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The models

[ACP] G. Autuori, F.Colasuonno, P. P., Lifespan
estimates for solutions of polyharmonic Kirchhoff
systems, Math. Models Methods Appl. Sci., 22,
Issue 02 - February 2012 - 1150009, pages 36.

Let L > 1 and consider in Rg‘ X €2 the problems

(e T MUPLu(t, B (= A)Fu + NPyt ) [3) (= A) u
+NU+Q(t7"Eau7ut) = .f(tawa U),

(KL)dve T M(|[Dru(t, )13)(=A)Fu + N(|Dr—1u(t, ) [5)(—A) " u
+Hu+g(t)(_A)Lut + Q) us = f(t, x,u),

Both under D%u(t,z) =0, || < L —1 on ]RE,F X 02

Q C R™ bounded domain, u = (#1,...,uq), d > 1, 1 >0



The models

(pydt T M (|| Dru(t, )|I3)(=A) u + N(||Pr_1u(t, ) [13)(=A) " u
+NU+Q(t7 Ty U, ut) = .f(ta Ty u)a

(kp)dv M (| Dru(t, )13)(=A) u + N(|Dr—1u(t, ) I3) (—A)F u
—I—uu—l—g(t)(—A)Lut A Q(t)ut = f(t’ :IC,'U,),

Adu, if L = 27,

: : i =0,1,2,...
DA, it L=2j+1, J-0L?Z

LZO, DLUZ{
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The models

(pydt T M (|| Dru(t, )|I3)(=A) u + N(||Pr_1u(t, ) [13)(=A) " u
+NU+Q(t7 Ty U, ut) = .f(ta Ty u)a

(kp)dv M (| Dru(t, )13)(=A) u + N(|Dr—1u(t, ) I3) (—A)F u
—I—uu—l—g(t)(—A)Lut A Q(t)ut = f(t’ :IC,'U,),

. Ay, if L = 2j, .

L >0, DLU_{DAju, if L —2j+1, 71 =0,1,2,...
The main Kirchhoff function

M(7) =a+ byt 1, a,b>0, a+b>0 ~>1.

N € L},.(R§ = Rg): In€[L,9]: nA(r) > TN(r)

M, N : primitives of M and N
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The total energy

Total energy associated to the system
Eu(t) = gllus(t, )| + u(t) — Fu(t),

where

du(t) = 5 { A Drulld) + AU Dr-1ull3) + pllull3}

The functional &/ includes the elliptic part of the system
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The total energy

Total energy associated to the system
Eu(t) = gllus(t, )| + u(t) — Fu(t),

where

du(t) = 5 { A Drulld) + AU Dr-1ull3) + pllull3}

The functional &/ includes the elliptic part of the system

Potential Energy

Fu(t) = /Q {g(t, x)M + ¢(x) dx

(o

IU(t;w)lq}
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T = sup{t € Ry : u exists in [0,t) x Q} € [0, c0)

T = lifespan of the solution; I = [0,T).

Solutions and test functions space

e — HE(Q)ncY (I — L*(Q))  for (P),
(I — HE(Q)) for (KL).
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Prototype for Q — System (P)

Q € C(Rf x 2 x R x RY - RY) external damping
(Q(t,xz,u,v),v) >0 for allt,z,u,v

3% >> 1such that for all (t,x,u,v) € [t,00) X 2 x R% x R?
Q(t,x,u,v) = di(t, z)|u|*|v|™ v + da(t, z,u)|v|® v
g,m>1, m+r<p<qg K20
d; € C(Rf — L#'(T'1)), d2 € C(Rf — L°°(T'1)) non—negative

) oo, if p=m+ kK,
17 \el e -k —m), ifp>mtr,
61(t) = [[d1(t, ) llors 02(t) = sup da(t,x,8)
(w,€) €EQXRE

S1(1)Y ™D 4 5y (1)V O < &1+ 1), > ¢
0<s<m-—1, K>1
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uge + M (|| Dru(t, ) [15)(=A) u + N(|Dr—qu(t, ) |I3)(=A)Ftu
+putQ(t, x, u, us) = f(t, z,u).
The most interesting applied problem occurs when
L = 2, but our results are new also in the more
standard case L = 1. Problem (&), in a simplified
form, has its origin in the canonical model introduced
by Woinowsky—Krieger, which arises in the dynamic
buckling of a hinged extensible beam, subjected to an
axial force. The nonlinearities M and IN are an
approximation, by averaging, of the classical von
Kdrmdn model, see

e M.M. Cavalcanti, V.N. Domingos Cavalcanti, J.A.
Soriano, Global existence and asymptotic stability
for the nonlinear and generalized damped extensible
plate equation, Commun. Contemp. Math., 6
(2004), 705—-731.

and references therein for more details.

