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Model Problem

First, consider the eigenvalue p—Kirchhoff Dirichlet
problem

M (|lullP)Afu = M llulBG~Dw(@) [uP~?u + f(z,u)} in Q,
D%uy|,, = 0 for all o, with |a| <L -1, k=1,...,d,

(1)
where ) C R" is a bounded domain, n > 1,
u=(ug,...,ug)=u(x),d>1,p>1, L=1,2,..., \€R, a'is
a multi-index, v € [1,p} /p) and pj is the critical Sobolev
exponent

, if n > Lp,
pi=qn—Lp @
0, if 1 <n<Lp.

Dr(|DrelP*Dry), if L =24,

) for j=1,2
—div {AT7 (|DLpP2Dry) }, if L=2j -1, orJ G
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Model Problem

for all ¢ = (p1,...,94) € [C(Q)]¢, where D), denotes the
vectorial operator

for j=1,2,....
(3)

For all = € Q2 the vector Dyp(z) has dimension d if L is
even or dn if L is odd and, in both cases, the dimension
is simply denoted by N. The vectorial p—polyharmonic
operator A]E in the weak sense is

D — (Adpy, ..., Alpy), if L =25,
=Y (DA g, ..., DA ey), if L=2j—1,

<A£u,g&) :/ ]DLu\p72DLu -Drydx
Q
for all u, ¢ € [W,2(Q)]".
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The Model

In the 2—-dimensional scalar case (1) arises from the
theory of thin plates and describes the deflection

u = u(x1,z2) of the middle surface of a p—power—like
elastic isotropic flat plate of uniform thickness, with
non—local flexural rigidity of the plate M (||u|?)
depending continuously on ||u|[P of the deflection u and
subject to nonlinear source forces. The coordinates
(x1,z2) are taken in the plane 23 = 0 of the middle
surface of the plate before bending. For other scalar
problems modeled by (1) we refer to the Introduction
of [CP].
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The Model

Problem (1) is a nonlinear perturbation of the natural
eigenvalue problem associated to the non—local higher
order operator M (||u[P)ALu. The perturbation

f: QxR - R?is a Carathéodory function, with growth
at infinity ¢, 1 < ¢ < p. The main assumption (F) on f is
stated later. The weight w is positive a.e. in ) and

w € L¥(9), w > e (4)

Restriction (4) is meaningful, being ~ € [1,p] /p).
The Kirchhoff function M : Rg — Rar is assumed to verify
the general structural assumption
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The Kirchhoff function M

(M) M is continuous, non—decreasing and there exists s > 0
such that
sy1¥ < TM(7) for all T € RT.

.
From now on, we denote by .Z(7) :/ M (z)dz for all
0

7 € Rj. Problem (1) is called degenerate if M(0) = 0,

otherwise, if M (0) > 0, it is non—degenerate.

The standard Kirchhoff function introduced in

[K] G.R. Kirchhoff, Vorlesungen tiber mathematische
Physik: Mechanik, Teubner, Leipzig, 1883) 465 pp.

is
M(r)=a+byr"Y, a,b>0, a+b>0, with

€ (1L,p%/p), ifb>0, (b ifb>o,
=1, i b =0, 6, BhH=0,

which clearly verifies condition (M).
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The Kirchhoff function M

For such M’s (1) is degenerate if a =0 and b > 0, and
non—degenerate when a > 0 and b > 0. Finally, when

a >0 and b = 0, the Kirchhoff function M is simply a
constant and (1) reduces to a local quasilinear elliptic
Dirichlet problem.

The main difficult point of this work is to cover the
more delicate degenerate case, in which compactness
properties are harder to handle. The efforts in treating
the degenerate case require a special care and a deeper
analysis, as the main proof of Lemma 2.3 shows.

For this reason, even the most recent papers on
stationary problems cover only the non—degenerate
case, where v =1 in (M), that is when M(7) > s > 0 for
all 7 € RS’; see e.g.
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Non—degenerate case

[CWL]

[FV]

[LLS]

[P]
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Degenerate case

A preliminary study of AI’} only when d =1 has been
first developed in [CP], where a possibly degenerate
scalar stationary p—polyharmonic Kirchhoff Dirichlet
problem has been considered.

In the higher order vectorial setting several different
norms are available for the solution functional space
[WOL ?(Q)]?. We prove the equivalence between the
standard Sobolev norm and the norm |u|| = || [Pru|n ||p,
which is the natural norm arising from the variational
structure of problem (1). The proof of the equivalence
is based on the Poincaré and Caldéron—Zygmund
inequalities and relies on Proposition A.1 proved

in [CP] when d = 1.
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Proposition A.1 of [CP] when d =1

A
If L=1,2,..., then there exists a positive constant

kL = kr(n,p) such that for all u € WOL’p(Q)

ullorr@) < kLl Drullp, (5)
where
B Ay if L =2j, .
Dru= { DA if L=2j-1,7 " L2,

We distinguish two cases depending on whether L is
even or odd.

Case L =2j. Proceed by induction on j =1,2,.... The
case j = 1 is true by the consequence of the
Caldéron—Zygmund inequality cf. Corollary 9.10 the
monograph of Gilbarg and Trudinger. Indeed, there
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Proposition A.1 of [CP] when d =1

exists a constant k3 = k2(n,p) > 0 such that for all
ue WZP(Q)

[ullo2p ) < m2llAully = w2l Doullp.

Suppose that the inequality (5) holds for j > 1 and show
that it is true also for j + 1. Let u be in C§°(12) and
L =2(j+1), then

lllgepy = D ID%lh= > > ID*DW)E= 3 1D%lRsm

jaf=L jal=2; [81=2 jal=2j
<wh Y AD WL =rE Y ID*(Au)|p = w5l Aulfe; g
jal=2 jal=2

< (katkog)? | Doy (Au) I = w1 Drullp,

where kj, = Kokaj, and k3 is given above. We conclude
the proof using density arguments.
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Proposition A.1 of [CP] when d =1

Case L =2j — 1. For L =1 inequality (5) is trivial,
indeed it holds with the equality sign by the definitions
of the norms. Proceeding by induction on j=1,2,...,
we suppose the inequality holds for ; and we show that
it is true also for j + 1, namely for L = 2j + 1. Indeed for
all u € C3°(Q),

llgroy= > D ID°DIE<wh > [AD WL

lo=2j—1B|=2 =251
= K Z 1D (Av)||p = KZQ)HAUH%ijl,p(Q)
o] =251

< (maaj1 )P Dyj-1 (Au)|[f = w2 | DAT (Au) B = | Dyl

where k= rokoj—1 and ko is given above. The proof is
completed again using density arguments.
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Degenerate case

However, the space ([Wi?(Q)])%, |- ||) is uniformly
convex, as shown in this paper by a useful inequality
given in Lemma A.1 of

[APV] G. Autuori, P. P., Cs. Varga, Existence theorems
for quasilinear elliptic eigenvalue problems in
unbounded domains, Adv. Differential Equ. 18
(2013) 1-48.
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A special case

We conclude the first part of the talk with the easier

problem
M(JulP)Aku = A (a,w) )
Dauk‘aﬂ =0 for all o, with || <L -1, k=1,...,d,

(6)
which is the main model first treated in
[KLV] A. Kristaly, H. Lisei, Cs. Varga, Multiple solutions
for p—Laplacian type equations, Nonlinear Anal. 68
(2008) 1375-1381,

when M =1, L=d=1 and p > 2, and in which the
right—hand side of the system presents only the term
Af(z,u). The main result for (41), an analogue of the
principle theorem for (1), is proved under a simpler and
more direct condition on f and without the use of the
first eigenfunction of A£ .
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The non—degenerate case v = 1

Later we assume that v = 1, that is we deal with the
non—degenerate case of (1), being M(7) > s > 0 for all
TE ]Rar by (M). Hence, we are devoted to the study of
the special higher order p—Kirchhoff problem

M ([[ullP)Apu = Mw(@)[ulP~?u + f(z,u)} in
Do‘uk‘aﬂ =0 for all a, with |o| < L -1, k=1,...,d,
(7)

where here w satisfies (4), with v = 1.
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Extensions

We then extend the results of the non—degenerate case
v =1 to the p(x)—polyharmonic Kirchhoff problem

M(fﬂL(u))Aé’(z)u = )\{w(gg)‘u|17(m)—2u + f(z,u)} in Q,
D%ug|,o, = 0 for all a, with o] <L -1, k=1,...,d,

(8)
where now 2 C R” is a bounded domain with Lipschitz
boundary and

B |pLu|p(I) .
T () = /Q L (9)

is the Dirichlet functional associated to the weak form

of A£($), that is related to

<A£(z)“’ %) :/ DrLulP® 2D - Drpda
Q

for all u, ¢ € [W({J’p(')(Q)}d.



References for variable exponent Lebesgue and Sobolev

spaces

The solution functional space is the vector—valued
variable exponent Sobolev space [W({J’p(')(Q)]d, which in
the scalar case d = 1 has been extensively studied in the
last two decades, see

[D] L. Diening, Riesz potential and Sobolev embeddings
on generalized Lebesgue and Sobolev spaces LP()
and W*P() Math. Nachr. 268 (2004) 31-43.

[DHHR| L. Diening, P. Harjulehto, P. Hast6 and M.
Ruzicka, Lebesgue and Sobolev spaces with variable
exponents, Lecture Notes in Mathematics, Vol.
2017 (Springer—Verlag, Berlin, 2011) ix+509 pp.

[ER] D.E. Edmunds, J. Rikosnik, Sobolev embeddings
with variable exponent, Studia Math. 143 (2000)
26'7-293.
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The variable exponent case

[KR] O. Kovécik, J. Rakosnik, On spaces L") and
WP Czechoslovak Math. J. 41 (1991) 592-618.
[MOSS] Y. Mizuta, T. Ohno, T. Shimomura, N. Shioji,

Compact embeddings for Sobolev spaces of variable
exponents and existence of solutions for nonlinear
elliptic problems involving the p(x)—Laplacian and
its critical exponent, Ann. Acad. Sci. Fenn. Math.
35 (2010) 115-130.

Indeed, the variable exponent Lebesgue and Sobolev
spaces arouse a great interest not only for the
mathematical curiosity, but also for concrete
applications. For instance, in models where linear
elasticity (Hooke’s law) is replaced by p(z)-power—like
elasticity. Problem (8) can be used in modeling steady
electrorheological fluids (that is fluids whose
mechanical properties strongly depend on the applied
electromagnetic field).
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The variable exponent case

See
[DER] L. Diening, F. Ettwein, M. Ruzi¢ka, C1'®—regularity
for electrorheological fluids in two dimensions,
NoDEA Nonlinear Differential Equations Appl. 14
(2007) 207-217.

