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The models

[ACP] G. Autuori, F.Colasuonno, P. P., Lifespan
estimates for solutions of polyharmonic Kirchhoff
systems, Math. Models Methods Appl. Sci., 22,
Issue 02 - February 2012 - 1150009, pages 36.

Let L ≥ 1 and consider in R+
0 × Ω the problems

(P )

{
utt +M(‖DLu(t, ·)‖22)(−∆)Lu+N(‖DL−1u(t, ·)‖22)(−∆)L−1u

+µu+Q(t, x, u, ut) = f(t, x, u),

(KL)

{
utt +M(‖DLu(t, ·)‖22)(−∆)Lu+N(‖DL−1u(t, ·)‖22)(−∆)L−1u

+µu+%(t)(−∆)Lut +Q(t)ut = f(t, x, u),

Both under Dαu(t, x) = 0, |α| ≤ L− 1 on R+
0 × ∂Ω

Ω ⊂ Rn bounded domain, u = (u1, . . . , ud), d ≥ 1, µ ≥ 0
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The models

(P )

{
utt +M(‖DLu(t, ·)‖22)(−∆)Lu+N(‖DL−1u(t, ·)‖22)(−∆)L−1u

+µu+Q(t, x, u, ut) = f(t, x, u),

(KL)

{
utt +M(‖DLu(t, ·)‖22)(−∆)Lu+N(‖DL−1u(t, ·)‖22)(−∆)L−1u

+µu+%(t)(−∆)Lut +Q(t)ut = f(t, x, u),

L ≥ 0, DLu =

{
∆ju, if L = 2j,

D∆ju, if L = 2j + 1,
j = 0, 1, 2, . . .

The main Kirchhoff function

M(τ ) = a+ bγτγ−1, a, b ≥ 0, a+ b > 0, γ ≥ 1.

N ∈ L1
loc(R

+
0 → R+

0 ) : ∃ η ∈ [1, γ] : ηN (τ ) ≥ τN(τ )

M ,N : primitives of M and N
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The total energy

Total energy associated to the system

Eu(t) = 1
2
‖ut(t, ·)‖22 + A u(t)−Fu(t),

where

A u(t) = 1
2

{
M(‖DLu‖22)+N (‖DL−1u‖22) + µ‖u‖22

}
The functional A includes the elliptic part of the system

Potential Energy

Fu(t) =

∫
Ω

{
g(t, x)

|u(t, x)|σ

σ
+ c(x)

|u(t, x)|q

q

}
dx
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Notation

T = sup{t ∈ R+
0 : u exists in [0, t)× Ω} ∈ [0,∞)

T = lifespan of the solution; I = [0, T ).

Solutions and test functions space

X=

{
C(I → HL

0 (Ω)) ∩ C1(I → L2(Ω)) for (P ),

C1(I → HL
0 (Ω)) for (KL).
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Prototype for Q – System (P )

Q ∈ C(R+
0 × Ω× Rd × Rd → Rd) external damping

(Q(t, x, u, v), v) ≥ 0 for all t, x, u, v

∃ t >> 1 such that for all (t, x, u, v) ∈ [t,∞)× Ω× Rd × Rd

Q(t, x, u, v) = d1(t, x)|u|κ|v|m−2v + d2(t, x, u)|v|℘−2v

℘, m > 1, m+ κ ≤ ℘ < q, κ ≥ 0

d1 ∈ C(R+
0 → L℘1(Γ1)), d2 ∈ C(R+

0 → L∞(Γ1)) non–negative

℘1 =

{
∞, if ℘ = m+ κ,

℘/(℘− κ−m), if ℘ > m+ κ,

δ1(t) = ‖d1(t, ·)‖℘1, δ2(t) = sup
(x,ξ)∈Ω×Rd

d2(t, x, ξ)

δ1(t)1/(m−1) + δ2(t)1/(℘−1) ≤ K(1 + t)s/(m−1), t ≥ t
0 ≤ s ≤ m− 1, K ≥ 1
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Motivation

(P )

{
utt +M(‖DLu(t, ·)‖22)(−∆)Lu+N(‖DL−1u(t, ·)‖22)(−∆)L−1u

+µu+Q(t, x, u, ut) = f(t, x, u).