P. Pucci University of Perugia

(P)



Motivation for (K L)

Recently

e R. Monneau, Justification of the nonlinear
Kirchhoff-Love theory of plates as the application
of a new singular inverse method, Arch. Ration.
Mech. Anal. 169 (2003), 1-34.

o R. Monneau, Some remarks on the asymptotic
invertibility of the linearized operator of nonlinear
elasticity in the context of the displacement
approach, ZAMM. Z. Angew. Math. Mech. (2006),
1-10.

proved the existence of a solution of the nonlinear
Kirchhoff-Love plate model. In particular, we are
interested in the strongly damped Kirchhoff—-Love
model, containing also an intrinsic dissipative term of
Kelvin—Voigt type. Global non—existence and a priori
estimates for the lifespan of maximal solutions are
proved.
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Motivation for the Kirchhoff-Love model

The original theory was valid for infinitesimal strains
and then was adapted by von Karman to manage also
moderate rotations.

o A.E.H. Love, A treatise on the Mathematical
Theory of Elasticity - Fourth Edition,Dover
Publications, New York, 1944

o P.G. Ciarlet, P. Destuynder, Comput. Methods
Appl. Mech. Engrg., 17/18 (1979), 227-258

o P.G. Ciarlet Mathematical elasticity. Vol. 1.
Three-dimensional elasticity, (Studies in
Mathematics and its Applications 20,
North-Holland Publishing Co., Amsterdam 1988)

e R. Monneau, Arch. Ration. Mech. Anal., 169
(2003), 134
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Motivation for (K L)

In dimension two, the most usual plate operator is the

biharmonic operator and standard simplifications of

() correspond to various forms of the Kirchhoff-Love

plate equation, if an internal material damping is

added,

uge + M([|[Dru(t, ) [13)(=A) u + N(|Dr—yu(t, ) 13)(=A)Ftu
+puto(t) (—A)ru + Q(t)ur = f(t, z,u),

For these models the external damping depends only

on (t,v) and is linear in v, so that for brevity it is

simply denoted by Q(t)v and corresponds to the case

m=p =2, Kk =0 in the prototype described above.

Q€ C'(RY), Q,—Q' >0 in R{,

(KL)

which is clearly verified when () does not depend on ¢,
as it usually happens in literature. Moreover, the above
hypothesis corresponds to the linear case of (%), when
condition on @ is verified in the whole Ra' with s = 0.
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Motivation for (K L)

(KL){“’“ + M(IDsu(t, )12 (~A) o + N([Do—yut, ) [3)(~A) -
+outo(t)(—A)ru + Q(t)uy = f(t,x,u),
It is well known that o(t)(—A)u; represents the internal
material damping of Kelvin—Voigt type of the body
structure, which is always present, even if small, in real
material as long as the system vibrates. Also on p we
suppose the natural restriction

o€ CLRY), 0,—0 >0 in R{,

which is automatic in the usually treated standard case
in which o(t) = gp > 0 in R{.
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Definition of solution

A solution of the system is u € X:
(A) Distribution Identity for all t € I and ¢ € X

(s )] = [ {tues 00)—e()(Drus, D19}
— (M(IPrul3)(-A) u(t, 2), ¢)
— (N(IDr-1ull) (~A)"u(t, @) + pu, )
+(Q(1, -y uyue) = F (7, u), §) fdrs
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Definition of solution

A solution of the system is u € X:
(A) Distribution Identity for all t € I and ¢ € X