[R] M. Ruzicka, Electrorheological fluids: modeling and
mathematical theory, Lecture Notes in
Mathematics Vol. 1748 (Springer—Verlag, Berlin,
2000) xvi+176 pp.

for more specific comments. The range of applications
of electrorheological fluids is wide and includes
vibration absorbers, engine mounts,
earthquake—resistant buildings, clutches, etc.
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The variable exponent case

However, the vectorial case does not seem to be so
well-known, so that in this lectures we present also the
main properties of [W({J’p(')(Q)]d.

We require that the variable exponent p is of a specific
class C, () satisfies all the standard assumptions which
are natural in this setting. For simplicity, we also
assume that

n

ith
either i3

< p_ = minp.

Q

IS

> pr = mgxp

The weight w is positive a.e. in Q and of class L=(12),
with w > n/(n — [n — Lp_]"). Furthermore, the most
interesting case occurs when p_ < py, that is in the

so—called nonstandard growth condition of (p_,p1) type;
cf.
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The variable exponent case

[AS] S. Antontsev, S. Shmarev, Elliptic equations and
systems with nonstandard growth conditions:
existence, uniqueness, localization properties of
solutions, Nonlinear Anal. 65 (2006) 728-761.

The main reason why the p(z)-Laplace operators

possess more complicated behavior is the fact that they

are no longer homogeneous. Moreover, the first

eigenvalue \; of the p(z)-Laplace Dirichlet problem

could be zero, see

[FZZ] X. Fan, Q. Zhang, D. Zhao, Eigenvalues of

p(z)—Laplacian Dirichlet problem, J. Math. Anal.
Appl. 302 (2005) 306-317.

When L =d =1, in [FZZ] and then in

[A] W. Allegretto, Form estimates for the
p(z)—Laplacean, Proc. Amer. Math. Soc. 135
(2007) 2177-2185.
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The first eigenvalue \; of the p(z)—polyharmonic Dirichlet

problem

[MRS] M. Mihailescu, V. Radulescu, D. Stancu—Dumitru,
A Caffarelli-Kohn—Nirenberg—type inequality with
variable exponent and applications to PDFEs,
Complex Var. Elliptic Equ. 56 (2011) 659-669.

the authors give sufficient conditions on the function p
in order to have )\; > 0.

We carry on a long discussion on the positivity of the
first eigenvalue of the p(z)—polyharmonic Dirichlet
problem when L, d > 1, and finally prove the main
results of this case.
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Preliminaries for (1)

In the scalar setting, by a = (a1, ..., ) € N} we denote a
multi-index, with length |a| =>"" ; &; < L and the
corresponding partial differentiation

Hlal
Oz (... 0zp™’
Throughout the talk we assume that 1 < p < co and
denote by WL’p(Q) the completion of C§°(f2) with respect

to the standard norm ||¢([yyz.r(q) (Z\a|<L | D> 1/1Hp>

By the Poincaré and the Caldéron—Zygmund
inequalities, Proposition A.1 in [CP] shows that the

D =

standard norm || - [|yyz() and the norm
1A7%]l,, if L =2j, :
||w|| P j—1.p\1/P g . J=12,...
(i 10,877 |I5) ", if L=25 -1,
(10)

are equivalent in W, (Q).
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Preliminaries for (1)

As already noted, since we are in the vectorial setting,
we denote by Dj, the vectorial operator defined in (3).
Hence, if L =1, the operator D; writes the pointwise
Jacobian matrix of u, Ju(zx) € Mgx,(R), as the dn—row
vector Diu(z) € R%. Furthermore, for all L =1,2,...,
the norm

d 1/p
lulla,Lp = (Z |UkHZp>
k=1

in [W(f ()] is equivalent to the standard norm

d 1/13
lullz.p)e = <Z ||ukH€VL,p(Q)> ;
pt

as a direct consequence of Proposition A.1 in [CP].
Moreover, ([W()L’p(ﬂ)]d, [ - ||d,L,p) is a uniformly convex
Banach space.
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I ~ C o o .
([U ) P(Q)]e, ] - H,/_[‘_,,> is a uniformly convex Banach space

Indeed, the vector—valued space ([W({“’p(Q)]d, || - ||d’L7p> is

the Cartesian product of d copies of the scalar space
Wi ?(€) endowed with the norm ||ul|;, defined in (10).

It is enough to prove that (W({:’p(Q), | - HL,p) is uniformly
convex. Indeed, this implies that ([Wo?(Q)]%, || - las,p) is
uniformly convex, by Theorem 1.22 of

[A] R.A. Adams, Sobolev spaces, Pure and Applied
Mathematics Vol. 65 (Academic Press, New
York—London, 1975) xviii4+268 pp.

We distinguish two cases depending on whether L is
even or odd.
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Case L =27, j

Fix ¢ € (0,2) and let u, v € W}??(Q2) be such that

g = o]y =1 and u— vl > e.

Consider first the case p € [2,00). By (35) of Lemma 2.27
of [A], we have that for all z, ( € R

p Z_C p 1
S (1P P
P S < S+ ).
Hence,
u+ovl|P u—olP /(‘Aju+Ajvp ‘Aju—Ajvp>d
= x
2 Lp 2 Lp Q 2 2
1 . .
< 2/9(|A7u|p—|—|AJv]p) dz

1
= 2 (Il + 110l ) = 1.
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Case L =25, j =1,

This implies that
u+vlP

2 L,p
and so, taking 6 = §(¢) such that 1 — (¢/2)? = (1 — §)?, the
proof of this case is concluded.

If p € (1,2), then by Theorem 2.7 of [A]

U+ v v uU—"v
D D

()| AP ()

In other words
P’ 14 _
<|lee (5] + e ()

Lp 2 2

(11)

since |AJyp|P € LP~1(Q) and |||Dy| ||p-1 = ||DL¢||£I for all
T
) € WyP(Q).

pl

4L
p—1

/ /
u+vl|lP =

2

U— v
2

L,p



Case L=2j,7=1,2

Moreover, being 1 < p < 2, by (34) of Lemma 2.27 of [A]
24 ¢ |z=¢
2 + 2
for all 2, ( € R. Hence,

U+ v v U—v
D D

p/

) 1/-1)
< |50 +1¢P)

p/

1 . . 1/(p—
< U = (1A%uP + | ATop) dm]
Q

L1 \YeD
= 5”““L,p+§”UHL,p =1

p—1

(12)
Combining together (11) and (12), we get
p, _ p' /
U+ v <1- U —v Sl_(g)p.
L,p L,p 2

It is enough to take J = d(c) such that
1—(¢/2)" = (1 —6)" in order to conclude the proof also
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Case

in the case 1 < p < 2.
Consider the vector—valued space
[LP()]" = ([LP(D)]" || - [lze (o)) where

n 1/p
l9llize @y = (Z ng-||5> for all g = (g1,...,9n) € [LP(Q)]™.
i=1
The linear operator T : WOL’p(Q) — [LP(2)]", defined for
all u € WJ"?(Q) by
T(u) = (0z, A, ..., 05, Au),

is isometric. Furthermore, the space [LP(2)]" is
uniformly convex, by Theorem 3 of

[D] M.M. Day, Some more uniformly convex spaces,
Bull. Amer. Math. Soc. 47 (1941) 504-507.
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Case L =27

since (LP(Q2), || - ||p) is uniformly convex itself. Hence,
also (W[)L’p(Q), || - ||L7p) is uniformly convex, being

isometric to a uniformly convex Banach space. This
concludes the proof.

However, since we are interested in the variational
problem (1), from now on we endow the space
(Wi P(Q)]¢ with the norm

lull = [ 1Pruly llp,

where |- |y denotes the Euclidean norm in RV and
N =d when L is even, while N = dn when L is odd.

Also the space ([WOL’p(Q)]d, Il - H) is uniformly convew.
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([ Le Q) N || - H) is uniformly convex

Fix € € (0,2) and let u,v € [W({J’p(Q)]d be such that

Jull = o] = 1 and u— o] > <.

Consider first the case p € [2,00). By (A.2) of Lemma
A.1 of [APV], we have that for all z, ¢ € RY

z—¢
2

r_1
=3

+ (Izl% + 1S15%)-

2 |y

Hence, with 2z = Dyu, ( = Drv € RY, we get

u+vl|P p_/ <}'DL’LL—|—DLUP Dru — Do
p Q 2

2

U —v
2

P
>da:
N

S

Aumﬂ%+mw%Mw

(lfaell” + flof”) = 1.

p

<

l\D\H N | —
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([ Le Q) N || - H) is uniformly convex

This implies that

u+vlP

<1-(3)"
- 2
It is enough to take § = d(¢) such that

1—(e/2)P = (1 —9)P, in order to conclude the proof.
If p € (1,2), then by Theorem 2.7 of [A]

(3
Nllip—1 Nllp—1
/ . p/
<|lee (55)], e ()
N N,
In other words
P o g P U — v p’
A = e (50 P ()
2 2 2 N 2 Ny

P. Pucci University of Perugia



([ Le Q) N || - H) is uniformly convex

since \DL@?\; € LP~1(Q) and H|DL¢]§’\/,HP_1 = H|DL¢]NH§’ for
all ¢ € [WOL’p(Q)]d. Moreover, being 1 < p < 2, by (A.1) of
Lemma A.1 of [APV], we have that for all z, ( € RV

Z_Cp/ 1 1 1/(p—1)
< | =l2|% + =[¢IR .
B N+ B N_<2‘Z|N+2K‘N>

Hence, with z = Dyu, ( = Drv € RY, we get

4 — 1 1/(p-
‘DL <u+v> N ’DL <u v) < [/ (IDLulR + [Drovfky) dx]
% 2 1 L2Ja

1 1 1/(p-1)
= — p — p =
<2|uu + 5ol ) L

(14)

p/

N

Combining together (13) with (14), we obtain

<1—(5>p.
= 2
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Preliminaries for (1)

It is enough to take § = d(¢) such that
1—(g/2)” = (1 —0)” in order to conclude the proof.

An easy calculation shows that the two norms || - ||d7 T
and | - || are equivalent in [WOL P(Q)]?. Indeed, for all

L7
u € [WyP(Q))

1

1 1_1
min{l, N#™ 2 }|ul| < [Julla.Lp < max{l, N»"2}ul].