The most interesting applied problem occurs when
L = 2, but our results are new also in the more
standard case L = 1. Problem (P), in a simplified
form, has its origin in the canonical model introduced
by Woinowsky–Krieger, which arises in the dynamic
buckling of a hinged extensible beam, subjected to an
axial force. The nonlinearities M and N are an
approximation, by averaging, of the classical von
Kármán model, see

M.M. Cavalcanti, V.N. Domingos Cavalcanti, J.A.
Soriano, Global existence and asymptotic stability
for the nonlinear and generalized damped extensible
plate equation, Commun. Contemp. Math., 6
(2004), 705–731.

and references therein for more details.
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Motivation for (KL)

Recently

R. Monneau, Justification of the nonlinear
Kirchhoff-Love theory of plates as the application
of a new singular inverse method, Arch. Ration.
Mech. Anal. 169 (2003), 1-34.
R. Monneau, Some remarks on the asymptotic
invertibility of the linearized operator of nonlinear
elasticity in the context of the displacement
approach, ZAMM. Z. Angew. Math. Mech. (2006),
1–10.

proved the existence of a solution of the nonlinear
Kirchhoff–Love plate model. In particular, we are
interested in the strongly damped Kirchhoff–Love
model, containing also an intrinsic dissipative term of
Kelvin–Voigt type. Global non–existence and a priori
estimates for the lifespan of maximal solutions are
proved.
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Motivation for the Kirchhoff–Love model

The original theory was valid for infinitesimal strains
and then was adapted by von Karman to manage also
moderate rotations.

A.E.H. Love, A treatise on the Mathematical
Theory of Elasticity - Fourth Edition,Dover
Publications, New York, 1944

P.G. Ciarlet, P. Destuynder, Comput. Methods
Appl. Mech. Engrg., 17/18 (1979), 227–258

P.G. Ciarlet Mathematical elasticity. Vol. I.
Three-dimensional elasticity, (Studies in
Mathematics and its Applications 20,
North-Holland Publishing Co., Amsterdam 1988)

R. Monneau, Arch. Ration. Mech. Anal., 169
(2003), 1–34
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Motivation for (KL)

In dimension two, the most usual plate operator is the
biharmonic operator and standard simplifications of
(P) correspond to various forms of the Kirchhoff–Love
plate equation, if an internal material damping is
added,

(KL)

{
utt +M(‖DLu(t, ·)‖22)(−∆)Lu+N(‖DL−1u(t, ·)‖22)(−∆)L−1u

+µu+%(t)(−∆)Lut +Q(t)ut = f(t, x, u),

For these models the external damping depends only
on (t, v) and is linear in v, so that for brevity it is
simply denoted by Q(t)v and corresponds to the case
m = ℘ = 2, κ = 0 in the prototype described above.

Q ∈ C1(R+
0 ), Q,−Q′ ≥ 0 in R+

0 ,

which is clearly verified when Q does not depend on t,
as it usually happens in literature. Moreover, the above
hypothesis corresponds to the linear case of (P), when
condition on Q is verified in the whole R+

0 with s = 0.
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Motivation for (KL)

(KL)

{
utt +M(‖DLu(t, ·)‖22)(−∆)Lu+N(‖DL−1u(t, ·)‖22)(−∆)L−1u

+µu+%(t)(−∆)Lut +Q(t)ut = f(t, x, u),

It is well known that %(t)(−∆)Lut represents the internal
material damping of Kelvin–Voigt type of the body
structure, which is always present, even if small, in real
material as long as the system vibrates. Also on % we
suppose the natural restriction

% ∈ C1(R+
0 ), %,−%′ ≥ 0 in R+

0 ,

which is automatic in the usually treated standard case
in which %(t) ≡ %0 > 0 in R+

0 .
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Definition of solution

A solution of the system is u ∈ X:

(A) Distribution Identity for all t ∈ I and φ ∈ X

〈ut, φ〉
]t
0

=

∫ t

0

{
〈ut, φt〉−%(τ )〈DLut,DLφ〉

− 〈M(‖DLu‖22)(−∆)Lu(t, x), φ〉
− 〈N(‖DL−1u‖22)(−∆)L−1u(t, x) + µu, φ〉

+ 〈Q(τ, ·, u, ut)− f(τ, ·, u), φ〉
}
dτ ;

