability, [6,9] was introduced, allowing for an approximate
aggregation of states where the reduced system remains “close enough” to a
Markov process, even if it doesn’t perfectly preserve the Markov property. This
approach offers a method to simplify and analyze large, complex systems by
relaxing the strict conditions of ordinary lumpability. It allows for the study
of systems where ordinary lumpability is not achievable but an approximate
aggregation remains useful, provided small errors or perturbations in transition
probabilities are acceptable.

Definition 4 (Quasi-lumpability). Let Q be a CTMC over S and ~ be an
equivalence relation over S. We say ~ is a quasi-lumpability for Q with respect to

€ if ~ induces a partition on S such that for any equivalence classes S;, S; € S/~
with S; # S; and s,s' € S;,

|q(87Sj) - q(SI7SJ)‘ <e.

However, it is important to note that in the case of quasi-lumpability, the sys-
tem’s behavior cannot be perfectly characterized. Instead, techniques are focused
on computing bounds for the steady-state probabilities [8-10,24], offering a use-
ful approximation but not exact results.
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2.3 Proportional Lumpability

In [14], we introduced a new concept of lumpability called proportional lumpa-
bility. Like quasi-lumpability, it extends the traditional definition of ordinary
lumpability. However, unlike the broader concept of quasi-lumpability, propor-
tional lumpability enables us to derive an exact solution for the original process.

Definition 5 (Proportional Lumpability). Let Q be a CTMC over S and ~
be an equivalence relation over S. We say that ~ is a proportional lumpability
for Q if there exists a function k from S to RT such that ~ induces a partition
on S satisfying the property that for any equivalence classes S;, S; € S/~ with
i#£j and s, s €S,

Q(Sﬂ Sj) . Q(s/v Sj)

K(s) — K(S)

We say that ~ is a k-proportional lumpability for Q if ~ s a proportional
lumpability for Q with respect to the function k.

The following theorem [14,15] proves that proportional lumpability allows
one to compute an exact solution for the original model.

Theorem 3 (Aggregated CTMC for Proportional Lumpability). Let Q
be a CTMC over S having equilibrium distribution 7. If k is a function from S
to R™ and ~ is a k-proportional lumpability for Q, then the aggregated CTMC Q
over the state space S/~ is defined as: for any equivalence classes S;,S; € S/~
and for any s € S;,

Q(sv SJ)

K(s)

Then, the invariant measure p of Q is such that for any equivalence class S €

S/~

a(sivsj) =

Aals) =Y m(s)r(s). (1)

ses

The next Definition 6 introduces a way to perturb a proportionally lumpable
CTMC in order to obtain a strongly lumpable one. In contrast with previous
perturbation-based approaches, Theorem 4 gives a way to compute the station-
ary probabilities of a proportionally lumpable chain given those of the perturbed
lumpable one. The proof of Theorem 4 is given in [15].

Definition 6 (Perturbed Markov Chains. Let Q be a CTMC over S. Let
k be a function from S to RT. We say that a CTMC Q' is a perturbation of Q
with respect to k if Q' is obtained from Q by perturbing its rates such that for
all s,s' € S with s # &,
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Theorem 4 (Steady State Distribution for Proportional Lumpability).
Let Q be a CTMC over § having equilibrium distribution 7. Let k be a function
from S to RT. Then, for any perturbation Q' of the original chain Q with respect
to k, if @ be the equilibrium distribution of Q' and K =3 _s7'(s)/k(s) then,
foralls e S
m'(s)

K K(s)

m(s) .

In [15,19,20], we established three alternative characterizations of propor-
tional lumpability, which are instrumental in developing an efficient algorithm
to automatically verify this property. The first characterization, proven in [15],
enables efficient verification of whether a partition of the state space in a Markov
chain is induced by proportional lumpability. The second characterization, intro-
duced in [19] and proven in [15], was used to design an algorithm that computes
the coarsest proportional lumpability for a given Markov chain in O(|S|*) time.
The third characterization, proven in [20], improves this complexity, providing
an algorithm that runs in O(|S|?log|S]).