In particular, the two norms coincide whenever either
p=2,or N =1.
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Preliminaries for (1)

The Lebesgue spaces [L7(Q)]™ and [L?(Q,w)]™, where
o> 1, w is any weight on () and m > 1 is any dimension,
are endowed with the norms |¢| - = || |¢|m|ls and
lellm,ow = || |€lmllows respectively. When m =1 the norm
is denoted by |/¢|sw. The dot - indicates the inner
product and |- |,,, denotes the Euclidean norm in R™. In
what follows, when the dimension is clear from the
context, we drop the subscript m and denote the
m—Euclidean norm simply by |- |.

As already noted, the main assumption

1<~v<p;/p implies that w >n/(n—~n— Lp|T)>1,
by (4). When n > Lp then
@' <n/y(n— Lp), thatis ~p<p} /o, (15)

this will be useful in the next lemma. For simplicity in
notation, whenever the embedding operator
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Preliminaries for (1)

i WEPQ))? — [L7(Q,w)]?

is continuous, we denote by §;, ., > 0 the best constant
such that ||ul|40w < Saowlul for all u e [WOL’p(Q)]d, that is
840w is the operator norm of i. If d =1 and w =1, we
briefly write S,. Furthermore, whenever p; = oo, the
symbol p} /' is again oco.
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Preliminaries for (1)

The following embeddings hold.
(i) Wy P(Q)) == [L7(Q,w)]* compactly, if o € [1,7p)].
(i) [WEP(Q)]F — [LO(Q,w)]? continuously, if o € (yp, pt /).

Proof. (i) The space WOL P(Q)) is compactly embedded
into L77(Q), being w’c < p% by (2) and (15). Similarly,
L¥'7(Q) is continuously embedded in L°(Q,w) by
Holder’s inequality and (4). Hence, <[WOL’p(Q)]d, | - H) is
compactly embedded into ([L7(Q,w)]%, || - ||40.w), being
| - || equivalent to || - |4, in [W({“’p(Q)]d as observed
above.
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Preliminaries for (1)

(17) By Holder’s inequality, for all ¢ € WOL P(Q)

1915w < 1212 lwlsllvlg, < Cllvl?,

ow — =

where C = ngm\l/wHw”w and p is the crucial exponent
/%

. if

p=1p;—ow’
w, if 1<n<Lp.

n > Lp,

Clearly p > 1, being ¢ < p} /w’. The conclusion now
follows as in (7).
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Preliminaries for (1)

Let us now turn to the main problem (1) and let

[l

wewgr @ 1l pw
u#0

A=

be the first eigenvalue of

Abu = Xw(@)ulP~?u in Q,
D“uk‘aQ =0 for all a, with || <L -1, k=1,...,d.
Clearly, \; is well defined since the embedding

[WoLﬂp(Q)]d v [LP(Q,w)]d is compact, as shown in
Lemma 1—(7).

P. Pucci University of Perugia



Preliminaries for (1)

PROPOSITION

The infimum X\ in (16) is positive and attained at a certain
function uy € [We P04, with |uy||gpw = 1.

Proof. For any u € [WOL P(©)]¢ define the functionals
Z(u) = ||u|]|P and J(u) = HuHZ’p’w. Let

No = inf{Z(w)/T (u) 5 w € WEPQ\ {0}, [ullapw < 1}-
Observe that 7 and J are continuously Fréchet
differentiable and convex in [W 7 (Q)]%. Clearly

7'(0) = J'(0) = 0. Moreover, J'(u) =0 implies u = 0. In
particular, 7 and J are weakly lower semi—continuous
on [WOL P(Q)]9. Actually, J is weakly sequentially
continuous on [W,?(Q)]?. Indeed, if (uz); C [WL P ()]
and u, — u in [W?(Q)]?, then uy — u in [LP(Q, w)]? by
Lemma 1—(7). This implies at once that

T(w) = lunl o — lully, = T(u), as claimed.
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Preliminaries for (1)

Now, either W = {u € [WI?(Q)]% : J(u) < 1} is bounded

in [WOL’p(Q)]d, or not. In the first case we are done,

while in the latter 7 is coercive in W, being coercive in

the reflexive Banach space [WOL P(Q)]¢ as shown above.

Therefore, all the assumptions of Theorem 6.3.2 of

[B] M.S. Berger, Nonlinearity and functional analysis,
Lectures on Nonlinear Problems in Mathematical
Analysis, Pure and Applied Mathematics
(Academic Press, New York—London, 1977)
xix+417 pp.

are fulfilled and )\ is attained at a point u; € [WOL’p(Q)]d,

with ||u1Hd,p,w = Il
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Preliminaries for (1)

We claim now that \j = A\{. Indeed,

p
A= inf S —
wewE P a\{o} |l [|ulldpw
= inf
ue[Wy P ()]
llulla,p,w=1
[l P

inf el
weWEP @) [[ellg p o
0<|ullg,p,w=<1

=X > AL

Y

Finally, \; = ||u1]|” > 0. This concludes the proof.

By Lemma 1—(i), there exists c,, =S;” >0 such that

[l 0 < cipllull® for all u e [WeP(@)4.  (17)

When v =1 in (M) we have ¢, =1/A; > 0 by (16).
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The perturbation f

The nonlinearity f verifies the condition

(F) Let f: QxR = R?, f= f(x,v) £0, be a
Carathéodory function, which admits a potential
F:QxRY =R, f=D,F, with F(z,0) =0 a.e. in (),
satisfying the following properties.
(a) There exist g € (1,yp) and C; >0 such that

|f(z,v)| < Cpw(z)(1+[v|?!) for a.a. z € Q and all v € R

(b) There exists p* € (yp,p} /@’) such that

o @) o
P w @R

O [ KoL (£00 1),

< 00, uniformly a.e. in Q).
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The perturbation f

Note that, in the more familiar and standard setting in
the literature in which L =y =1 and w € L>*(Q), the
exponent p* in (F)—(b) belongs to the open interval
(p,p*). Furthermore, in condition (F)—(c), the constant
1 <«// A1)

p\ sA]
(F)—(c) is automatic when M =1, s=~ =1 and

F(z,v) >0 a.e. in  for all v € R%\ {0}.

An ezample of function f: Q x R? — R? verifying (F)—(a)
and (b) is

> is non—negative thanks to (M). Thus,

[v|P" 20, if |v| <1,
|v|?2v, if v > 1,

f(z,0) = w(z) {

with ¢ € (1,7p), p* € (yp,p} /') and w verifying (4).
More precisely, (F)—(a) holds with Cy =1 and (F)—(b) is
trivially verified. Finally, F'(xz,v) > 0 for a.a. z € 2 and
all v € R4\ {0}.
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The perturbation f

As already noted, this shows that (F)—(c) holds when
M=1and s=vy=1.

Following [CPV], we later introduce in place of (F)—(c)
the weaker assumption (F)—(c)’ much easier to check,
which will play the same role for a less involved

problem.
Assume that (F)—(a) and (b) hold. Then f(z,0) =0 for a.a.
T € €,
. F S
Sy = esssup M € Rt and esssup M < 2f
v£0,zcq W(T)|v[7P v£0,2Q W(T)[V|[7P T p
(18)
Moreover, there exists K > 0 such that
|F(z,0)] < Kw(@)|v”" (19)
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The perturbation f

for a.a. z € Q and all v € R?.

Assume first by contradiction that there exists A C (Q,
|A| > 0, such that |f(z,0)] > 0 and w(z) > 0 for all x € A.
In particular,

1f(@,v) -v|

o0 w(@)ol”
for all z € A, contradicting (F)—(b). Hence f(x,0) =0 for
a.a. z €.

Since F(z,0) =0 a.e. in 2 by (F), we assert that

|F(, )]

- =/{p < oo uniformly a.e. in Q. (20)

=0

lim sup
=0 w(@)|v[?

Indeed, by (F)—(b) there exist { > 0 and ¢ > 0 such that
Flaol [0ty t
w(z)|v[P o w(z)[tv]p p*



The perturbation f

for all v € RY, with 0 < |v| < §, and uniformly a.e. in €.
This implies (20).
Clearly, Sy defined in (18) is positive, being f # 0. We
claim that Sy < co. Indeed, uniformly a.e. in ()
a0l ) o]
o120 w@RTP s | w@P

by (F)—(b) and the fact that vp < p*. Moreover,
|f(z,v) - v|/w(zx)|v|"? < 2C¢|v|97? for a.a. x € Q and all
|v| > 1 by (F)—(a), that is

lim M =0 uniformly a.e. in (),
[l oo w(z)[v]?P

since ¢ < yp. This shows the claim.
Condition (18); implies at once (18)2, since

l .
|F(z,)] s/ F e, t0) 18] ey 1
w(@)vP? = Jo  w(@)[tv]? P
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The perturbation f

for a.a. x € Q and all v € R?\ {0}.

Finally, by (20) there exists § > 0 such that

|F(z,v)| < (bo + Dw(z)|vf’” for a.a. 2 € Q and all v, with

0 < |v] < 4. Fix v, with |v| > §, then by (18) for a.a. x € Q

S §TP—P*
i A

p*
x)|v|”,

S * *
|F(z,0)] < Lo P = w(z)wfP” <
P

being p* € (yp, p} /@’) by (F)—(b). Hence, taking
K = max{ly + 1,567 /yp}, we get (19).
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The perturbation f

Now we are ready to introduce the crucial positive
number

_ syA]

v eSeA]

which is well defined by (17), and Propositions 1 and 2.
In passing, we point out that )\, coincides with the
same parameter \, of [CPV], when d=s=+v =1 and

M =1, see (17).

In what follows, the dual space of [WOL P(Q)]¢ is denoted
L *
by (WP (@)4) .

W (21)
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The functional ®

LEMMA

The functional O : [WOL’p(Q)]d — R, defined by

B(u) = ;/fanunp) (22)

is convex, weakly lower semi—continuous in [WOL’p(Q)]d and of
class C (WP (Q)]%).

*
Moreover, ®' : [W({J’p(Q)]d — ([W[)L’p(ﬂ)]d> verifies the ()
condition, i.e. for every sequence (uy)x C [WOL’p(Q)]d such that
Uk — U in [WOL’p(Q)]d and

lim sup M(Huka)/ | DruplP*Dru - (Prug, — Dru)da <0,
k—o0 Q
(23)

then ug — u in [WEP(Q)]%,
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The functional ®

A simple calculation shows that ® is convex in

[WOL P(Q)]9, since .# is convex and monotone
non—decreasing in R{ by (M). Moreover, we claim that
S Cl([W({J’p(Q)]d). Indeed, ® is Gateaux differentiable
in [WXP(Q)] and for all u,v € [WlP(Q))?