(s )] = [ {tues 00)—e()(Drus, D19}
— (M(IPrul3)(-A) u(t, 2), ¢)
— (N(IDr-1ull) (~A)"u(t, @) + pu, )
+(Q(1, -y uyue) = F (7, u), §) fdrs

(B) Weak Conservation Law
(i) Zut) = (Q(t, - u,ur), ut)+o(t) [ Druclls + Fru(t) € Lig (1),

(22) Eu(t)SEu(O)—/0 PYu(T)dT per ognit € I.
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Prototype for f

f(t,z,u) = g(t, x)|u|”"2u + c(x)|u|?"2u source term

1 <o <gq,

2n
27<q§22:=mifn>2L, 2y < qifn < 2L;

c € L*°(2) non-negative, essinfge(z)>0, |c|le > 0;

g € C(Ry x Q) differentiable in ¢ and g; € C(R{ x Q);
0 < —g(t,z), gi(t,) < h(z) in R x Q, h € LY(Q),
g(t,") € Lq/(q—p)(Q) in Ra—
the negative contribution in (f(¢,x,u),u) perturbs the
system againsts the blow up.
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The Distribution Identity is meaningful provided that
<f(t7 ) u)? ¢> = Llloc(I) and <Q(t’ 5 U, ut)’ ¢> € Llloc(I)’ along
the field ¢ € X. The first condition is clearly in charge
for our prototype, while the latter is assumed. The
other terms in the Distribution Identity are well
defined thanks to the choice of the space X.

In general it is important to consider weak solutions
instead of strong solutions, namely functions u € X
satisfying (A), (B)—(i), with (B)—(i?) replaced by the
Strong Energy Conservation (B);—(ii), that is

Eu(t) = Eu(0) — f(f Pu(t)dr for all t € I. The main reason
was first given in Remark 4 at page 199 of [PS1]
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semilinear Petrovsky equation, Nonlinear Anal., 70
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[WT1] S.T. Wu, L.Y. Tsai, Blow—up of solutions for some
non-linear wave equations of Kirchhoff type with
some dissipation, Nonlinear Anal., 65 (2006),
243-264.
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Taiwanese J. Math., 13 (2009), 2069-2091.

see also Remark 2 at page 49 of [PS2] and the
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the analysis much simpler, see [CZ], [V1] and
[WT1]-[WT3].
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Preliminaries
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Preliminaries

w1 = ?61; du(t), ws = inf . Zu(t)

2
E1=<1—7>w1, Ezz(q—]_)wz
q 2y
PROPOSITION 1

Let u be a solution of either (P) or (KL). Then </u
and Fu are bounded below in I.

(¢) If u is a solution of (P), then
Eu(0) < E; = w2 > 0.

(¢2) If u is a solution of (ICL), then
EU(O) < E; — ws >0.
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Preliminaries—Sketch of the proof

Let u be as in the statement. Recall that
Q/t—l//’Dt-z/V’D t,)||? t,)||?
Fu(t) = 5 {A(Dru(t, )3) + A (IDrult, )3 + ulult, )3},

so that w; > 0.
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Preliminaries—Sketch of the proof

Let u be as in the statement. Recall that
Q/t—l//’Dt-z/V’D t,)||? t,)||?
Fu(t) = 5 {A(Dru(t, )3) + A (IDrult, )3 + ulult, )3},

so that w; > 0.
Moreover, using the definition of E and (B)—(i¢), we get

Fu(t) > w1 — Eu(0) > —FEu(0) for all,t € I.

Thus
wg > wy — Eu(0) > —oo.
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Preliminaries—Sketch of the proof

Case (i) — u solves (P). Using the definition of E we
get
Fu(t) > wy — Eu(0) for all t € I.

Thus wy > w1 — Eu(0) > w; — E2 and so

wz > 2ywy/q > 0.
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Preliminaries—Sketch of the proof

Case (i) — u solves (P). Using the definition of E we

get
Fu(t) > wy — Eu(0) for all t € I.

Thus wy > w1 — Eu(0) > w; — E2 and so

wz > 2ywy/q > 0.