3 Generalized Proportional Lumpability

In this section, we revisit the concept of proportional lumpability, reformu-
lating it in terms of matrix multiplications. We then introduce two matrix-based
multiplication methods for perturbing a Markov chain, ensuring that the steady-
state probabilities of the original chain can be easily retrieved. Finally, based on
these perturbations, we introduce the concept of generalized proportional lumpa-
bility.

3.1 Matrix-Based Characterization of Proportional Lumpability

We introduce the matrix-based characterization of proportional lumpability.
Given a function x from S to R, the matrix K associated to & is the diagonal
matrix of size |S| x |S| in which k(s, s) = 1/k(s).

Theorem 5 (Matrix-Based Characterization of Proportional Lumpa-
bility). Let Q be a CTMC over S and ~ be an equivalence relation over S. Let
V and U be the matrices associated with ~. Let k be a function from S to R™ and
K be the matrixz associated to k. The equivalence relation ~ is a k-proportional
lumpability for Q if and only if

KQV = VUKQV

Moreover, the aggregate CTMC Q over §/ ~ is defined as:

Q=UKQV
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Proof. First observe that KQ is a CTMC according to Definition 1. Moreover,
by Definition 6, KQ is a perturbation of Q with respect to x such that ~ is a
k-proportional lumpability for Q if and only if ~ is an ordinary lumpability for
K Q. Hence, the proof follows from Theorem 2. O

In other words, proportional lumpability in the original chain corresponds to
ordinary lumpability in the perturbed chain, which is obtained by multiplying
each rate ¢(s, s’) by the inverse of the coefficient x(s) associated with s. This
perturbed chain, defined in Definition 6, can be obtained by applying the linear
transformation defined by K to the original chain Q. This formulation enables us
to easily rediscover Theorem 4. Specifically, if ' is the steady-state distribution
of the perturbed chain Q' = KQ, then from 7’ KQ = 0, we find that normalizing
7' K yields the steady-state distribution of Q. Moreover, since K is invertible
and 7 is the steady-state distribution of Q, then wQ = 0 implies 7K 'K Q = 0,
which means that by normalizing the vector wK ~! we obtain the steady-state
distribution 7’ of the perturbed chain Q' = KQ.

From the above considerations, it emerges that a possible generalization of
the notion of proportional lumpability can be achieved by replacing the diagonal
matrix K with a generic square matrix A of size |S|x|S]|, provided that Q' = AQ
still remains a CTMC with the same topology as Q.

3.2 Left-Perturbed Markov Chains
We introduce the concept of left-perturbation of a CTMC Q.

Definition 7 (Left-perturbed Markov chains). Let Q be a CTMC over S
and A be a matrixz of size |S| x |S|. The matrix Q' = AQ is a left-perturbation
of Q with respect to A if it satisfies the following properties:

1. All off-diagonal elements are non-negative.

2. The sum of each row is zero.

3. For all s # &', the off-diagonal element q(s,s’) # 0 if and only if the corre-
sponding off-diagonal element of Q' = AQ is non-zero, i.e., ¢'(s,s’) # 0.

This generalization of the concept of a perturbed Markov chain consists in
altering the rates ¢(s, s’) of the original chain Q through a linear combination
of the outgoing and incoming rates associated with state s.

Notice that, when A is a diagonal matrix with positive elements on the main
diagonal, then all the above conditions are guaranteed. The rates ¢(s, s’) of the
original chain are perturbed as ¢'(s, s") = a(s, s)q(s, s’) and the property that the
sum of each row is zero is preserved. Furthermore, the topology of the original
chain is maintained, i.e., for all s # s, q(s,s’) # 0 if and only if ¢'(s,s") # 0.