(®'(u),v) = M(Hu”p)/Q|DLu|p_2DLu-DLvdm.

Now, let u, (ug)r C [WOL’p(Q)]d be such that u; — v in
[WeP(Q)]? as k — co. We claim that
19 (ug) = @' ()l = sup  [(®'(ug) — @'(u),v)| = o(1)

vE[Wy P (Q)]?
J[ol|=1

as k — oo. By Holder’s inequality
(P (up) — ' (u),v)]
< || M (Jlur|P)| Drug P> Drug — M(Ilullp)!DLulp_QDLUHN,pf Dol p-



The functional ®

Hence

19" (ux) — @' (w)]
< || M (|ug|P) | Prug[P~*Drug — M(|[ul/P) | PrulP~>Drul| y -
(24)
Fix now a subsequence (uy;); of (ux)x. Clearly, uy, — u
in [WP(Q))¢ and so Druy, — Dpu in [LP(Q)]Y as j — oo,
where as usual N =d if L is even and N = dn if L is odd.

LEMMA

|u
<

If (pr)k and ¢ are in [L7(Q,w)]™ and o — ¢ in [L7(2,w)]™
as k — oo, then there exist a subsequence (p;); of (wk)k and a
function h € L?(Q,w) such that a.e. in Q

(1) wr; = ¥ as j — oo; (i) |ow;| < h forallj€N.
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with m = N, 0 = p and w = 1, there exist a subsequence
of (ug,);, still denoted by (ug,);, and an appropriate
function h € LP(Q2) such that a.e. in 2 we get that
Druy;, — Dru as j — oo and |Drug,| < h for all j € N.
Thus,

| M (g, 1P) [ Dr g, [P~*Drug; — M([|ul|P) | DrufP~*Drul?
<! {[M(Huijp)lDLu:cj P17+ [M(|lu|?)|DrafP~]" }
< 2K h? € LY(Q),

where K = sup; M(||u, ) < oo, being (ux); convergent
and so bounded in [WOL’p(Q)]d. In particular,

M (|lug, ||P) — M(|[u[|") by (M). Furthermore,

|Drug, [P?Druy, — [DrulP~*Dru a.e. in Q. Therefore,
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| M (Il 17 Dy P> Drag; = M(||ull”)[Druf’~*Dyul
< K||Dpug, [P~ *Dpug, — [DrufP > Drul + [ M (|Juk,||?) — M (||ul[?)| - [Dy

— 0 a.e. in (2, as j — oo.

Applying the Lebesgue dominated convergence
theorem, we obtain as j — o

1M (ks [P) P rugey P> Dy — M([[ulP)| DrafP~*Dral| vy — 0-
(25)

Actually, (25) holds for the entire sequence (uy); and

this implies the claim, by virtue of (24).

Therefore @ is of class Cl([WOL’p(Q)]d). In particular, ® is

weakly lower semi—continuous in [WOL P(Q)]?, by

Corollary 3.9 of
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[B] H. Brezis, Functional analysis, Sobolev spaces and
partial differential equations, Universitext
(Springer, New York, 2011) xiv+599 pp.

Let us now prove the () condition. Let

(ug)x C [WeP()]% be such that uy — u in [Wi*(Q)]¢ and

(23) holds. Since uj — u, then

klim M(||u|?) / |DrulP~*Dru - Dy (ug — u)da = 0, (26)
—00 Q

being |DrulP~2Dru € [LP (Q)]VN. Hence, putting .7, (z) =
[M(luk]|P) | DrweP~*Dpuy, — M(||ul|P)|DrulP~*Dpu] Dy (up—u),
then (23) is equivalent to

limsup/ I(x)dx < 0.
Q

k—oo

Since .Z (|| - ||’) is convex in [WOL’p(Q)]d, then .7 (z) > 0.

Therefore
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The functional ®

lim /Q Fi(z) = 0.

k—o0

This implies by (26)

lim M(Huka)/ ]DLuk|p_2DLuk . DL(uk = u) dr = 0. (27)
k—o0 Q

Now, two cases arise.

Case u # 0. By the weak lower semi—continuity of the
norm, we get

0 < [Jul] < limkinf lug|| = ¢

and consequently there exists K € N such that
|luk|| > ¢/2 > 0 for all k > K. Hence, by condition (M)

M (J|ug||’) > k>0 for all k > K, (28)

with k= sy(£/2)?'~1), Thus, by (27) and (28), we have



The functional ®

lim / \DLuk]p_QDLuk . DL<’U,k — u)da: = 0. (29)
Q

k—o0

By convexity

1Drully, +P/ [ DrugP"*Druy, - Dr(ug — w)dae > | Drug R, -
Q
(30)
Therefore, combining together (29), (30) and the weak
lower semi—continuity of the norm, we have
IDrully, > o sip IPruklly, = liminf [Druglly, > [Drully,,
— 00
In other words,
i Jlugl] = [lull. (31)
—00

Since [WOL P(©)]¢ is uniformly convex as shown above, we
immediately get from (31) and the weak convergence
up — u, that
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The functional ®

lim [Jug — uf| =0,
k—o0
as required.

Case w = 0. Suppose first by contradiction that

0 = |lu|| < liminf |lug]|. (32)
k—o0

As before, (28) holds. Hence, proceeding as in the
previous case, we conclude that lim u; = 0, which
contradicts (32). Therefore, the only possible case is

0=|ull = limkinf || ukl-
Assume now by contradiction that

L = limsup |lug|| > liminf |Jug|| = ||Jul| = 0. (33)
k—o0 k—o0
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The functional ®

In particular, there exist a subsequence (ug;); of (uy)y
and K € N such that £ = lim; o [|uy,| and

M(|lug;|[P) = x>0  for all j > K,

where k = s7(£/2)P0~1). Consequently, the argument
from (28) to (31) along the subsequence (uy;); implies
that lim; o ||ug,|| = 0, which contradicts (33).

We have shown also in this case that

lim supy,_, o ||uk|| = liminfy_,  ||ug|| = ||u|]| = 0. In other
words u; — 0 in [WOL’p(Q)]d, as required.
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Variational Structure

Without further mentioning, we assume that (F)—(a)
and (F)—(b) hold. The main result of the section is
proved by using the energy functional J) associated
to (1), which is given by Jy(u) = @(u) + AVU(u), where

U(u) =y (u) + Ua(u

34
010) = 2l / Flu@)ds. )

Clearly, the functional J) is well defined in [WOL P(Q))¢
and of class C’l([WOL’p(Q)}d), see the proof of Lemma 2.
Furthermore, for all u, ¢ € [W*(Q))¢

(I\(u), ) = M(IIUIIP)/ [Dru(@)P~*Dru(e) - Dry(x) dz

—/\/Q[VIIUHdpw w(@)lu(@)P~?u(z) + f(z,u(2))| - p(z) da.
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Auxiliary functions

Therefore, the critical points u € [WOL’p(Q)]d of J, are
exactly the weak solutions of (1).

Given r € (inf,cx ¥(u),sup,cx ¥(u)), we introduce the
two functions

inf ®(v) — P(u)
(r)= inf ver i) I, = (—o0,r)
¥1 wew—1(1,) \I;(u) —r ) r s )
inf  B(v) — B(u) (35)
pa(r) = sup L) I" = (r,00)
weW—1(I7) W(u) —r 7 7
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Crucial numbers

If U(v) <0 at some v € [WOL’p(Q)]d, then the crucial
positive number

is well defined.

If f satisfies also (F)—(c), then ¥~ (Iy) is non—empty and
moreover A, < A* < sA].
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Crucial numbers

From (F)—(c) it follows that

M (\1)

U _
) < ps)\Y

<0, i.e. u €U (I). (37)

Hence, (36) is meaningful. By (37) and Proposition 1

- O(w) _ ®(wm) _ A(|wal)/p
A= f - < = s\]
wev i) W(u) © —W(ur) AN /psh] L
as required. Finally, by (M), (16), (17), (18) and (34), for
all u € ¥~1(Iy), we have

o (u) LAY
Tw)] = T

sllull”/p

1 CypSf
——||u|P + 22=L||||P
ol o 1l

=
f

lelldd + =l

_ N

CvtenSA] T

Hence, in particular \* > A,.
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Compact operators

*
The operators W}, W, W : [WOL’p(Q)]d — ([WOL’p(Q)]d) are
compact and V1, Uy, U are sequentially weakly continuous in
Wy P ().

Of course, V' = ¥} + ¥/, where

1 _
(W (), v) = —vuuusﬁw ) [w@)lup~2u- vds and

(W) /f:cu -vdz

for all u,v € [WOL’p(Q)}d. Since ¥} and ¥} are continuous,
thanks to the reflexivity of [WOL P()]¢ it is enough to
show that V)| and U/, are weak—to—strong sequentially
continuous, i.e.
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Compact operators

if (up)p, u are in [WiP(Q)]? and uj, — u in [W?()]%, then
| W] (ug) — ) (u) |l — 0 and || W) (ug) — ¥h(u)|l. — 0 as k — oo.
To this aim, fix (ug); C [WOL’p(Q)]d, with u; — u in
[WoP(Q)]4. First, up — u in [LP(Q, w)]¢ by Lemma 1—(i).
Therefore, N, (ux) — Np(u) in [L¥ (Q,w)]¢ by

LEMMA

Assume that f: Q x RT — R?, f = f(z,v) 0, is a
Carathéodory function, satisfying (.7-")—( ) of Section ?7. The
Nemytskii opemtors N« [LP(Q,w)]? — [LP(Q,w)]¢ and

Ny [L(9, w)] — [L7(Q, w"/(1=D))¢, defined by

Np(u) = [ulP~?u and Ny(u) = f(,u()) respectively, are

continuous.

For all v € [W]?(Q)]%, with |jv|| = 1, by Holder’s
inequality and (16),
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Compact operators

(@1 (ux) — 1 (w), v)]
<l 1)/ w(z) P INp (ur) = Np(w)w()'/P|o]dz
Q

d,p,w
1) 1
s [ A el o P
<€ {INp (k) = Np()lagio + [lanlii” = Nl B0 0 |} ol
-1 1)
< AP {IWo () = Mol + [Iluellin = el |}

where C = supy, HukHz(g; ). Hence, | (ug) — W) (u)]lx — 0

as k — oo and ¥/ is compact.
Finally, for all v € [WOL’p(Q)]d, with ||v|| = 1, we have again

(W5 (k) — Uh(u), v)] S/Qw(ﬂf)_l/qle(Uk)—Nf(U)wl/qlvdw

< WV (uk) = Ny (Wl g, grwt/a-a 0] d,g,w



Compact operators

< Sd7q,w

Wi (k) = Nl g graor/a-a)-

Thus, ||V, (ug) — ¥5(u)|l. — 0 as k — oo, that is ¥} is

compact.