(B) Weak Conservation Law

(i) Du(t) = 〈Q(t, ·, u, ut), ut〉+%(t)‖DLut‖22 + Ftu(t) ∈ L1
loc(I),

(ii) Eu(t)≤Eu(0)−
∫ t

0

Du(τ )dτ per ogni t ∈ I.
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Prototype for f

f(t, x, u) = g(t, x)|u|σ−2u+ c(x)|u|q−2u source term

1 ≤ σ < q,

2γ < q ≤ 2∗L :=
2n

n− 2L
if n > 2L, 2γ < q if n ≤ 2L;

c ∈ L∞(Ω) non–negative, ess infΩc(x)>0, ‖c‖∞ > 0;

g ∈ C(R+
0 × Ω) differentiable in t and gt ∈ C(R+

0 × Ω);

0 ≤ −g(t, x), gt(t, x) ≤ h(x) in R+
0 × Ω, h ∈ L1(Ω),

g(t, ·) ∈ Lq/(q−p)(Ω) in R+
0

the negative contribution in (f(t, x, u), u) perturbs the

system againsts the blow up.
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Remarks

The Distribution Identity is meaningful provided that
〈f(t, ·, u), φ〉 ∈ L1

loc(I) and 〈Q(t, ·, u, ut), φ〉 ∈ L1
loc(I), along

the field φ ∈ X. The first condition is clearly in charge
for our prototype, while the latter is assumed. The
other terms in the Distribution Identity are well
defined thanks to the choice of the space X.
In general it is important to consider weak solutions
instead of strong solutions, namely functions u ∈ X
satisfying (A), (B)–(i), with (B)–(ii) replaced by the
Strong Energy Conservation (B)s–(ii), that is
Eu(t) = Eu(0)−

∫ t
0 Du(τ)dτ for all t ∈ I. The main reason

was first given in Remark 4 at page 199 of [PS1]
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Remarks

[CZ] W. Chen, Y. Zhou, Global nonexistence for a
semilinear Petrovsky equation, Nonlinear Anal., 70
(2009), 3203-3208.

[LS] H.A. Levine, J. Serrin, Global nonexistence
theorems for quasilinear evolution equations with
dissipation, Arch. Rational Mech. Anal., 137
(1997), 341–361.

[PS1] P. P., J. Serrin, Asymptotic stability for
non–autonomous dissipative wave systems, Comm.
Pure Appl. Math., 49 (1996), 177-216.

[PS2] P. P., J. Serrin, Local asymptotic stability for
dissipative wave systems, Israel J. Math., 104
(1998), 29-50.

[V1] E. Vitillaro, Global nonexistence theorems for a
class of evolution equations with dissipation, Arch.
Ration. Mech. Anal., 149 (1999), 155-182.
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Remarks

[WT1] S.T. Wu, L.Y. Tsai, Blow–up of solutions for some
non–linear wave equations of Kirchhoff type with
some dissipation, Nonlinear Anal., 65 (2006),
243-264.

[WT2] S.T. Wu, L.Y. Tsai, On a system of nonlinear wave
equations of Kirchhoff type with a strong
dissipation, Tamkang J. Math., 38 (2007), 1-20.

[WT3] S.T. Wu, L.Y. Tsai, Existence and nonexistence of
global solutions for a nonlinear wave equation,
Taiwanese J. Math., 13 (2009), 2069-2091.

see also Remark 2 at page 49 of [PS2] and the
discussion on page 345 [LS]. Of course, if u is a strong
solution, then Eu is non–increasing in I and this makes
the analysis much simpler, see [CZ], [V1] and
[WT1]–[WT3].
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Preliminaries

w1 = inf
t∈I

A u(t), w2 = inf
t∈I

Fu(t)

E1 =

(
1−

2γ

q

)
w1, E2 =

(
q

2γ
− 1

)
w2

Proposition 1

Let u be a solution of either (P ) or (KL). Then A u
and Fu are bounded below in I.

(i) If u is a solution of (P ), then
Eu(0) < E2 =⇒ w2 > 0.

(ii) If u is a solution of (KL), then
Eu(0) < E1 =⇒ w2 > 0.

P. Pucci University of Perugia



Preliminaries

w1 = inf
t∈I

A u(t), w2 = inf
t∈I

Fu(t)

E1 =

(
1−

2γ

q

)
w1, E2 =

(
q

2γ
− 1

)
w2

Proposition 1

Let u be a solution of either (P ) or (KL). Then A u
and Fu are bounded below in I.

(i) If u is a solution of (P ), then
Eu(0) < E2 =⇒ w2 > 0.

(ii) If u is a solution of (KL), then
Eu(0) < E1 =⇒ w2 > 0.

P. Pucci University of Perugia



Preliminaries–Sketch of the proof

Let u be as in the statement. Recall that

A u(t) =
1

2

{
M (‖DLu(t, ·)‖22) + N (‖DL−1u(t, ·)‖22) + µ‖u(t, ·)‖22

}
,

so that w1 ≥ 0.