Case (1) — u solves (ICL). Similarly, we get

w2 Z w1 —E’LL(O) > wq —E1 :2'7101/(] > 0.
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The main result for (P)

There are no global solutions u of (P) such that

P. Pucci University of Perugia



The main result for (P)

There are no global solutions u of (P) such that

Remarks. The source term f satisfies:

Jde1 = c1(wa,u) > 0 and g9 = eg(w2,u) > 0 such that
() Fu(t) < cl|u(t, )|l for allt €1,

and Ve € (0,e0] 3c2 = c2(w2,u,e) > 0 such that

(#5)  (F(tult, ) ult, ) — (q — €)Fu(t) > eallult, )|

for allt € 1.
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The main result for (P)

When Eu(0) < 0, so that clearly Eu(0) < E3, we can
take € = g = g — 2+ and the above condition somehow
reduces to the pioneering assumption given in

o H.A. Levine, J. Serrin, Arch. Rational Mech. Anal.
137 (1997) 341-361
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The main result for (P)

o H.A. Levine, J. Serrin, Arch. Rational Mech. Anal.
137 (1997) 341-361.

e E. Vitillaro, Arch. Ration. Mech. Anal. 149 (1999)
155-182

e S.T. Wu, L.Y. Tsai, Nonlinear Anal. 65 (2006)
243-264

In the above papers the main geometry structure
implies
EU(O) < FE;.

In this case, wy > w1 — Eu(0) > wi — E1 = 2vyw1/q
and so E; > E;.

From Proposition 1—(7), it follows that if u is a solution
of (P) such that ws < 0, then Eu(0) > E5. Hence,
being wi; < Eu(0) + w2 < Eu(0), the case Fu(0) < E;
can never occur, since E; < wj.
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Qualitative analysis

Vo

p— J— a7
wy = 11615: du(t), ws= 125 Fu(t)

2
Elz(l—’y)wl, E2:<q—1>’l,U2
q 2y

>0

27
= 1 - — = E O’ =
¢ (vo) ( . ) wo 0 > wo @52y

Yo =4{(v,E) € R?2 : v>wvg, E< Eo}, v(t) = |lu(t,-)]q
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Qualitative analysis

LEMMA 1

Put v(t) = ||u(t,)||q. If Eu(0) < Eo then vg ¢ v(I) and
wy # wg. Moreover, the following conditions are
equivalent:

(2) w1 > wo;

(41) v(I) C (vo, 00);

(2i7) we > 2ywo/q.

Finally, if one of (i)—(iii) holds, then Ey < Ei < E,.
In particular, if v(0) > vy and Eu(0) < Ey, then

(v(t), Eu(t)) € X9 foralltel,

properties (¢)—(iii) hold, Eog < E1 < E2 and
wz > 2yw1/q.
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Sketch of the proof

By contradiction. Suppose vy € v(I).

Hence there exists a sequence (tj); C I such that

limv(t;) = vo.
J
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Sketch of the proof

By contradiction. Suppose vy € v(I).

Hence there exists a sequence (tj); C I such that

limv(t;) = vo.
J

Put s = b if b = 0, otherwise s = a. It is

Eu(t) > o(uv(t)) = v(E)2Y — C;"v(t)q for all ¢ € I,

S
(282)7

where S; = S;(d, L, ?) derives from H}'(Q) < LI(2).
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Sketch of the proof

By contradiction. Suppose vy € v(I).

Hence there exists a sequence (tj); C I such that

limv(t;) = vo.
J

Put s = b if b = 0, otherwise s = a. It is

Eu(t) > o(uv(t)) = v(E)2Y — C;"v(t)q for all ¢ € I,

s
(282)”
where S; = S;(d, L, ?) derives from H}'(Q) < LI(2).

Thus Eo > Eu(0) > Eu(t;) > ¢(v(tj)) and so Eg > Eg by

the continuity of ¢ o v.
This contradiction proves the claim.
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Sketch of the proof

Next, we show that w; # wqg.
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Sketch of the proof

Next, we show that w; # wqg.

By contradiction. It results

wy =wyg = Ju(t)>w =wo foralltel

Therefore,

Au(t) — (2;2)71;(15)27 > <1 _ 2(}) u(t)
> E; = Eo > Eu(0)
> du(t) — 2u(t)d,

q
so that

v(t) >ve forall tel.
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Sketch of the proof

Next, we show that w; # wqg.