Consequently, ¥ = ¥} + ¥/, is compact, then U is

sequentially weakly continuous by Corollary 41.9 of

[Z] E. Zeidler, Nonlinear functional analysis and its
applications, Vol. 111, Variational methods and
optimization (Springer—Verlag, New York, 1985)
xxii+662 pp.

being [W " (Q)]? reflexive.
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Coerciveness

The functional Jy(u) = ®(u) + AV (u) is coercive for all A in the
interval (—oo, sA]).

Fix )\ € (—o0,sA]). Then by (M), (16) and (F)—(a) for all
u e [WEP(Q))4, with [ul| > 1,

P /Q |F(z, u)lde

2;<.///(Hqu)—/;}rHU|Pp>—ch | (w@lud + =) a

Ia(u) 2 ///(HUIIP)—*HU

1 At 1
> — <s - 7) lu||"? — |X|Cy {/w(x)dw +/w(:c)|u]qu + /w(a:)
p )\1 (951 Qs qJa
1 < )\+>
>—(s— [ull ™ = [AICy = [A] Calfull?,
p A
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Coerciveness

where O = {z € Q: |u(z)| <1}, Qy={x € Q: |u(z)| > 1},
C1 = Cyllw| and Cy = ;S , (¢ +1)/g. This completes
the proof, since 1 < ¢ < yp by (F)—(a).

Thanks to the results above all the structural
assumptions (H;)—(#H4) of Theorem 2.1 of [CPV] are
clearly verified by J,. Thus we are now able to prove
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The existence and multiplicity results for (1)

THEOREM
syA]

————— while
v+ C,ypSfX{

Let (F)—(a), (b) hold, and let A\, =
N = 1(0) = infcg-1(z) — W < s\, Iy = (—00,0).
(i) If X € [0, \y), then

Q,

3

(1) M(IIUII”)ALU = M llulB Dw (@) [ulP~?u + f(z,u)} i
uk’(,m =0 for dl o, with || < L -1, k=1,...,d,

has only the trivial solution.

(i7) If furthermore (F)—(c) holds and q € (1,p) in (F)—(a), then

(1) admits at least two nontrivial solutions for every

A€ (A%, sA]).
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The existence and multiplicity results for (1)

(1) Let u € [WOL’p(Q)]d be a nontrivial weak solution of
the problem (1), then

SYAL Nl ™ < ATM ([luf[P) ull? = A”A/ {’YHHHZ(Z; w(@)ul’ + f(z, u) - u}

<X (ol + [ 2 uoypaeas)

< )\’y)\(ﬁ)/Hqupu) + SfHqu'yp w)
S A(Y + eypSpA]) [lul

by (M), (16), (17) and (18);. Therefore \ > )\,, as
required.
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The existence and multiplicity results for (1)

(1) By Lemmas 2—7 the functional J, verifies all the
structural assumptions (#;)—(#4) of Theorem 2.1 of
[CPV] , with I = (—o0, s\]). It remains to show that
there exists

re (inf U(u), sup \Il(u)> such that ¢1(r) < pa(r). (38)
UEX UEX

We claim that ¥([W,"(Q)]%) > R;. Indeed, ¥(0) = 0 and
arguing as in the proof of Lemma 7, we get the
following estimate

/Q F(z,u(z))dz

where ¢ = C¢(1 + ¢q)/q. Furthermore, by Holder’s
inequality

< c(flwlly + flullg )

lulld, o < )PP alld,, o,

since 1 < ¢ < p and w € L'(Q), being @ > 1 and



The existence and multiplicity results for (1)

bounded. Hence, combining together the previous
inequalities, we get
() < — Nl + clholls + el = ulls,
p W Dyw
Therefore,
lim  ¥(u) = —o0,
ue[Wy ()¢
llulla,p,w—>00
being ¢ < p < vp. Hence, the claim follows by the
continuity of V.
In particular, (inf ¥,sup ¥) O R;. Now, for every
u € V1(Iy) we have
UE&JI}E(T‘) @(U) (I)(U) < (I)(’U,)
prlr) < U(u)—r - _\I/(u) —r

for all r € (¥(u),0), so that




The existence and multiplicity results for (1)

lim sup ¢1(r) < — for all u € U~ (1),

r—0~ N \Il(u)
in other words,

lim su r) < 0)= inf — =\~
Ho—pgpl( )< ) uew=1(lp)  V(u)

Now, by Lemma 1—(¢), the fact that p* < p; /o’ and (19),
W (u)] < *||U||dpw + Kl < *HUIldpw + &lulP” (39)

for every u € [WOL’p(Q)]d, where R = KSd pew > 0
Therefore, for r <0 and v € ¥~1(r),

r=Y(v) >

®(v)P"/P
(40)

1 p\P* /1P

- P _ p* > == =

=Sl 2 - w2 (%)
by (M), (16), (22) and (39).



The existence and multiplicity results for (1)

By Lemma 2 the functional ¢ is bounded below,
coercive and lower semi—continuous in the reflexive
Banach space [WOL P(Q)]9. Hence, it is easy to see that ®
is also coercive in the sequentially weakly closed
non—empty set V~!(r). Therefore, by Theorem 6.1.1 of

[B] M.S. Berger, Nonlinearity and functional analysis,
Lectures on Nonlinear Problems in Mathematical
Analysis, Pure and Applied Mathematics
(Academic Press, New York—London, 1977)
xix+417 pp.

there exists an element

u, € U7(r) such that ®(u,) = inf ®(v).
veT—1(r)

By (35) we have
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The existence and multiplicity results for (1)

inf  ®(v) — P(u)
pa(r) = sup U R O
uel—1(Ir) \I/('LL) -r T T eell(r) |’I"|

being 0 € U~1(I"), I" = (r,00). From (40) we get
* p*/p
1 ®(uy) +ﬁ<£)1ﬂ /P /1 <<I>(ur))
s

~ s ]

7]
@2(T) p p*/’}’p * _ *
< L p*/p—1 P/ p.
<N +ﬁ(s) 7] p2(r)

There are now two possibilities to be considered: either
9 is locally bounded at 07, so that the above
inequality shows at once that

liminf po(r) > sA],
r—0—

being p* > vp by (F)—(b), or limsup,_,o- p2(r) = co. In
both cases
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The existence and multiplicity results for (1)

limsup 1(r) < ¢1(0) = X* < sA] < limsup pa(r).

r—0— r—0—

This yields that for all integers k > k* = 14 [2/(s\] — \*)]
there exists a number r; < 0 so close to zero that

01(rg) < XN+ 1/k < sA] — 1/k < @a(ry),

that is
T € <inf U (u), sup \P(u)) and  ¢1(r) < pa2(rg)
UGX UEX

holds. Hence, by Theorem 2.1—(ii), Part (a), of [CPV],
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The existence and multiplicity results for (1)

being u = 0 a critical point of Jy, problem (1) admits at
least two nontrivial solutions for all

Ae | (prlre), o2(r))nI D | W +1/k, sA—1/K] = (X%, X)),
k=k* k=k*

as claimed.
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A simpler problem

We now consider the simpler problem

M(||u||p)A£u = Af(z,u) in Q,
=0 for all a, with |o| < L -1, k=1,...,d,
(41)
where f verifies condition (F), with (F)—(c) replaced by
the less stringent assumption
(F)—(c) Assume that there exist xo € Q, vy € R and
rg > 0 so small that the closed ball
By={z e R" : |[x —xo| <719} is contained in Q) and

Da“k‘aﬂ

essinf F(x,vg) = pio > 0, esssup max \F(ac v)| = My < oo.
Bo By IvI<]vo
Clearly, when f does not depend on x, condition
(F)—(c)" simply reduces to the request that F(vy) > 0 at
a point vy € R?. This case is interesting also because the
unpleasant restriction ¢ € (1,p) requested
in Theorem 8—(ii) can be avoided.
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A simpler problem

In this new setting, the next theorem extends the main
result of [KLV] to the p—Laplace operator also for

p € (1,2), and Corollary 3.6 of [CPV] to higher order
operators, involving the Kirchhoff function.

THEOREM

Let (F)—(a), (b) hold, and let {, = sy/c,,S.
(1) If N €[0,4,), then (41) has only the trivial solution.

(i1) If furthermore (F)—(c) holds, then there exists
0* > {, such that (41) admits at least two nontrivial
solutions for all \ € (¢*,00).

The part (i) of the statement is proved by using the
same argument produced for the proof of
Theorem 8—(i), being
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A simpler problem

syl[ull < M({[ulP)||ull” = / f(@,u) -wde < ASpllullgh,
< AcypSilul P

Thus, if v is a nontrivial weak solution of (41), then
necessarily A\ > /,, as required.

In order to prove (i), we consider the energy functional
Jy associated to (41), given by Jy(u) = ®(u) + AWa(u),
where ® is defined in the statement of Lemma 2 and Y,
n (34). We claim that J, is coercive for every X € R.
Indeed, as shown in the proof of Lemma 7, for all

u € [WyP(Q)]4, with [Juf > 1,

S
Ia(u) = EHUII”’ — MGy = |A] Coful)?,
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A simpler problem

where C, (s are the constants determined in the proof
of Lemma 7. This shows the claim, since 1 < g < vp by
(F)—(a). Hence, here I =R.

Next, we show that there exists ugy € [WOL’p(Q)]d such
that Uy(ug) < 0. Note that vy # 0 in (F)—(c)’. Take

o€ (0,1) and put B={z € R" : |z — x| < orp}. Of course,
B C By. Consider a function ug € [C$°(Q2)]¢ such that

lug| < |vg| in Q, suppup C By and wug =1y in B.