Moreover, using the definition of E and (B)–(ii), we get

Fu(t) ≥ w1 − Eu(0) ≥ −Eu(0) for all, t ∈ I.

Thus
w2 ≥ w1 − Eu(0) > −∞.
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Preliminaries–Sketch of the proof

Case (i)− u solves (P ). Using the definition of E we
get

Fu(t) ≥ w1 − Eu(0) for all t ∈ I.

Thus w2 ≥ w1 − Eu(0) > w1 − E2 and so

w2 > 2γw1/q > 0.

Case (ii)− u solves (KL). Similarly, we get

w2 ≥ w1 − Eu(0) > w1 − E1 = 2γw1/q > 0.
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The main result for (P )

Theorem 1

There are no global solutions u of (P ) such that

Eu(0) < E2.

Remarks. The source term f satisfies:

∃ c1 = c1(w2, u) > 0 and ε0 = ε0(w2, u) > 0 such that

(i) Fu(t) ≤ c1‖u(t, ·)‖qq for all t ∈ I,

and ∀ ε ∈ (0, ε0]∃ c2 = c2(w2, u, ε) > 0 such that

(ii) 〈f(t, ·, u(t, ·)), u(t, ·)〉 − (q − ε)Fu(t) ≥ c2‖u(t, ·)‖qq

for all t ∈ I.

P. Pucci University of Perugia



The main result for (P )

Theorem 1

There are no global solutions u of (P ) such that

Eu(0) < E2.

Remarks. The source term f satisfies:

∃ c1 = c1(w2, u) > 0 and ε0 = ε0(w2, u) > 0 such that

(i) Fu(t) ≤ c1‖u(t, ·)‖qq for all t ∈ I,

and ∀ ε ∈ (0, ε0]∃ c2 = c2(w2, u, ε) > 0 such that

(ii) 〈f(t, ·, u(t, ·)), u(t, ·)〉 − (q − ε)Fu(t) ≥ c2‖u(t, ·)‖qq

for all t ∈ I.

P. Pucci University of Perugia



The main result for (P )

When Eu(0) ≤ 0, so that clearly Eu(0) < E2, we can
take ε = ε0 = q − 2γ and the above condition somehow
reduces to the pioneering assumption given in

H.A. Levine, J. Serrin, Arch. Rational Mech. Anal.
137 (1997) 341–361
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The main result for (P )

H.A. Levine, J. Serrin, Arch. Rational Mech. Anal.
137 (1997) 341–361.

E. Vitillaro, Arch. Ration. Mech. Anal. 149 (1999)
155–182

S.T. Wu , L.Y. Tsai, Nonlinear Anal. 65 (2006)
243–264

In the above papers the main geometry structure
implies

Eu(0) < E1.

In this case, w2 ≥ w1 − Eu(0) > w1 − E1 = 2γw1/q
and so E2 > E1.
From Proposition 1–(i), it follows that if u is a solution
of (P ) such that w2 ≤ 0, then Eu(0) ≥ E2. Hence,
being w1 ≤ Eu(0) + w2 ≤ Eu(0), the case Eu(0) < E1

can never occur, since E1 < w1.
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Qualitative analysis

w1 = inf
t∈I

A u(t), w2 = inf
t∈I

Fu(t)

E1 =

(
1−

2γ

q

)
w1, E2 =

(
q

2γ
− 1

)
w2

ϕ(υ0) =

(
1−

2γ

q

)
w0 = E0 > 0, w0 =

sυ2γ
0

(2S2
q )γ

> 0

Σ0 = {(υ,E) ∈ R2 : υ > υ0, E < E0}, υ(t) = ‖u(t, ·)‖q
P. Pucci University of Perugia



Qualitative analysis

Lemma 1

Put υ(t) = ‖u(t, ·)‖q. If Eu(0) < E0 then υ0 /∈ υ(I) and
w1 6= w0. Moreover, the following conditions are
equivalent:

(i) w1 > w0;

(ii) υ(I) ⊂ (υ0,∞);

(iii) w2 > 2γw0/q.

Finally, if one of (i)–(iii) holds, then E0 < E1 < E2.

In particular, if υ(0) > υ0 and Eu(0) < E0, then

(υ(t), Eu(t)) ∈ Σ0 for all t ∈ I,

properties (i)–(iii) hold, E0 < E1 < E2 and
w2 > 2γw1/q.
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Sketch of the proof

By contradiction. Suppose υ0 ∈ υ(I).