Example 1. Consider a reliability problem for a system composed of N compo-
nents. We are interested in determining the number of operational components
at any given time. Thus, the state space is defined as S = {S; : 0 < i < N},
where S; represents the state of the system with ¢ functioning components.
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In each state S;, we assume that the time until a component fails follows an
exponential distribution with rate p;. Additionally, each failed component can
be repaired at a rate of \. However, the system might also experience failures
caused by common factors that lead to the simultaneous failure of multiple
components. These common cause failures can arise from shared vulnerabilities,
such as issues with the power supply, environmental factors (e.g., earthquakes,
floods, humidity), or common maintenance problems. The simultaneous failure
of ¢ components due to such a common cause occurs at a rate ;. Figure 1 depicts
the state transition diagram for the system’s repair model.

(5 _T%)

01 \
A
H3 H2 H1

1N p

Fig. 1. CTMC for system repair model with common cause failures.

The infinitesimal generator matrix Q for this system is given by:

—A A 0 0 ... 0 0
/$1+51 —(>\+M1+61) A 0 ... 0 0
Q= 02 2 ~(A4p2+d) A ... 0 0
on 0 0 0 ... un _(/~LN+6N)
Consider the matrix A defined as
1 0 0O 0...0 O
0 1/(61+p1) 0 0 ...0 0
A=10 0 1/60 0 ...0 0
0 0 0 0...0 1/én
then AQ is the matrix
-2 A 0 0 . 0 0
—(A+p1+d1) A
#1i151 : _(f\)._l‘r-i,-éh_é ) g\) . 0 O
AQ=| 1 5 B
i 0 0 0 ... 'ul _(MJ'V-HSN)

N ON
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that is, the infinitesimal generator matrix of a left-perturbation of Q as depicted
in Fig.2. It is easy to see that AQ is lumpable with respect to the relation ~
over § given by the reflexive, symmetric and transitive closure of {(S;,5}) :
1 < 4,57 < N}. This relation induces two equivalence classes, Cyp = {S{} and
Cy ={51,...,Sk}, and the model in Fig.2 is lumpable to the one depicted in
Fig. 3. According to Definition 5, the CTMC Q is proportionally lumpable with
respect to ~ and the function & such that x(S}) = 1 and &(S}) = ¢(S}, S{) for
1e{l,...,N}.

UN Ha U5} K2
N o4 d3 d2

Fig. 2. Left-perturbation of the CTMC in Fig. 1.

1
~ ™
4 Cy
-~
A

Fig. 3. Aggregation for the lumpable CTMC in Fig. 2.

Hereafter, we provide a characterization for another class of left-perturbed
Markov chains.

Theorem 6 (A Class of Left-Perturbed Markov Chains). Let Q be a
CTMC over S and A be a matriz of size |S| x |S| such that

1. All the diagonal elements of A are positive.

2. All the off-diagonal elements of A are non-positive.

3. forall s £ ¢, if q(s,s') =0 then a(s,s’) = 0.

4. for all s # &', if there exists s” # s,s' such that q(s',s") # 0 then
a(s,s’) = 0.

The matriz Q' = AQ s a left-perturbation of Q with respect to A.
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Proof. By definition of matrix multiplication, for all 5,5’ € S,
q(s,8) = Z a(s,s")q(s",s").
S//ES

According to Definition 7, we first prove that all off-diagonal elements of Q' are
non-negative. Indeed, for s # &/,

q(s,8) =a(s,s)q(s,s’) +a(s,s)q(s',s") + z a(s,s")q(s",s").
s'"'eS
s'#s,s'
By condition 4. in the theorem statement, if some of the ¢(s”,s’) is non-zero
then a(s, s”) is zero, i.e., the last addend of the above summation is always zero.
Therefore, from the fact that q(s,s) = —> s o2, q(s, "), we have

q/(s, SI) = Q(S, S)q(sv 5/) + a(s, SI)Q(‘S/? 5/)

= a(s,s)q(s,s") — Z a(s, s )q(s’,s")
s"es
S//#s/

= a‘(sa S)Q(svs/) - a(svs/)q(slvs) (2)
since, by condition &. above, if some of the ¢(s’,s”) is non-zero then af(s,s’)
is zero. It is now easy to see that ¢'(s, s’) is non-negative since, by hypothesis,
a(s, s) is positive and a(s, s’) is non-positive, while by definition of infinitesimal
generator, both ¢(s,s’) and ¢(s’, s) are non-negative.