Clearly, ug € [WOL’p(Q)]d. Now, by (F)—(c),

\Ifg(uo):—/B \BF(x,uo(:v))d:U—/BF(x,vo)dx
0
< Mo|Bo \ B| = po| B| = wargy [Mo(1 — ™) — poo™]

where w,, is the measure of the unit ball in R".
Therefore, taking o € (0,1) so large that
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A simpler problem

o > My/(puo + Mo), we get that Us(ug) < 0, as claimed.
Hence, the crucial number

r = 0)= inf —
#1(0) wewy () Pa2(u)

is well defined.
Furthermore, as in the proof of Lemma 4, for all
u € U5 (Ip), we have

2w M) | sl sy
[Wo(u)| = cpSellull®/rp = epSillul® Sy
Hence, (* > {, by (42).
In particular, for all u € \112_1(]0), it results

inf  ®(v) — P(u)
vE\Ilgl(r) CI)(U)
p1(r) < < -
Uo(u) —r Uy (u) —
for all r € (¥2(u),0). Thus,

, 1o =(—00,0), (42)




A simpler problem

lim sup 1 (r) < ¢1(0) = £*. (43)

r—0—

Here (39) simply reduces to
|2 ()] < Klull.
Taken 7 < 0 and v € ¥, !(r), we obtain by (22)

p*/p .
rl = 12:)] < &l <& (2)" 7 @@/ 7.
Therefore, by (35), since u=0¢ U, (I"),

pa(r) > L inf ®(v) > Kr|P/F 1,
Ir| vewy ()

where K = s&7/*" /p. This implies that lim ¢»(r) = oo,

r—0—
being p* > yp by (F)—(b).
In conclusion, we have proved that
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A simpler problem

lim sup p1(7) < ¢1(0) = < lim @a(r) = oco. (44)

r—0~ =07

This shows that for all integers k > k* = 2 + [(*] there
exists r;, < 0 so close to zero that

901(77@) <0+ 1/k <k< @Q(Tk),

that is (38) holds. Hence, since I = R, by Theorem 2.1—
(17) Part (a) of [CPV], being u =0 a critical point of J,
problem (41) admits at least two nontrivial solutions for

all
re | (prlm), pa(re)) o | [€° + 1/k, k] = (¢4, 00),
k=k* k=k*

as claimed.
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Remark

We conclude this part by noting that ®(u) + \*¥(u) >0
for all u € ¥~1(Ij) by (36). Hence, if A\ < \* and
u € ¥~1(Iy), then

Ja(u) = @(u) + AV (u) — XU (u) + AU (u) > (A= X)U(u) > 0.

On the other hand, if A > 0 and u € U~!(1%), then

Jx(u) > 0. Combining both inequalities we get that for
all \ € [0, \*]

inf Jx(u) = Jy(0) = 0.
ue[Wy P ()]
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The special non—degenerate case when v =1

In this final part of the first part we consider the
non—degenerate problem (7). All the assumptions on f,
w and M coincide with the hypotheses required for (1),
with v = 1. Consequently, the crucial positive numbers
A, and \* become

S)\l

= PN A —(0) € (A, A1),
T+5;° ©1(0) € (As,8A1)

*
where ¢;(0) is given in (36), see also (35). In this easier
setting the proofs of the main Lemmas 2—-7 and of
Theorem 8 can be reproduced word by word and
simplified. In particular, the case v = 0 in the proof of
Lemma 2 is redundant, being M (7) > s > 0 for all
TE Rar. Hence,

(26)  lim M (flux||”) / DrugP-2Druy, - Di(ug — w) da = 0
9]
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The special non—degenerate case when v =1

immediately gives
(28) hm / |DLuk|p DLuk DL( k—u)d =0

even when u = 0.
In the recent paper [CPV] the following quasilinear
problem is studied

(45)
u =0 on 0f),

{—divA(m,Vu) = Mw(z)|ulP2u+ f(z,u)} in Q,
when divA(z, Vu) is essentially the p—Laplacian
operator. In the special case divA(z, Vu) = sAyu,
problem (45) coincides with (1), when d = L =1 and
M = s. Theorem 8 reduces to Theorem 3.4 of [CPV].
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The p(z)—polyharmonic Kirchhoff problem

In the second part of the talk we extend the results of
the first to the p(z)—polyharmonic Kirchhoff problem

(7 M(ﬂL(u))Aﬁ(z)u = Muw(z)[ulP®~2u + f(z,u)} in Q,
Do‘uk}aﬂ =0 for all o, with |o| < L -1, k=1,...,d,

We begin by recalling some basic results on the variable
exponent Lebesgue and Sobolev spaces. As before, also

here 2 C R" is a bounded domain. Define for all h € C(f2)
hy = max h(x) and h_ = min h(x)
€2 zEeQ

and put
Ciy(Q)={hecC(Q):h_>1}.

Let h be a fized function in C+(§2). The variable exponent
Lebesgue space

L") = {w : 2 — R measurable : / |9 ()M de < oo}
Q
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Preliminaries for the p(r)-polyharmonic Kirchhoff problem

is endowed with the so—called Luxemburg norm

h(zx)
W|h(-)=inf{>\>0:/ ¥(z) de < 1}
Q

A
and is a separable, reflexive Banach space; cf. Theorem
2.5 and Corollaries 2.7 and 2.12 of
[KR] O. Kovacik, J. Rakosnik, On spaces LP(*) and
WP(#) | Czechoslovak Math. J. 41 (1991) 592-618.

Since here 0 < || < o0, if c € C(2) and 1 <o < h in Q,
then the embedding L") (Q) — L70)(Q) is continuous
and the norm of the embedding operator does not
exceed || + 1; cf. Theorem 2.8 of [KR].

Let i’ be the function obtained by conjugating the
exponent h pointwise, that is 1/h(xz) + 1/h'(z) = 1 for all
z € Q, then 1 belongs to C,(Q) and L"()(Q) is the dual
space of L"()(Q), Corollary 2.7 of [KR].
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Preliminaries for the p(r)-polyharmonic Kirchhoff problem

For any h; € C(Q), ¥; € L"O)(Q) for i = 1,...,m, with
m>1and 1=>3 " (1/h;), the following Holder type
inequality holds

/f|¢u @)z < culalng - [9mlnay,  (46)

where ¢y =1/h1_ +---+1/hy,_, see Theorem 2.1 of [KR]
for the case m = 2.

Let o be a function in C(Q). An important role in
manipulating the generalized Lebesgue—Sobolev spaces
is played by the o(-)~modular of the L°()(Q) space,
which is the convex function p,.) : L70(Q) — R defined

by
- [ WP
Q

P. Pucci University of Perugia



Preliminaries for the p(x)—polyharmonic Kirchhoff problem

Theorems 1.3 and 1.4 of
[FZ] X.L. Fan, D. Zhao, On the spaces L*") and W™P(@),
J. Math. Anal. Appl. 263 (2001) 424—-446.

If ¢, (Yi)e C L°O(Q), with 1 < o_ < 04 < oo, then the
following relations hold:
[Yllo() <1(=1>1) & py)(¥) <1(=1>1),
[bllocy =1 = 118lg0y < Py @) < I¥l5¢ (47)
1oy <1 = IIZE) < oy (®) < 19155,
and ([Yr — Yllo) = 0 & poy (W —¥) = 0 & hp = Y in
measure in Q0 and p,)(Vr) = po()(¥). In particular, py,

is continuous in L°0)(Q), and if furthermore o € C(Q),
then p, () is weakly lower semi—continuous.
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Preliminaries for the p(r)-polyharmonic Kirchhoff problem

Since we are interested in weighted variable exponent
Lebesgue spaces, denoted by w a generic weight on (2,
we put

L°O(Q,w) = {1 : Q — Rmeasurable : w'/?[y| € L0 (Q)},
endowed with the norm
19 llo e = 19" 7Bllo()- (48)

If pe C.(Q) and L =1,2,..., the variable exponent Sobolev
space

wkrl)(Q) = {«p e LPY(Q) : D% e LPV)(Q) for all a € NZ, with |a
is endowed with the standard norm

Wllwero@ = D 1D ln).

<L

From now on we assume that p € C'?8(Q), where C'?8(9Q) is
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Preliminaries for the p(r)-polyharmonic Kirchhoff problem

the space of all the functions of C () which are
logarithmic Holder continuous, that is there exists 8 > 0

such that
R

~ loglz —y
for all z, y € Q, with 0 < |z —y| < 1/2. Indeed, even if the
variable exponent Lebesgue and Sobolev spaces have a
lot in common with the classical spaces, there are also
many fundamental questions left open. For example, it
is not known yet, even for “nice” functions p, whether
smooth functions are dense in WXP()(Q). This is the
reason why we assume (49).

The space WOL’p(')(Q) denotes the completion of C°(Q)
with respect to the norm || - [l 1p() (). As shown in

(49)
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Preliminaries for the p(r)-polyharmonic Kirchhoff problem

Corollary 11.2.4 of [DHHR], the space WOL’p(‘)(Q)
coincides with the closure in W?()(Q) of the set of all
WL’p(')(Q)—functions with compact support thanks to
(49). Moreover WOL’p(')(Q) is a separable, uniformly
convex, Banach space, cf. Theorem 8.1.13 of [DHHR].
[DHHR] L. Diening, P. Harjulehto, P. Hast6, M. Ruzicka,
Lebesgue and Sobolev spaces with variable
exponents, Lecture Notes in Mathematics, Vol.
2017 (Springer—Verlag, Berlin, 2011) ix+509 pp.
[HHKV] P. Harjulehto, P. Hast6, M. Koskenoja, S. Varonen,
The Dirichlet energy integral and variable exponent

Sobolev spaces with zero boundary values, Potential
Anal. 25 (2006) 205-222.
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Preliminaries for the p(r)-polyharmonic Kirchhoff problem

Also in this context it is possible to prove a Poincaré
type inequality, so that an equivalent norm for the
space WOL’p(')(Q) is given by

llorro@ = D D¢y,

la|=L

see Theorem 2.7 of [FZ] and Theorem 4.3 of [HHKV].
In what follows, we require that the bounded domain ()
has Lipschitz boundary. Under this assumption, when
L =2, as a consequence of the main Caldéron—Zygmund
result Theorem 6.4 of [DR]
[DR] L. Diening, M. Ruzi¢ka, Calderén—Zygmund
operators on generalized Lebesgue spaces LP() and

problems related to fluid dynamics, J. Reine
Angew. Math. 563 (2003) 197—-220.

there exists a constant kg = ka(n,p) > 0 such that
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Preliminaries for the p(r)-polyharmonic Kirchhoff problem

1¥llp2rt) < 2llABllp(y = K2l Datbllpy  for all p € WaPO (@),
(50)
where D; is defined in (3) when d = 1, as already noted
and used in [CP]. For another proof of (50) we refer to
Theorem 4.4 of
[ZF] A. Zang, Y. Fu, Interpolation inequalities for
derivatives in variable exponent Lebesgue—Sobolev
spaces, Nonlinear Anal. 69 (2008) 3629-3636.
Proposition A.2 of [CP] shows that for all L =1,2,...
there exists a number k; = k1 (n,p) > 0 such that

[¥llorr0 @) < KLllYlLpe),

1) DL llp(ys if L is even,
bt Yoim1 1(DL)illpy, if L is odd,
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Preliminaries for the p(r)-polyharmonic Kirchhoff problem

for all ¢ € Wé:’p(')(Q), where Dy, is the operator given in
(3) for d = 1. This proves that the two norms || - [[9r.0)(q)
and || - || p() are equivalent. Hence, also

(Wé:’p(')(Q), | - ||L,p(.)) is a reflerive Banach space. Since we

study the variational problem (8), when d =1 we
actually are interested in the norm

[ = DLy lp(), if L is even,
I DLl llpey, if L is odd.