Hence there exists a sequence (tj)j ⊂ I such that

lim
j
υ(tj) = υ0.

Put s = b if b = 0, otherwise s = a. It is

Eu(t) ≥ ϕ(υ(t)) =
s

(2S2
q )γ

υ(t)2γ −
c∞

q
υ(t)q for all t ∈ I,

where Sq = Sq(d, L,Ω) derives from HL
0 (Ω) ↪→ Lq(Ω).

Thus E0>Eu(0)≥Eu(tj)≥ϕ(υ(tj)) and so E0 > E0 by
the continuity of ϕ ◦ υ.
This contradiction proves the claim.
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Sketch of the proof

By contradiction. Suppose υ0 ∈ υ(I).

Hence there exists a sequence (tj)j ⊂ I such that

lim
j
υ(tj) = υ0.

Put s = b if b = 0, otherwise s = a. It is

Eu(t) ≥ ϕ(υ(t)) =
s

(2S2
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Sketch of the proof

Next, we show that w1 6= w0.

By contradiction. It results

w1 = w0 ⇒ A u(t) ≥ w1 = w0 for all t ∈ I

Therefore,

A u(t)−
2γs

q(2S2
q )γ

υ(t)2γ ≥
(

1−
2γ

q

)
A u(t)

≥ E1 = E0 > Eu(0)

≥ A u(t)−
c∞

q
υ(t)q,

so that
υ(t) > υ0 for all t ∈ I.

Consequently, the first part yields υ(I) ⊂ (υ0,∞).
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Sketch of the proof

On the other hand, there exists a sequence (tj)j such
that limj A u(tj) = w1 = w0. Thus

lim sup
j→∞

υ(tj) ≤ lim
j→∞

[(2S2
q )γA u(tj)/s]

1/2γ = υ0,

which contradicts the fact that υ(I) ⊂ (υ0,∞).

Hence w1 6= w0.
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Sketch of the proof

It remains to prove the equivalence of (i)–(iii).

(i)⇒ (ii). It is enough to prove that υ(I) ⊂ (υ0,∞).
In this case w1 > w0, so that Eu(0) < E1 and

A u(t) ≥
s

(2S2
q )γ

υ(t)2γ for all t ∈ I.

(ii)⇒ (iii). In this case υ(t) > υ0 for all t ∈ I. Hence,

Fu(t) ≥ w0 − Eu(0) > w0 − E0 = 2γw0/q for all t ∈ I

and in turn
w2 > 2γw0/q.
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Sketch of the proof

(iii)⇒ (i). It results

c∞

q
υ(t)q ≥ Fu(t) ≥ w2 >

2γ

q
w0 =

c∞

q
υq0

which implies that

υ(t) > υ0 for all t ∈ I.

Combining the last relation with

A u(t) ≥
s

(2S2
q )γ

υ(t)2γ for all t ∈ I,

we get w1 ≥ w0. Hence, w1 > w0, being w1 6= w0.
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Sketch of the proof

Finally, if one of (i)–(iii) holds then E0 < E1.

Furthermore,

Fu(t) ≥ w1 − Eu(0) > w1 − E1 = 2γw1/q, t ∈ I.

This gives w2 > 2γw1/q and so E1 < E2. In conclusion

E0 < E1 < E2

as claimed.
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Sketch of the proof

w1 = inf
t∈I

A u(t), w2 = inf
t∈I

Fu(t)

E1 =

(
1−

2γ

q

)
w1, E2 =

(
q

2γ
− 1

)
w2

ϕ(υ0) =

(
1−

2γ

q

)
w0 = E0 > 0, w0 =

sυ2γ
0

(2S2
q )γ

> 0

Σ0 = {(υ,E) ∈ R2 : υ > υ0, E < E0}
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Qualitative analysis

(D) There exists t∗ ∈ (0, T ) such that one of the following
properties holds

(i)
φ ∈ X and 〈Q(t, ·, φ, φt), φt〉 = 0 in [0, t∗]

implies either φ(t, ·) ≡ 0 or φt(t, ·) ≡ 0 for all t ∈ [0, t∗],

(ii) gt(t, x) ≥ g0(t) > 0 for all (t, x) ∈ [0, t∗)× Ω,

(iii) %(t) > 0 for all [0, t∗].