We now prove that the sum of each row of Q' is zero, that is, for all s € S:

Z q/<575/> :q/(535)+ Z q/(S,S/) =0. (3)
s'eS s'es
s'#s

First observe that, by definition of matrix multiplication

q (s,8) = a(s,s)q(s,s) + Z a(s,s")q(s',s)

s'es
s'#s
=— Z a(s,s)q(s,s") + Z a(s,s')q(s',s).
s'eS s'es
s'#s s'#s

Moreover, by the fact that for all s,s" € S,
q'(s,8') = al(s,s)q(s,s') —a(s,s")q(s', s),
we have
Dod(ss) =) als.s)als,s’) = Y als,s)als's) = —d(s,9)

s'es s'es s'es
s'#s s'#s s'#s
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and this concludes the proof of Eq. (3).

Finally, for all s # &', the off-diagonal element ¢(s,s’) # 0 if and only if
q'(s,s") # 0. The proof trivially follows from Eq. (2) and the statement’s condi-
tions. Specifically,

— If ¢(s,s’) # 0 then, by Condition 1., a(s, s)q(s,s’) # 0 and then, by Eq. (2)
and the fact that —a(s, s")q(s’, s) is non-negative, it holds that ¢'(s,s’) # 0.
— If ¢'(s,s") # 0 then, by contradiction, assume that ¢(s,s’) = 0. Hence, by
Eq. (2), ¢'(s,s") = q(s, s)a(s, s"). However, by Condition 3., we have a(s, s") =

0, i.e., ¢'(s,s’) = 0 which contradicts the hypothesis.

O

The steady state distribution of the original chain Q can be obtained from
the steady state distribution of the left-pertubed Markov chain AQ as follows.

Theorem 7 (Steady State Distribution of Left-Perturbed Chains). Let
Q be a CTMC over S and A be a matriz of size |S| x |S| such that Q' = AQ
is a left-perturbed Markov chain of Q with respect to A. If w' is the steady-state
distribution of Q’, then w'A is an invariant measure of the original chain Q,
i.e., the steady state distribution 7 of Q is obtained by normalizing w'A.

Ezxample 2. Consider a single-server system where customers arrive and are
served one by one. However, the server might occasionally be interrupted due to
technical issues or other external factors. In the normal operating state .S;, the
server processes customers at the rate p;, and customers can continue arriving
at rate A\. When an interruption occurs, the system transitions to state Sj. In
this state, the server stops, meaning no service is provided, and no customers
can enter or leave the system. After the interruption is resolved, the system
transitions back to .5;, and service resumes. The interruption rate 7; controls the
movement from the normal service state S; to the interrupted state S where the
system is paused. This rate depends on the number of customers in the queue.
The recovery rate § governs the movement from the interrupted state S back
to the normal state S; when the server resumes service and it is independent on
the number of customers in the queue.