The two norms || - [|; ) and | - || are exactly the same
when L is even. We claim that they are equivalent
when L is odd. Let ¢ € Wé’p(')(ﬂ). First assume that
||| > 0. Then, by definition of the Luxemburg norm,
being |(Drv)i| < |Dry|, for all i =1,...,n, we have
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Preliminaries for the p(r)-polyharmonic Kirchhoff problem

p(z)
dr <1

/Q Tl “/Q el

Hence |[(Dry)illp) < [[¢[l- Therefore [|[Lp) < nl¢]l-
Assume now that |[¢||; ) > 0. Then [[(Dp)kll,.) > 0 for

some k € {1,. n} Since 1 < p_, then
\DLw\ﬁ( < ppl@)-1 Yoo (D) |p(z In particular,
x) p(z)
DLl [P d — |DL¢|n
_ B = Y EIES Y dx
ol Yl L P(@)pl/p( WHLP(
(Dry)i
L,p(-)
p(z)
< l D”Z’ dr < 1.
n

H(Duﬁ) Hp( )7’50
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Preliminaries for the p(r)-polyharmonic Kirchhoff problem

Again, by definition of the Luxemburg norm,
9]l < nll¥]|L pey- This completes the proof of the claim.

As already noted here either n > Lp; orn < Lp_.
Hence the critical variable exponent related to p is
defined for all xz € 2 by the pointwise relation

np(z) :
i@ ={n-p@ " gy
0, ifl1<n<Lp_.
If n < Lp_, the Sobolev embedding
WOL’p(')(Q) < L")(Q) is compact for all h € C(Q) such
that h > 1 in Q. Indeed, the embedding
WOL’p(')(Q) — WOL’p’(Q) is continuous by Lemma 8.1.8
of [DHHR]. Moreover, since n < Lp_, the embedding
WOL’p’(Q) << LM (Q) is compact and in turn also
W()L’p(')(ﬂ) s LM (Q) is compact.




Preliminaries for the p(r)-polyharmonic Kirchhoff problem

If n > Lp; and h € C(Q2), the embedding

WOL’p(')(Q) — L")(Q) is continuous, whenever

1 < h(z) < pj(x) for all z € Q. A proof of this fact, in the
case L =1, is given in Theorem 8.3.1—(a) of [DHHR].
The result then follows by induction on L as in

Lemma 5.12 of [A]. Moreover, if 1 < h(z) < pj (z) for all

x €, then WOL’p(')(Q) is compactly embedded into

L") (Q), as proved in Theorem 2.3 of [FZ],

Proposition 3.3 of [MOSS] and Theorem 5.7 for L =1 of
[D]. Since we are interested in the vectorial variational
problem (8), from now on we endow the space

[Wé’p(')(Q)]d with the norm

lull = [HPruly Iy,
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([U )4 | - H> is a uniformly convex Banach space

where |- |y denotes the Euclidean norm in R and

N =d when L is even, while N = dn when L is odd. In
particular, ([W[)L’p(')(Q)]d, || - ||> is a uniformly convex
Banach space.

Taking inspiration from [CL], we say that the variable
exponent p € Clog(Q) belongs to the Modular
L—Poincaré Inequality Class, p € MPL(Q), if

/Q \DLU%Z)dm

A= inf >0, (52)
Wy "O@1 [ () ulB da
u#0

where Dy, is given in (3).
We point out that there are exponents
pE Clog( Q) \ MPL(Q2) even in the case d=L =1 and
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The first eigenvalue of AI’;(T

)

w = 1. For instance, assuming also that there exists an
open set U C Q2 and a point zy € U such that p(zg) < p(z)
(or p(xzg) > p(z)) for all z € OU, then by Theorem 3.1
[FZZ] the property (52) fails, that is \; =0 and p is not
of class MP ().

On the other hand, when d = L =1 and w =1 there are
criteria in order that p is of class MP(Q), that is p
satisfies (52). Indeed, by Theorem 3.3 [FZZ] if there
exists | € R"\ {0} such that for all z € Q the function

t — p(z +tl) is monotone for t € I, = {s € R : =+ sl € Q},
then (52) holds. Recently, when L =d =1 and w =1,
Theorem 3.3 of [FZZ] has been extended in [A],
assuming the existence of a nonnegative function

¢ € C1(Q), with |D¢| >0 and D¢ - Dp > 0 in Q. Another
criterium has been proposed in Theorem 1 of [MRS]
again when L =d =1, w =1 and p € C(Q), assuming the
existence of a: ) — R" such that for all z € )
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)

diva(z) > ap >0 and a(z)-Dp(z)=0.
The two results of [A] and [MRS] do not contradict
each other but they seem to supplement each other.
Furthermore, Theorem 2.2 of [CL] says that if (52)
holds when L =d =1 and w = 1, then (52) continues to
hold for all w € L (Q), with w_ = essinfqw(x) > 0.
Lately, when d =1 and w = 1, Theorem 3.1 of [FZZ] has
been extended to the p(z)-biharmonic operator under
Navier boundary conditions. In particular, when p
possesses a strict local minimum (or maximum) in
and w4 = esssupg w(x) is finite, then

[ 180p@do
Q

M>— inf & =g,
w4 pex\{o} / P da
Q
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)

where X = Wol’p(')(Q) N Wzﬁp(')(Q). Thus, in principle, (52)
could fail. As far as we are aware, there are no criteria
in order to have \; >0, even when L =2, d=1, w=1
and p(z) # p > 1. In any case we have these useful
results, which seem not to be so well known.

Let L € {1,2}. If \y > 0 when d =1, then A\; >0 for alld € N

Consider first the case L = 1. Clearly, by density, for
d=1,
| 1Dupas
M= inf {2
P [ w@r s

Then for all ¢ = (p1,...,pq) € [C(2)]4\ {0}

> 0.
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p(z)
[ottr [ (e
Q

> =1

/Qw(x)w;(w)dm dr+1 Z/ z)| i) da
= [ oo

> gl-3p+/2, =1 d1*3p+/2/\1’
Z / o)lpil? ) da

that is (52) holds for all d > 2 when L = 1. Similarly,
when L = 2, by assumption
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) /Q ()PP dz

Hence, for all ¢ = (¢1,...,¢4) € [C(Q)]4\ {0}

p(z)
[iaetia [ (zrm) N
2 >

plx) ;
|o@let@dz g, 12 /Q G
d

> [ 18w

> dl=3p+/2 . ; 1 > dlm3ee/2)
> / w(@) ") da
Q
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The first eigenvalue of A[’;(T

)
so that (52) holds for all d > 2 when L = 2.

Assume that w— > 0. If (52) holds for L € {1, 2}, then it holds
for all L € N.

Let us denote for simplicity the number in (52) by A if
L =1 and )\ > if L = 2. By density,

JREZE
Mi= inf &

oo d
we[(:;(;é(()ﬁ)] /Qw(x)w’p(x)dw

> 0,

Now, D3p = DAy by (3). Hence, for any ¢ € [C5°(2)]¢\ {0}



The first eigenvalue of Azl;(:r)

/ D3| d / DA dz / )| ApH de

/Q o /Q (@) AP da / (@) Pda

In other words, A3 > A jw_Aq 2.
Similarly, Dy = A%y by (3) and for any ¢ € [C5°(2)]4\ {0}

/Q DaplE®dz /Q AAQ) D da /Q w(@)|Apdz

/melsoiz“)dx /Q w(@)| AP d /Q w(a)ply d

that is A4 > w_A7,. In conclusion, by induction,

w7\ L=2j
)\1:>\1,L>{ 1,2 S for j =2,3....

> A 1W—_A1 2.

>’U] )\12,

Al’l(w_)\lyg)jfl, L= 2j — 1,
In particular, \; > 0 for all L € N, as required.
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We finally turn to problem

e {M(ﬂL( DALy = Muw@)|ul® 2+ f(z,u)} in Q,
Do‘uk}ag =0 for all o, with |o| < L -1, k=1,...,d,

recalling the assumptions required. As in (4), the

weight w is supposed to be positive a.e. in ) and of

class L7 (Q), with
n

w > (53)

n—[n— Lp_]|*
replacing (4), and the variable exponent p is assumed
also of class MPL(Q2).
The Kirchhoff function M verifies the assumption (M),
with v =1, that is (8) is non—degenerate. The Dirichlet
functional .#;, is defined in , that is

/ |pLu’p(w)
dx
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The nonlinearity f verifies the foreword in (F),

condition (F)—(c) above, while (a) and (b) are replaced

by

(a) There exist q € C(Q), with 1 < ¢y <p_, and C; >0
such that for a.a. z € Q and all v € R?

|f(@,v)] < Crw() (1 +[o]*@7).

(b)) There exists p* € C (1), with
py < pr <pf < (p})-/w', such that

hmsup |f(x7v) ’ U‘

R w@)[o] @ < oo, uniformly a.e. in €.
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Conditions (F)—(a)" and (b)" imply that f(x,0) =0 for
a.a. x € (),
. F S
0< Sy = esssupM<oo, 0< esssupMS—f
v£0,2e0 w(z)|v[P®) v#£0, 20 W(x)|v[PE) = p_
and that there exists K > 0 such that

F(z,v)| < K28 jpp@

— o pr(z)

for a.a. z € Q and all v € R,
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The energy functional J) : [W()L’p(')(Q)]d — R associated to
(8) is given by Jy(u) = ®(u) + \¥(u), where now
O(u) = A (I (u)), with 7 (u) defined in (9) and ¥V = Uy,

where as usual

The dual space of [WOL’p(')(Q)]d is denoted by
(g ae) .
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LEMMA

The functional ® is convex, weakly lower semi—continuous in
[WOL’p(')(Q)]d and of class C’l([WOL’p(')(Q)]d).