Lemma 2

Assume (D). If υ(0) > υ0 and Eu(0) = E0, then

(υ(t), Eu(t)) ∈ Σ0 for all t ∈ I.

In particular, w1 > w0, w2 > 2γw1/q and
E0 < E1 < E2 .
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Main picture

w1 = inf
t∈I

A u(t), w2 = inf
t∈I

Fu(t)

E1 =

(
1−

2γ

q

)
w1, E2 =

(
q

2γ
− 1

)
w2

ϕ(υ0) =

(
1−

2γ

q

)
w0 = E0 > 0, w0 =

sυ2γ
0

(2S2
q )γ

> 0

Σ0 = {(υ,E) ∈ R2 : υ > υ0, E < E0}
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Global non–existence for (P )

(D) There exists t∗ ∈ (0, T ) such that one of the following
properties holds

(i)
φ ∈ X and 〈Q(t, ·, φ, φt), φt〉 = 0 in [0, t∗]

implies either φ(t, ·) ≡ 0 or φt(t, ·) ≡ 0 for all t ∈ [0, t∗],

(ii) gt(t, x) ≥ g0(t) > 0 for all (t, x) ∈ [0, t∗)× Ω,

(iii) %(t) > 0 for all [0, t∗].

Theorem 2

The are no global solutions u of (P ) in R+
0 × Ω, such

that
‖u(0, ·)‖q > υ0, Eu(0) ≤ E0,

if (D) holds when Eu(0) = E0.
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Sketch of the proof

Proof. By contradiction. Let u be a global solution of
(P ) such that

‖u(0, ·)‖q > υ0, Eu(0) < E0.

By Lemma 1, υ(0) 6∈ υ(R+
0 ), so that, υ(R+

0 ) ⊂ (υ0,∞),
being υ(0) > υ0. Hence w2 > 2γw0/q again by
Lemma 1–(iii). Thus Eu(0) < E0 < E2 and the
contradiction follows at once by an application of
Theorem 1.

Assume now also (D) and let u be a global solution of
(P ) such that

‖u(0, ·)‖q > υ0, Eu(0) = E0.

By Lemma 2 we have that Eu(0) < E2, and we
conclude using Theorem 1.
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Improvements for Kirchhoff models

S.T. Wu, L.Y. Tsai, Nonlinear Anal., 65 (2006)
243–264

 L = 1, M ≥ a > 0, N ≡ 0, % ≡ 0 and µ = 0,
f = f(u) and Q = Q(ut).

S.A. Messaoudi, B. Said Houari, Appl. Math.
Lett., 20 (2007), 866–871

 N ≡ 0, % ≡ 0 and µ = 0, f and Q special.

W. Chen, Y. Zhou, Nonlinear Anal., 70 (2009),
3203–3208

 L = 2, M ≡ 1, N ≡ 0, % ≡ 0 and µ = 0, f and Q
special.
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Lifespan estimates for (P )

Take Q as in the prototype. Moreover suppose that
∃ k ∈W 1,1

loc (R+
0 ), k′ ≥ 0 in R+, k0 = k(0) > 0,

verifying

δ
1/(m−1)
1 + δ

1/(℘−1)
2 ≤ k in R+

0

and ∫ ∞
k(t)−(1+θ)dt =∞, θ ∈ (0, θ0],

θ0 = min

{
q − 2

q + 2
,

r

1− r

}
, r =

1

℘
−

1

q
∈ (0, 1). Put

C1 = min

{
1,

(
2γw0

c∞

)1/q
}

and C2 =

(
c∞

2γ

)r
Cα1−α2

1 ,

where c∞ = ‖c‖∞ and w0 is defined above.
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Lifespan estimates for (P )

Theorem 3

Let u be a solution of (P ) such that

‖u0‖q > υ0 and Eu(0) < E0.

Consider the numbers

H0 = E0 − Eu(0) > 0,

ε0 = min{q − p, q − 2γ −
q[Eu(0)]+

w0
} > 0,

L = max

{
1,

4qC2

cε0
H −r

0

}
, r =

1

℘
−

1

q
, r =

θ

1 + θ
,

λ = max

{
(1 + θ)C2L

m′/mH r−r
0 ,

2〈u0, u1〉−

k0H
1/(1+θ)

0

,
1

k0

}
,

Z0 = λk0H
1/(1+θ)

0 + 〈u0, u1〉,
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Lifespan estimates for (P )

K =
22−αγmin{1, cε0/2q}

2γmax{1, |Ω|(q−2)(1+θ)/q(1−θ)C2−q
1 }+ c∞

.