By contradiction. It results

wy =wyg = Ju(t)>w =wo foralltel

Therefore,

Au(t) — (2;2)71;(15)27 > <1 _ 2(}) u(t)
> E1 = Eo > Eu(0)
> u(t) — “Zu(t)e,

q
so that

v(t) >ve forall tel.
Consequently, the first part yields v(I) C (vg, 00).



Sketch of the proof

On the other hand, there exists a sequence (t;); such
that lim; u(t;) = w1 = wo. Thus

limsupv(t;) < llm [(282)742%u(t )/s]Y?7 = wy,

J—)OO

which contradicts the fact that v(I) C (vg, 00).

Hence w; # wy.
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Sketch of the proof

It remains to prove the equivalence of (2)—(#é%).
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Sketch of the proof

It remains to prove the equivalence of (2)—(#é%).
(¢) = (¢¢). It is enough to prove that v(I) C (vg, o).
In this case w1 > wy, so that Eu(0) < E; and

S
(252)7

du(t) > v(t)?? for allt € I.
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Sketch of the proof

It remains to prove the equivalence of (2)—(#é%).
(¢) = (¢¢). It is enough to prove that v(I) C (vg, o).
In this case w1 > wy, so that Eu(0) < E; and

S
(252)7

du(t) > v(t)?? for allt € I.
(1) = (442). In this case v(t) > vo for all t € I. Hence,
Fu(t) > wg — Eu(0) > wog — Eg = 2ywo/q forallt €I

and in turn
wa > 2ywo/q.
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Sketch of the proof

(222) = (2). It results

c 2 c
Zou() > Fu(t) > wy > lwg = 2o
q q q

which implies that

v(t) > v for allt € I.

Combining the last relation with

Fu(t) > v(t)?Y  for allt € I,

S
(252)

we get wy; > wg. Hence, w; > wyp, being wy # wg.
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Sketch of the proof

Finally, if one of (¢)—(¢é¢2) holds then Ey < Ej.
Furthermore,
Fu(t) > wi — Eu(0) > wy — By = 2vyw1/q, tel.
This gives w2 > 2yw;/q and so E; < E3. In conclusion
Ey < E1 < E2

as claimed.
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Sketch of the proof

0 vy

1 — a
wy = ig;ﬂu(t)’ Wy = 1r€1‘t;</u(t)

2
E1:(1_7)w1, Ezz(q—].)wz

q

2y
(p(’Ug) = <1 — q) Wo = Eg > O, Wo

(@87

o ={(v,E) €ER? : v > vy, E < Ep}

P. Pucci University of Perugia
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Qualitative analysis

(2) There exists t. € (0,T) such that one of the following
properties holds

(2) d) €eX and (Q(ta 9 ¢a ¢t)’ ¢t> =0 in [07 t*]
implies either ¢(t,-) =0 or ¢:(t,-) =0 for all ¢t € [0,t.],

(i1)  ge(t, ) > go(t) > O for all (¢, x) € [0,t.) X €,

(iii) o(t) > 0 for all [0,t.].
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Qualitative analysis

(2) There exists t. € (0,T) such that one of the following
properties holds

(Z) d) €eX and (Q(ta 9 ¢a ¢t)’ ¢t> =0 in [07 t*]
implies either ¢(t,-) =0 or ¢:(t,-) =0 for all ¢t € [0,t.],

(i1)  ge(t, ) > go(t) > O for all (¢, x) € [0,t.) X €,

(iii) o(t) > 0 for all [0,t.].

LEMMA 2
Assume (2). If v(0) > vg and FEu(0) = Ey, then

(v(t), Eu(t)) € o foralltel.