A A A
- (s)
v
uN 4 H3 H2 H1
0 IN 5 i ) V3 1) Y2 ) 71 ) @ Y0

Fig. 4. CTMC for the interrupting system.
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The state transition diagram for the system model is depicted in Fig. 4, and
the corresponding infinitesimal generator matrix Q is given by

AT
- (1 )
where the states are considered in the order So,...,Sn,S), ..., %, and A, T,
A and —A are N x N matrices as follows:
~(\+70) A 0 .0 0
1 —()\—l—,ul +’)/1) A ... 0 0
A= 0 L2 —()\+u2+’)/2) ... 0 0
0 0 0 un  —(un +N)
Yo O 0 0
0 m 0 0
= : :
0 0 N1 0
0 0 0 YN
6 0 0 0 -6 0 0 0
0 ¢ 0 O 0 - 0 0
A= Do -A= : Do :
0 0 ... 6 O 0 0O ... =6 O
0O 0 ... 0 ¢ 0 0 ... 0 -0

Let v > 70, ...,vn. Consider the matrix A defined as

I
(o)
where 0, I and TV are N x N matrices with 0 being the zero matrix, I being the
identity matrix and IV being defined as follows:

(o —7)/d 0 0 0
0 (vi—=v)/8 ... 0 0
= : : : :
0 0 ('nyl—'y)/é 0

0 0 0 (yw —7)/8

The perturbed Markov chain AQ has the form

1= (3 %)

with A’ and T being
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~(A+7) A 0 .0 0
7 A+ p1+7) A ... 0 0
A = 0 2 (A4 p2+7) 0 0
0 0 0 pn - —(pN +7)
N0 0 0
0 0 0
F//: : : .
o 0 ... v O
0o 0 ... 0 «

It is easy to see that AQ is lumpable with respect to the relation ~ over &
given by the reflexive, symmetric and transitive closure of {(7;,7;) : 0 < ,j <
N} U{(T},7}) : 0 < 4,5 < N}. This relation induces two equivalence classes,
Ey ={To,...,ITn} and Ey = {T{,...,Tn}, and the model in Fig. 5 is lumpable
to the one depicted in Fig. 6.

A A A A

A
VRN
v
KN Ha M3 H2
4] v 5 y 0 v 0 v 0

Fig. 5. Left-perturbation of the CTMC in Fig. 4.

231
Y 6m'7
Ey

Ey

Fig. 6. Aggregation for the lumpable CTMC in Fig. 5.
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3.3 Right-Perturbed Markov Chains

When transforming Q into AQ, the rows of A are multiplied by the columns
of Q. An alternative approach is to apply matrix multiplication to the right of Q,
i.e., consider QA to construct a perturbed Markov chain Q’, as defined below.

Definition 8 (Right-Perturbed Markov Chains). Let Q be a CTMC over
S and A be a matriz of size |S|x|S|. The matriz Q" = QA is a right-perturbation
of Q with respect to A if it satisfies the following properties:

1. All off-diagonal elements are non-negative.

2. The sum of each row is zero.

3. For all s # ¢, the off-diagonal element q(s,s") # 0 if and only if the corre-
sponding off-diagonal element of Q' = QA is non-zero, i.e., ¢'(s,s') # 0.

In this case, even if A is diagonal, we cannot guarantee that the rows of the
new matrix will sum to zero. However, if A is a diagonal matrix with all diagonal
elements equal to a constant ¢, then the perturbation Q' = QA corresponds to
a time scaling, or speed-up, of the Markov chain by a factor of c.

Fig. 7. CTMC of two ionic channels influencing each other.

Ezxample 3. The study of ionic channel activity is crucial in biophysics and neu-
roscience [23], as it connects molecular biology with cellular physiology. Neuron
spikes are generated by the opening and closing of many ionic channels. Ionic
channels exhibit multiple opening levels, and their behavior is often modeled
using continuous-time Markov chains [3,23].