Then T ≤ T0, where∫ T0

0
k(t)−(1+θ)dt =

λ

θK

(
λ

Z0

)θ
.

Z (t) = λk(t) [H (t)]1−r + 〈u(t, ·), ut(t, ·)〉,

H (t) = H0 +

∫ t

0
Du(τ )dτ,

Du(t) = 〈Q(t, ·, u(t, ·), ut(t, ·)), ut(t, ·)〉+Ftu(t).
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Global non–existence and blow up

• The request λ ≥ 2〈u0, u1〉−/k0H
1/(1+θ)

0 guarantees
that Z0 > 0, in the more subtle case 〈u0, u1〉 < 0.
On the other hand, if 〈u0, u1〉 ≥ 0, then Z0 > 0, being
λ > 0. Hence, for cooperative data the above condition
on λ simplifies.
• In the limit case Eu(0) = E0 the expression of ε0 = 0.
The above theorem provides global non–existence of
solutions of (P ), but it does not by itself establish that
maximal solutions blow up at the lifespan T .
In general global non–existence does not imply the
blow up of the solution.
It is possible for the solution to leave the domain of one
of the differential operators in the equations before
becoming unbounded.
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Global non–existence and blow up

On the other hand, if one can couple the global
non–existence with a local continuation argument, then
global non–existence will imply finite time blow up.

H.A. Levine, Trans. Amer. Math. Soc., 192 (1974),
138–146

J. Ball, Quart. J. Math. Oxford, 28 (1977),
473–486

V. Gheorgiev, G. Todorova, J. Differential
Equations, 109 (1994), 295–308
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Global non–existence and blow up

Global non–existence occurs by blow up when

either T = T0 or lim
t→T−

Z (t) =∞,

Z (t) = λk(t) [H (t)]1−r + 〈u(t, ·), ut(t, ·)〉,

H (t) = H0 +

∫ t

0
Du(τ )dτ,

Du(t) = 〈Q(t, ·, u(t, ·), ut(t, ·)), ut(t, ·)〉+Ftu(t).

Corollary

Under the assumptions of the above theorem, if
either T = T0 or limt→T− Z (t) =∞, then

lim
t→T−

‖u(t, ·)‖q =∞ and lim
t→T−

‖DLu(t, ·)‖2 =∞.
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Sketch of the proof

Proof. From the proof of the main Theorem it results
that

Z ′(t) > 0 for t sufficiently large,

and so
∃ lim

t→T−
Z (t).

In both the two cases

lim
t→T−

Z (t) =∞.

Now

H0 ≤ H0 + Eu(0)− 1
2
‖ut(t, ·)‖22 + Fu(t), t ∈ I

which gives

‖ut(t, ·)‖22 ≤ 2[Eu(0) + Fu(t)] < 2[E0 + Fu(t)].
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Sketch of the proof

Moreover,

H (t) ≤ qFu(t)/2γ ≤ c∞‖u(t, ·)‖qq/2γ.

Consequently

Z (t)α ≤ C[λk(T )]α
{(

E0

γw0
+

2

q

)
c∞ + 1

}
‖u(t, ·)‖qq, α > 1,

with C > 0 appropriate constant. Hence

‖u(t, ·)‖qq ≥ ΛZ (t)α, Λ > 0

and so
lim
t→T−

‖u(t, ·)‖q =∞.
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Remarks

By the above corollary:
limt→T− Z (t) <∞ ⇒ T < T0, but it could be

lim sup
t→T−

‖DLu(t, ·)‖2 <∞.

In this case, or even when lim inf t→T− ‖DLu(t, ·)‖2 <∞
we have

lim
t→T−

H (t) <∞.
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Remarks

Otherwise, lim
t→T−

H (t) =∞ and so lim
t→T−

‖u(t, ·)‖q =∞,

being

H (t) ≤
c∞‖u(t, ·)‖qq

2γ
.

But this is impossible, being q subcritical.