In particular, wi > wo, we > 2ywi1/q and
Ey < E1 < E;
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Main picture

0 vy v

1 — a
wy = ig;ﬂu(t)’ Wy = 1r€1‘t;</u(t)

2
E1= (1—7) W1, E2= (q—].) wa
q
(wo) = (1- 2 Eo >0 >0
= —_ — | Wwo = wo =
¥ Vo 7 0 0 s 0 (282)7

o ={(v,E) €ER? : v > vy, E < Ep}
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Global non—existence for (P)

() There exists t. € (0,T) such that one of the following
properties holds

('L) ¢ €X and (Q(t9 ] ¢a ¢t)a ¢t> =0 in [07 t*]
implies either ¢(¢t,-) =0 or ¢:(t,-) =0 for all t € [0, t.],

(i1) ge(t,x) > go(t) > O for all (¢, x) € [0,t.) X £,

(ii¢) o(t) > 0 for all [0,t.].

The are no global solutions u of (P) in Ry x Q, such
that

[w(0,-)llg > vo,  Eu(0) < Eo,
if (2) holds when Eu(0) = Ey.
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Sketch of the proof

Proof. By contradiction. Let u be a global solution of
(P) such that

l|w(0,-)[lq > vo, Eu(0) < Eyp.
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Sketch of the proof

Proof. By contradiction. Let u be a global solution of
(P) such that

l|w(0,-)[lq > vo, Eu(0) < Eyp.

By Lemma 1, v(0) € v(R{), so that, v(R{) C (vg,00),
being v(0) > vo. Hence wy > 2ywg/q again by
Lemma 1—(iii1). Thus Eu(0) < Ey < E5 and the
contradiction follows at once by an application of
Theorem 1.
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Sketch of the proof

Proof. By contradiction. Let u be a global solution of
(P) such that

l|w(0,-)[lq > vo, Eu(0) < Eyp.

By Lemma 1, v(0) € v(R{), so that, v(R{) C (vg,00),
being v(0) > vo. Hence wy > 2ywg/q again by
Lemma 1—(iii1). Thus Eu(0) < Ey < E5 and the
contradiction follows at once by an application of
Theorem 1.

Assume now also (Z) and let u be a global solution of
(P) such that

|u(0,-)llg > vo,  Eu(0) = Ep.

By Lemma 2 we have that Eu(0) < E3, and we
conclude using Theorem 1.



Improvements for Kirchhoff models

e S.T. Wu, L.Y. Tsai, Nonlinear Anal., 65 (2006)
243-264

~L=1, M >a >0, N=0,p=0and u =0,
f=f(u) and Q = Q(us).

e S.A. Messaoudi, B. Said Houari, Appl. Math.
Lett., 20 (2007), 866—871

~ N=0,0=0and p =0, f and Q special.

e W. Chen, Y. Zhou, Nonlinear Anal., 70 (2009),
32033208

~L=2 M=1, N=0,p=0and 0o =0, f and Q
special.
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Lifespan estimates for (P)

Take @ as in the prototype. Moreover suppose that
Jk e W (RE), Kk >0inRT, ,
verifying

and o
/ k(t)~O+9dt = 0o, 6 € (0,00],

(q—-2 7 11
6p = min< ——, —, 7=———€(0,1). Put
q+2 1-—7T P 4q
2vwp | /1 Coo\"
C7 = min {1, ( il 0) } and C3= <oo> Cyt 2,
Coo 2y
where coo = ||¢||oc and wyg is defined above.
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Lifespan estimates for (P)

THEOREM 3

Let u be a solution of (P) such that
lluollq > vo and Eu(0) < Eyp.

Consider the numbers
My = Eg — Eu(0) > 0,

. q[Eu(0)]t
so=mln{q—p,q—2v—&}>0,
wo
49qC2 1 1 0
Szmaxl % r=—-———, r =
ceg © q 1+6°

ko /00 T
Zo = )\koe%%l/(pre) + (uo, u1),

’ _ 2 s 1
A= max{(l + 9)C’2£m /m%r—r M }
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Lifespan estimates for (P)

_ 222y min{1, ¢eo/2q}
N 2y max{1, |Q|(q—2)(1+9)/q(1—9)Cf_q} + Coo ’

Then T < Ty, where

To A A 6
/ k() (+9ds = — () .
0 0K \ %

Z(8) = Ab(t) [ + (u(t, ), ualt, ),
t
#W) =+ [ Fu(r)ar,
Pu(t) = (Q(t, -, u(t, ), ut(t,-)), ut(t, ) +Fru(t).