*
Moreover, @' : [W({J’p(’)(Q)]d — ([Wé’p(')(ﬁ)]d) verifies the
(-L4) condition, i.e. if up — u in [WOL’p(')(Q)]d and

lim sup M(ﬂL(uk))/ ]DLuk]p(’”)ﬂDLuk 0 (DLuk — DLu)da: S 0,
k—00 Q
(54)

then up — u in [W({“’p(')(Q)]d.
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A simple calculation shows that ® is convex in
[W({J’p(')(Q)]d, being ./} convex and M non—negative and
non—decreasing by (M). Moreover, ¢ is Gateaux
differentiable in [W({J’p(')(Q)]d and for all u,v € [Wé:’p(')(Q)]d
it results

(@ (u), v) = M (.7 (w) /Q Druff® 2D,y - Dy da.

Now, let u, (u) C [W()L’p(')(Q)]d be such that u; — u as
k — co. We claim that as k£ — oo

19" (ug) = @' (u)lle = sup  [{®(ug) — ¥'(u),v)| = o(1).
UE[WOL’p(')(Q)]d
l[vll=1
Put %(Uk, u) = HM(JL(uk))\DLuk\p(x)’zﬂLuk—
M(JL(U))|DLu|p($)_2DLuHNp/(.). By the Hélder inequality
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(@ (ur) — @' (u), v)| <ca(up,u)||DLvllyp)-
Hence 19/ (ug) — @ (0)||x < e (up, u). (55)

Let (u;); be a subsequence of (u);. Clearly, uj, — u in
[WOL’p(')(Q)]d and so Dpug;, — Dpu in [LPO(Q)]Y as j — oo,
where as usual N =d if L is even and N = dn if L is odd.
By Lemma ??, with m = N, 0 = p and w = 1, there exist
a subsequence of (uy;, );, still denoted by (u,);, and

h € LP()(Q) such that for a.a. x € Q

Druk;(r) — Dru(x) as j — oo and |[Dprug;(x)| < h(x) for all j € N.

Hence,

P’ (z)
| M (.7 (r,)) D, PO Dy, — M () Daf @D

p'(z)

< P { (M1 i DD, PO 4 [ (5 () D@

< 2K)P@pr@ e L1,
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where K = sup; M (L (ux,;)) < 0o, being (uy,); convergent
and so bounded in [WOL’p(')(Q)]d. In particular,
M(IL(ug;)) = M(SFL(u)) by (M). Furthermore,
\DLukj|p(x)_2DLuk]. — \DLu|p("")_2DLu a.e. in ). Hence

M (I (ur,)) [ D, PO 2Dy, — M(JL(u))|DLu|p($)_2DLu)
< K‘ |DLukj |p($)_2’DL’Lij — |DLu|p(z)_2DLu‘
+ [ M(I7,(wi;)) — M (I ()] - [Druf@~ =0

a.e. in () as j — co. Thus, applying the Lebesgue
dominated convergence theorem, we obtain that the
entire sequence (uy); is such that Z(ug,u) — 0 as k — oo,
which implies the claim by (55). In conclusion, ¢ is of
class C’l([WOL’p(')(Q)]d), as claimed. In particular, ® is

weakly lower semi—continuous in [WOL P (')(Q)]d.
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Let u, (ug)r C [WOL’p(')(Q)]d be such that u; — u in

WP ()] and (54) hold. Then
Jim M (.7, () / I DLulP®)2Dru - Dp(ugp — w)dz =0, (56)
— 00 Q

being |DpuP®) 2Dy e [LPO)(Q)]N. Hence (54) is
equivalent to
limsup [ Z(ug,u)  Dr(ur —u)dx <0,
k—oo JQ
where 2 (u,u) =
M(fL(uk))\DLuk\p(”)’2DLuk = M(fL(u))|DLu]p(x)*2DLu. By
convexity

/ Z(ug,u) - Dr(ug — u)dx >0,
Q

therefore
lim | Z(ug,u) - Dr(ug —u)dz = 0.

k—oo J
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This implies
limy 00 M (I (ur)) Jo [DLuP®=?Dpug - Dr(ug — u)dz = 0 by
(56), and in turn

hm/]DLuk|p(‘” “2Druy, - Dr(up —u)dz =0,  (57)

being M (.71 (u)) > s > 0 for all k € N, since here v =1 in
(M). Clearly .7} is of class C! and convex in the Banach

space [WOL’p(')(Q)]d, so that 7 (u) < liminfy_, 41 (ui) by
the weak lower semi—continuity of .7, in [WOL’p(')(Q)]d.
By the convexity of .4} for all k
I (u) + / |'DLuk|p(I)_2'DLuk - Dr(ux — w)dx > I (ug),
Q

so that .7 (u) > limsup;,_,., #L(ux) by (57). In conclusion,
lim 7 (ug) = AL(u). (58)
k—o0
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Furthermore, by (57) as k — oo

/(|DLuk|p($)_2DLuk — | DLulP®2Dru) - Dy (uy, — uw)dz — 0,
Q

since uy — u in [WOL’p(')(Q)]d. Hence
(‘DLuk‘p(z)fszLuk — \DLu]p(x)’zDLu) . DL(uk — ’U,) >0
converges to 0 in L'(2), and so, up to a subsequence,
=2 =2
(‘DLukj|p(w) DLuk]. — |'DLu|p(x) DLU) . DL(ukj — u) —0

a.e. in (). Lemma 3 of [DHH] implies that Druy,

converges to Dyu a.e. in , and in turn \DLukj]p("”)

converges to |DyulP®) a.e. in Q.

Consider the sequence (g;); in L*(Q) defined pointwise
1 { "DLukj|p($) + |DLu|p(“") |DLukj — DLU

b
Y p(x)
p(x) 2 2 '
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The main existence result for (8)

By convexity g; > 0 and gj(z) — [Dru(z)P® /p(z) for a.a.
x € Q. Therefore, by the Fatou lemma and (58) we have

H1(u) < liminf/ gjdx = I (u)
Q

Jj—o0
. 1 |Druy, — DpulP®
— hmsup/ 2 dx
j—o0 Q p(a:) 2
< J1(u) lim sup pp(.)(Druk; — Dru).

P+2P+ oo

Hence, limsup,_, . pp(.y(Drug, — Dru) = 0, that is
lim; 0 [[ug; — ul =0 by Lemma 10. In conclusion, the
entire sequence up — u, since uy — u as k — oo in
[WOL’p(')(Q)]d. This completes the proof.
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THEOREM — MULTEPLICITY FOR (8)

P—SA1

p+Sy

(1) If A € ]0,4,), then (8) has only the trivial solution.

(17) If also (F)—(c)’ holds, then there exists ¢* > £ such that

(8) admits at least two nontrivial solutions for all
A€ (0F,00).

Let (F)—(a)’, (b) hold and let ¢, =
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The part (i) of the statement is proved by using a
similar argument produced for the proof of

Theorem 8—(i), namely if u is a weak solution of (8) we
have

sp— A2 (u) < AlM(ﬂL(u))/Q IDLulP®de < )\1/\/Q |f(z,u) - u|de
< Al)\Sf/ w(z)|uP®de < P+ASF I ().
Q

Thus, if u # 0, then necessarily A > /,.
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In order to prove (ii), we first show that J, is coercive
for every )\ € R. Indeed, as shown in the proof of
Lemma 7, for all u € [WL’p(')(Q)]d, with |jul| > 1,

In(u) > s71(u |)\|/]F$u|daz

_8/|DLu|p<x |>\|// Crue) (1 + |tul ™) [uldt da
+ JQ

> - - |>\|Cf/ w(z)|u|dz — )\|Cf/ w(@)|u| 1@ dz.
b+ 0 q Q

: (59)
Now, by Hoélder’s inequality, and the previous lemmas

1/w ) 1/’
/w(m)]u\q(x)dx < (/ w(x)wdx> (/ |u|® q<x)dw>
Q Q

< lwlleo max {ull gy Il }
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< ol max {85 Nul®, Sty Il
Hence, for all u € [V, ’p(')(Q)] , with |lu|| > 1, by (59)

S
Ia(u) = [ZHUIIP* — [NCrSawllull = IACful*,

where C' = Cf||wl|e max {Sgw ‘q(-)’ dwq

1 < ¢4+ < p—, this shows the claim by (F)—(a)’. Thus,
here I =R.

The function ug € [C$°(2)]¢ constructed by using (F)—(c)’
in the proof of Theorem 9 is also in [WOL’p(')(Q)}d and
such that ¥5(ug) < 0. Hence, also in this setting the
crucial number

. D(u)
*=¢p1(0)= inf - ,
#1(0) wewy (1p)  Va(u)

} /q—. Since

Iy = (=00,0), (60)

is well defined, so that again (43) continues to hold.
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Furthermore,

S Dy ulP@ de _s/ Dy ulP® de
o) | P _ pesf 1Puu

2(w)] — p+/ Pz, w)|de p+5f/ w(@)|uP® da
Q Q

> P_SA1 "y
p+Sy

for all u € U;'(Iy). Thus, ¢* > £, > 0 by (60).
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By Hoélder’s inequality, Lemma 2.1 of [ER] and the
continuity of the embedding [W()L’p(')(Q)]d — [LPLO)(Q)]4,
we have for every u € [V Lp( )(Q)]d

10 (1 y</|qu|dx</ D)@

< e lul @l (e ()
< cmax {Jull s Il )} < Smax{llul, ful™ ),
(61)
* P P
where ¢ = cg K|[1 () [w]|=/p*, & = cmax {sdvpz(‘),sdvpz(,)},
and
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@'p} ()

1<mm{ﬁmw@m“

if n > Lpy,
@, if n < Lp_.

Taken 7 < 0 and v € ¥, !(r), we obtain by (47), (61), and
(M), with v =1,

b3 /p- P
D P(ﬂf - D P@f
7| = |Wa(v)| < Amax < | p+ [Druf™® / [Py Lu|
o p)

< (p4)P+/P- Amax { (///(ﬁ(u)))”i/i’— ,<///(fL(U))>P*/p+}

S s
< K max {CI)(u)pfr/P*, Q)(U)Pi/p+} 7
where r = (p,)P+/P- &/ min{sP+/P— =/P+1,
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Therefore, taking r so close to zero that 0 < |r| < 1 and
putting £ = min {m_p*/pi, ,{—p+/pi}, we have by (35) and
the facts that =0 € U;(I") and U4(0) = 0,

1 * *
pa(r) > — inf P(v) > ICmin{|r|p*/p+_1, ]r|p+/p*_1}
i veWs ! (r)
— ;C’r|p+/pi—1’

being p_ < p, <p* < p%. This implies that

lim a(r) = co.

r—0—

In conclusion, also in this setting, (44) holds, so that the
proof can be continued and ended exactly as before.

P. Pucci University of Perugia