Therefore, Du ∈ L1(I), I = [0, T ), i.e.

the total damping over the entire time interval I is finite
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Lifespan estimates for (P )

For t sufficiently large

Q(t, x, u, v) = d1(t, x)|u|κ|v|m−2v + d2(t, x, u)|v|℘−2v

℘, m > 1, m+ κ ≤ ℘ < q, κ ≥ 0

δ1(t) = ‖d1(t, ·)‖℘1, δ2(t) = sup(x,ξ)∈Ω×Rd d2(t, x, ξ)

δ1(t)1/(m−1) + δ2(t)1/(℘−1) ≤ K(1 + t)s/(m−1), t large

0 < s < m− 1 and K ≥ 1
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Lifespan estimates for (P )

Corollary

Let u be a solution of (P ) with ‖u0‖q > υ0 and
Eu(0) < E0. Then T ≤ T0 where

T0 =



λK

θK

(
λK

Z0

)θ
= Θ0, s = 0, 0 < θ ≤ θ0,

eΘ0 − 1, s > 0, θ =
m− 1− s

s
,

(mΘ0 + 1)
1/m − 1, s > 0, θ <

m− 1− s

s
,

where m = [m− 1− s(1 + θ)]/(m− 1) > 0 and λ and
Z0 are as above.

S.T. Wu, L.Y. Tsai Nonlinear Anal., 65 (2006),
243–264.  Q(t) ≡ 1.
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Sketch of the proof

Proof. If s = 0, it is enough to apply formula∫ T0

0
k(t)−(1+θ)dt =

λ

θK

(
λ

Z0

)θ
in Theorem 3.

Consider now the case 0 < s < m− 1. When

0 < θ ≤ min{θ0,
m− 1− s

s
}, we get

∫ ∞
k(t)−(1+θ)dt =∞.

Apply again Theorem 3 and derive the estimates from
the formula above.
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Remarks

Clearly, the Corollary above covers all the cases when
Q(t, x, u, ut) = |ut|m−2ut, as it usually happens in the
literature. In particular, it extends the recent
Theorems 4.3 and 4.5 of [WT1], in which the authors
consider a simplified version of (P) with, in our
notations, L = 1, µ = 0, g ≡ 0 and c ≡ 1, and the
nonlinear damping function Q as in the Corollary, with
d1 ≡ 0 and d2 ≡ Const.
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The Kirchhoff–Love model

(KL)


utt +M(‖DLu(t, ·)‖22)(−∆)Lu+N(‖DL−1u(t, ·)‖22)(−∆)L−1u

+µu+ %(t)(−∆)Lut +Q(t)ut = f(t, x, u),

Dαu(t, x) = 0, |α| ≤ L− 1 on R+
0 × ∂Ω,

Kirchhoff–Love theory: deformations of thin plates
subjected to forces and moments. Extension of the
Euler–Bernoulli theory, developed by Love under
assumptions proposed by Kirchhoff.
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The Kirchhoff–Love model

The original theory was valid for infinitesimal strains
and then was adapted by von Karman to manage also
moderate rotations.

A.E.H. Love, A treatise on the Mathematical
Theory of Elasticity - Fourth Edition,Dover
Publications, New York, 1944

P.G. Ciarlet, P. Destuynder, Comput. Methods
Appl. Mech. Engrg., 17/18 (1979), 227–258

P.G. Ciarlet Mathematical elasticity. Vol. I.
Three-dimensional elasticity, (Studies in
Mathematics and its Applications 20,
North-Holland Publishing Co., Amsterdam 1988)

R. Monneau, Arch. Ration. Mech. Anal., 169
(2003), 1–34
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The Kirchhoff–Love model

Denote u0 = u(0, ·) and u1 = ut(0, ·).

Theorem

Let u a solution of (KL) in [0, T )× Ω such that

‖u0‖q > υ0 and Eu(0) ≤ E0,

and assume (D) if Eu(0) = E0. Moreover, take
α0 = 2[Eu(0)− E0] ≥ 0 and β0 ≥ 0 such that
〈u0, u1〉+ α0β0 >

1

γ − 1

[
Q(0)‖u0‖22 + %(0)‖DLu0‖22

]
, γ > 1,

〈u0, u1〉+ α0β0 >
2

q − 2

[
Q(0)‖u0‖22 + %(0)‖DLu0‖22

]
, γ = 1.

Then T ≤ T0, where
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The Kirchhoff–Love model

T0 =



‖u0‖22 + α0β
2
0

(γ − 1)[〈u0, u1〉+α0β0]−
[
Q(0)‖u0‖22 + %(0)‖DLu0‖22

]
if γ > 1,

2‖u0‖22 + 2α0β
2
0

(q − 2)[〈u0, u1〉+α0β0]−2
[
Q(0)‖u0‖22 + %(0)‖DLu0‖22

]
if γ = 1.

N.B. (D) is valid if either Q(0) > 0 or %(0) > 0.
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