Global non—existence and blow up

e The request A > 2(uy, u1>_/k:0%’61/(1+0) guarantees
that Zp > 0, in the more subtle case (ug,u1) < 0.

On the other hand, if (ug,u;) > 0, then %3 > 0, being
A > 0. Hence, for cooperative data the above condition
on \ simplifies.

e In the limit case Eu(0) = Ey the expression of g9 = 0.
The above theorem provides global non—existence of
solutions of (P), but it does not by itself establish that
maximal solutions blow up at the lifespan T'.

In general global non—existence does not imply the
blow up of the solution.

It is possible for the solution to leave the domain of one
of the differential operators in the equations before
becoming unbounded.
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Global non—existence and blow up

On the other hand, if one can couple the global
non—existence with a local continuation argument, then
global non—existence will imply finite time blow up.

e H.A. Levine, Trans. Amer. Math. Soc., 192 (1974),
138-146

e J. Ball, Quart. J. Math. Oxford, 28 (1977),
473-486

o V. Gheorgiev, G. Todorova, J. Differential
Equations, 109 (1994), 295-308
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Global non—existence and blow up

Global non—existence occurs by blow up when
either T =T, or lim Z(t) = oo,
t—T—
Z(t) = Xk(t) [Z @) + (u(t, ), ue(t, ),
t
J(t) = Hp —l—/ Du(T)dT,
0

Pu(t) = (Q(t, -, u(t, ), ut(t,-)), ue(t, -)) +Fru(t).

COROLLARY

Under the assumptions of the above theorem, if
either T = Ty or lim;_,p— Z(t) = oo, then

lim |lu(t,-)|lg =00 and lim ||Dpu(t,-)|2 = oo
t—T— t—T

<
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Sketch of the proof

Proof. From the proof of the main Theorem it results

that
Z'(t) >0 for tsufficiently large,
and so
3 lim Z(t).
t—T—
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Sketch of the proof

Proof. From the proof of the main Theorem it results

that
Z'(t) >0 for tsufficiently large,
and so
3 lim Z(t).
t—T—

In both the two cases

lim Z(t) = oo.
t—T—

Now
Hy < Ao+ Eu(0) — gllue(t, )15 + Fut), tel
which gives

lus(t, )13 < 2[Eu(0) + Fu(t)] < 2[Eo + Fu(t)].
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Sketch of the proof

Moreover,
H(t) < qFu(t)/2y < coollult,-)|l5/27.

Consequently

o o Ey 2
Z(t)* < C[AK(T)] — + — ) o + 1 ¢ [Jult, )|, a>1,

YWo q
with C' > 0 appropriate constant. Hence
||u(t7 )”g Z Aff(t)aa A>0

and so
lim [u(t, )l = oo.
T—
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By the above corollary:
lim, .- Z(t) <oo = T < Tp, but it could be

lim sup || Dru(t,-)||2 < co.
t—T—

In this case, or even when liminf, .. ||Dru(t,-)|2 < oo
we have

lim J7(t) < co.
t—T—
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Otherwise, lim J#(t) = oo and so lim ||u(t,')|q = oo,
t—T— t—T—

being
Coollu(t, -)[|7

2y
But this is impossible, being g subcritical.

H(t) <
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Otherwise, lim J#(t) = oo and so lim ||u(t,')|q = oo,
t—T— t—T—

being
Coollu(t, -)[|7

2y
But this is impossible, being g subcritical.

H(t) <

Therefore, 2u € L'(I), I = [0,T), i.e.

the total damping over the entire time interval I is finite
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Lifespan estimates for (P)

For t sufficiently large
Q(t, z,u, v) = da(t, @) ul"|v|™ v + da(t, z, u) [v]*
p,m>1, m+r<p<gqg K20

61(t) = |ld1 (2, )llpr> 02(8) = sup(zg)caxra d2(t, , §)

51 (1) "7 4 53 (1) 7D < R(1 4 1)/ (™), ¢ large

’0<5<m—1‘ and RK2>1
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Lifespan estimates for (P)