A single ionic channel has only one observable state, known as the open state
(say Cp), and N experimentally unobservable closed states (say Cy,Cs,...,Cn),
representing different opening levels. Transitions cannot occur directly between
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the closed states; each closed state can only transition to the open state. As a
result, the closed states do not intercommunicate directly, but only through the
open state. The activity of the channel can be represented by a star-graph chain
in continuous time. Although individual ionic channels do not interact directly,
they can influence each other indirectly through changes in membrane potential,
ion concentrations (such as calcium), and feedback mechanisms. These indirect
interactions are crucial for complex cellular behaviors such as neuronal firing and
muscle contraction. This behavior can be modeled by transitions between the
open states of individual ionic channels. Figure 7 illustrates two ionic channels
influencing each other, where «; and A\; (i = 1,..., N) represent the transition
rates from closed to open states, and viceversa, within the same ionic channel,
while v and § represent the potential interactions between the two ionic channels.
The infinitesimal generator matrix Q is defined as:

Q. v
= (4 o)

where Q, and ®, for z € {v,d} are as follows

—M+.oFAv+T) A . An 0 ... 0
a1 -1 ... 0 00 ... 0

Q; = v, =
an 0 ... —QN 00 ...0

Let A be the square matrix
_ (9, v,
A= (8 w)

where, for x € {v,0}, @', and ®', are as follows

2 0 0 20 ... 0

i_ 1 1 1
o | P 0 o | 0... 0
L 10 .0

x apn an x

then the right-perturbed Markov chain QA is as
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where, for z,y € {7,d} and = # y, 9", , and ®”, , are as follows

SO R R T
o 1 -1 ... 0
T,y —

1 0o ... —1

v g ... 0

B 0 O 0

v,y =
0 0 ...0

as depicted in Fig.8. It is easy to see that QA is lumpable with respect to
the relation ~ over S given by the reflexive, symmetric and transitive closure
of {(D;, D) : 1 <4, < N}U{(Dj,D}) : 1 <4,j < N}. This relation induces
four equivalence classes, F1 = {D 1...,Dn}, F» = {Do}, F5 = {D}} and Fy =
{D'1..., Dy}, and the model in Fig. 8 is lumpable to the one depicted in Fig. 9. O

A1 AN y+9d
ar T T an ¥ 1
Fl F2 F3 F4
1 F+6 A + 4+ AN
o [e31 an

Fig. 9. Aggregation for the lumpable CTMC in Fig. 8.

The following theorem provides a characterization for a restricted class of
right-perturbed Markov chains.
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Theorem 8 (A Class of Right-Perturbed Markov Chains). Let Q be a
CTMC over S and A be a matriz of size |S| x |S| such that

1. All the diagonal elements of A are positive.

2. All off-diagonal elements of A are non-positive.

3. The sum of each row is zero.

4. forall s#§', if q(s,8’) =0 then a(s,s’) = 0.

5. foralls # &, if there exists s" # s, s such that q(s",s) # 0 then a(s,s’) = 0.

The matriz Q' = QA is a right-perturbation of Q with respect to A.

Proof. By definition of matrix multiplication, for all s,s’ € S,

((s,8) = 3 als,s"a(s", o).

s'eS

According to Definition 8, we first prove that all off-diagonal elements of Q' are
non-negative. Indeed, for s # &/,

q (s,8") = q(s,8)a(s,s") + q(s, s )a(s',s) + Z q(s,s")a(s",s").

s"'eS

s''#s,s’
By Condition 5. in the theorem statement, if some of the ¢(s,s”) is non-zero
then a(s”, s") is zero, i.e., the last addend of the above summation is always zero.
Therefore,

q'(s,8') = q(s,s)a(s, s') +q(s, s")a(s',s) . (4)
It is now easy to see that ¢’(s, s’) is non-negative since, by hypothesis, a(s, s’) is
non-positive and a(s’, s’) is positive, while by definition of infinitesimal generator,
q(s, s) is negative and ¢(s, s’) is non-negative.
We now prove that the sum of each row of Q' is zero, indeed, for all s € S:

Z ql(s’sl) = Z Z q(S,SH)a(SH,SI)

s’eS s’eSs''eS

= Z Zq(&s”)a(s'ﬂs’)

s"eSs'eS

= Z q(s,s"”) Z a(s”,s") =0

s"’eS s'eS

since by Condition 8 the sum of each row of A is zero, i.e., Y ga(s”,s") = 0.