COROLLARY

Let u be a solution of (P) with ||ug|lq > vo and
Eu(0) < Eg. Then T < T, where

AR /AR
:@0, 5:0, 0<9§00,

0K \ %,
_ m—1—s
To = | e® —1, §>0, 6= ———,
i1
m—1—s

(MmO +1)"™ -1, s>0, 6< —

where m = [m — 1 —s(1+0)]/(m —1) >0 and A and
Zo are as above.

e S.T. Wu, L.Y. Tsai Nonlinear Anal., 65 (2006),
243-264. ~ Q(t) = 1.
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Sketch of the proof

Proof. If s = 0, it is enough to apply formula

'TO )\ A ]
/ k(t)~(HOar = ()
; oK \ Z

in Theorem 3.
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Sketch of the proof

Proof. If s = 0, it is enough to apply formula
'TO )\ A ]
/ k(t)~(F0gs = ()
0 0K f'f()
in Theorem 3.

Consider now the casei' 0<s<m—1. When
m—1—s

0 < 0 < min{fy, ———}, we get

5

/ k(t)~+9dt = oo.

Apply again Theorem 3 and derive the estimates from
the formula above.
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Clearly, the Corollary above covers all the cases when
Q(t,x,u, us) = |ug|™ 2uy, as it usually happens in the
literature. In particular, it extends the recent
Theorems 4.3 and 4.5 of [WT1], in which the authors
consider a simplified version of (£?) with, in our
notations, L =1, p = 0, g = 0 and ¢ = 1, and the
nonlinear damping function @ as in the Corollary, with
di = 0 and ds = Const.
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The Kirchhoff-Love model

uge + M (| Dru(t, ) [13)(—A)*u + N(|[Dr—1u(t, ) [|3)(—A)* " u
(KL) +pu + Q(t)(_A)Lut i Q(t)ut = f(ta IE,U),

D*u(t,x) =0, |o/<L-1 on Ry x 89,
Kirchhoff-Love theory: deformations of thin plates
subjected to forces and moments. Extension of the

Euler—Bernoulli theory, developed by Love under
assumptions proposed by Kirchhoff.
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The Kirchhoff-Love model

The original theory was valid for infinitesimal strains
and then was adapted by von Karman to manage also
moderate rotations.

o A.E.H. Love, A treatise on the Mathematical
Theory of Elasticity - Fourth Edition,Dover
Publications, New York, 1944

o P.G. Ciarlet, P. Destuynder, Comput. Methods
Appl. Mech. Engrg., 17/18 (1979), 227-258

o P.G. Ciarlet Mathematical elasticity. Vol. 1.
Three-dimensional elasticity, (Studies in
Mathematics and its Applications 20,
North-Holland Publishing Co., Amsterdam 1988)

e R. Monneau, Arch. Ration. Mech. Anal., 169
(2003), 134
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The Kirchhoff-Love model

Denote up = u(0,-) and u; = u(0,-).

THEOREM
Let u a solution of (KL) in [0,T) X ©Q such that

lluollg > vo and Eu(0) < Ey,

and assume (7) if Eu(0) = Eo. Moreover, take
aog = 2[Eu(0) — Eg] > 0 and (Bp > 0 such that

(uo,u1) + apBo >

po— [Q(0)[|uollZ + 2(0) [ Druoll3] , v > 1

2
(uo, u1) + oo > —2 [Q(0)[|uollZ + 2(0) [ Druoll3], ~ = 1.

Then T < Ty, where
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The Kirchhoff-Love model

lluollZ + o33

(v — 1) [{uo, u1) +c0Bo] — [Q(0)[|uoll3 + 2(0) | DL uol|3]

if v > 1,
To =
2||uol|3 + 20083
(g — 2)[(uo, u1)+c0Bo] —2 [Q(0)[|uol|3 4 2(0) | Druol|3]

if v =1.

N.B. (2) is valid if either Q(0) > 0 or p(0) > 0.
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Improvements for Kirchhoff models

o M. Guedda, H. Labani, Bull. Belg. Math. Soc.
Simon Stevin, 9 (2002), 39-46

e S.A. Messaoudi, B. Said Houari, Appl. Math.
Lett., 20 (2007), 866—871

e S.T. Wu, L.Y. Tsai, Taiwanese J. Math., 13 (2009),
20692091
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