Finally, for all s # ', the off-diagonal element ¢(s,s’) # 0 if and only if
q'(s,8") # 0. The proof trivially follows from Eq. (4) and the statement’s condi-
tions. Specifically,

— Ifg(s,s’) # 0 then, by Condition 1., ¢(s, s )a(s’,s’) # 0 and then, by Eq. (4)
and the fact that ¢(s, s)a(s, s’) is non-negative, it holds that ¢'(s, s") # 0.
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- If ¢'(s,s’) # 0 then, by contradiction, assume that ¢(s,s’) = 0. Hence,
by Eq. (2), ¢'(s,s") = —a(s,s')q(s’,s). However, by Condition /., we have
a(s,s’) =0, i.e., ¢'(s,s") = 0 which contradicts the hypothesis.

O

The relationship between the steady-state distribution of the original chain
Q and that of the right-perturbed chain Q' = QA, is particularly intriguing in
this case. Indeed, if A is invertible and 7 is the steady-state distribution of a
right-perturbed Markov chain QA, then QA = 0 implies wQ = 0. This means
that Q and Q' have the same steady-state distribution.

Theorem 9 (Steady State Distribution for Right-Perturbed Chains).
Let Q be a CTMC over S and A be an invertible matrixz of size |S| x |S| such
that Q' = QA is a right-perturbed Markov chain of Q with respect to A. If w is
the steady-state distribution of Q', then 7 is also the steady state distribution of
the original chain Q, i.e., Q and Q' have the same steady-state distribution.

Putting the two generalizations together we obtain the following definition
of generalized proportional lumpability.

Definition 9 (Generalized Proportional Lumpability). Let Q be « CTMC
over S. Let ~ be an equivalence relation over S and let V and U be the matrices
associated to ~. We say that ~ is a generalized proportional lumpability for Q
if there exists two invertible matrices L and R such that Q' = LQR satisfies the
following properties:

1. Q' is the infinitesimal generator of a CTMC.
2. foralls#s €8, ¢ (s,8)#0if and only if q(s,s") # 0.
3. QV=vuQ'V.

In this case we say that ~ is a generalized proportional lumpability for Q with
respect to L and R.

Theorem 10 (Aggregated CTMC for Generalized Proportional
Lumpability). Let Q be a CTMC over S. Let ~ be an equivalence relation
over § and let V. and U be the matrices associated to ~. If ~ is a general-
ized proportional lumpability for Q with respect to L and R, then the aggregated
CTMC Q over 8§/ ~ is defined as:

Q=ULQRYV.

The steady state distribution of the original chain Q can be obtained from
the steady state distribution of the generalized pertubed Markov chain LQR as
proved below. The following theorem is a consequence of Theorems 7 and 9.

Theorem 11 (Steady State Distribution of Generalized Proportional
Lumpability). Let Q be a CTMC over S and ~ be an equivalence relation over
S. The relation ~ is a generalized proportional lumpability for Q with respect
to L and R, if and only if ~ is an ordinary lumpability for the CTMC LQR.
Moreover, the steady-state distribution of Q is the normalized vector obtained
from w' L, where w' is the steady-state distribution of the CTMC LQR.
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4 Conclusion

In this paper, we introduced a general definition of lumpability, termed gener-
alized proportional lumpability. This approach is based on a matrix-multiplication
technique for perturbing a Markov chain while allowing the retrieval of the
steady-state distribution of the original process. For future work, we plan to
explore a similar generalization for the concept of exact lumpability and examine
the relationships between generalized proportional lumpability and reversibility.
Additionally, we aim to utilize this class of observable equivalences between states
to broaden the definition of stochastic non-interference, as done for instance in
[4,5,7,18,22] within the context of non-deterministic systems.
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