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1 Competition diffusion systems with Lotka-Volterra interactions

=» With symmetric interspecific competition rates 8; ; = 5;; large:
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=> With asymmetric interspecific competition rates 5; ; # 5, large:
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2 Energy minimizing configurations of Bose—Einstein condensates in multiple
spin—states with repulsive interaction potentials

f|¢i|2=mi, ’iZl,...,h

= Defocusing: S.M. Chang, C.S. Lin, T.C. Lin, and W.W. Lin, Phys. D 196, 341-361 (2004)
=) Focusing: Conti M., Terracini S., Verzini G., J. Functional Analysis, 198 (2003) 160-196



3 Optimal partition problems for Dirichlet eigenvalues

min {Z N(w;) (W, wy) € %h(Q))}

where
> w; open, |w; Nw;| =0 for ¢ # 7 and U;w; € Q}.

B. Bourdin, D. Bucur, and . Oudet, Optimal Partitions for Eigenvalues, SIAM J. Sci. Comput.
31, 2009/10 pp. 4100-4114



With more and more nodal components and higher eigenvalues:
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The periodicity is highlighted by repeating the unit cell 9 times

dimensional lattice.

Fic. 3.8. Optimal partitions of the sum of the second (left) and third (right) eigenvalues of the

Dirichlet—Laplacian for n = 8 cells.

on a two



4 Uniform bounds in Holder spaces

Consider strongly competing systems with either of the Lotka-Volterra or gradient type interactions

_Auz<x> — f Buz Zu

J7

i.e. subject to diffusion, reaction and competitive interaction (8 > 0).

Questions:

=> What happens when the competition parameter 5 — 4007
= Is there a common regularity shared by all solutions?

=> Can we expect convergence to some limiting profile?

=> What is the regularity of the limiting profiles?

=> What is the equilibrium condition beetween the components?
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e Kelei Wang
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6 Uniform bounds in Holder spaces

Theorem 1 (Conti-T-Verzini 06, Noris-Tavares-T-Verzini ’10) Let Uz be a family of
H'-bounded solutions. There exists L, > 0 such that

u; g(r) — U,
Sup Zaﬁ( > 276<y> < La
x,yeq [z —yl|*
forallt=1,...,h and for all B > 0. Moreover, the limiting profiles are Lipschitz continuous.

Ingredients of the proof. Assume the contrary, then

= scale and perform a blow-up analysis. We end up with of an entire solution of

—Au;(x) = —ui(x Zu

al

satisfying a global bound in Holder norm.

=> Prove a Liouville type theorem, i.e. non existence of nontrivial entire solutions satisfying a
olobal Holder continuity condition. This is achieved through perturbed monitonicity formulee
underlying the rules of the minimal spacial growth for competition systems.



7 A Liouville type theorem

The proof of Theorem 1 rests upon a blow—up argument and the following non existence theorem:

Theorem 2 (Conti-T-Verzini 06, Noris-Tavares-T-Verzini ’10) Let k > 2, a;; > 0,
and let U = (uq, ..., ux) be a solution of

—Aui(r) = —u(x) Z aiju?(a:) r e RY
J7i
ui(z) > 0 xzeRY

for every i. Assume that, for some o € (0, 1), there holds

uilz)] _
max, sup
i=Lk @y 1+ ]x|o‘

Then all components (but possibly one) vanish.



8 Classification of entire solutions

vspace-bmm We understand that a key step of the theory is the classification of the solutions of the
system, with respect to their spatial growth. To this aim, we have at our disposal two major tools

= The (perturbed) Alt-Caffarelli-Friedman monotonicity formula (for Lotka-Volterra and all other
types of interaction): let

d(r) ,_1_.[7004(16)_6 /BT(O) K(z) | |Vuy +Zawuiuj :

J7i

where K is the fundamental solution of the Laplacian (if N > 2, K(z) = |z|*™%) for |z| > 1.
The exponent (k) > 2 depends on a spectral optimal partition problem on the sphere. Then
® is increasing.

=> The Almgren monotonicity formula (only for gradient systems): let

B r fBr(o) Zz |Vu@-\2 + Z#i U?lﬁ

faBrm) U

N(r)

Then N is increasing. Moreover,

lim N(r) > 1

r—r+00




9 Spectral optimal partition problem for the eigenvalues of the laplacian on the
sphere

Let w C X" ! be open, and consider the first eigenvalue of the Dirichlet Laplace operator on w:

fZN_l ‘VTUP dO'

fZN_l U2 do

A(w) = inf{ cuwe HY(SY "\ {0}, u=0on ZNl\w}.

Consider the following partition problem:

pACE . — inf {F(wl,wz) - w; C YN open, wy Nwsy = @}

where

D). wn) = yi(Ar(w) + 71 (Ai(wa))

and




10 A Theorem by S. Friedland and W.K. Hayman

S. Friedland and W.K. Hayman, Figenvalue Inequalities for the Dirichlet problem on spheres and
the growth of subharmonic functions. Comment. Math. Helvetici 51 (1976), p. 133-161.

Theorem 3 We have

1= =7V LYY and T(0, 2% = +o0.

Theorem 4 (Alt-Caffarelli-Friedman) Let u,v € H'(B) N C(B) be non negative function
such that vv = 0. Assume that —Au < 0 and —Av < 0 on B and let xo € B be such that
u(xg) = v(xg) = 0. Then the function

k[ R
r By (xp) ‘ZIZ T xO‘N_Z By (xq) |£U T xO‘N_Z

is monotone (non decreasing) in r.




11 Two components in one space dimension
In order to understand the interplay of two neighboring components, we have to deal with the

solutions to the system

)
Au = uv?

 Av = vu?,

(u,v >0 1 RN

Of course, there are one variable solutions (depending on the energy h > 0):

(0" = un?

v = vu?,

‘UI‘Q 1+ |’U"2 _ u202 — h
\u(:z:) = v(—2x), u,v >0 in R.

All these solution have the lowest possible growth

lim N(r)=1

r——+00




12 Uniqueness of entire solutions in one space dimension

Theorem 5 (Berestycki-Lin-Wei-Zhao ’09, Berestycki-T-Wang-Wei ’12)) Up to trans-
lations and reflections, there is only one one-parameter family of solutions to

/o
U = v,

1
a2
{v =vu’,

lu,v >0 R

For this family we have v(t* —t) = u(t* +t). In addition they are all stable.




Proof:
=> Normalize the energy to one;

= observe that u and v are positive convex functions; assume, for instance, that u is increasing
and v 1s decreasing. Moreover u decays superexponentially at —oo, v at 400

= as & — 400, |t (z) — 1| decays exponentially. This implies the existence of a positive constant

A such that

lu(x) — 27| + |v(z) — 27| < A.

=> exploit a suitable version of the sliding method to prove both symmetry and uniqueness.



13 De Giorgi type conjecture. partial results in two dimensions
Theorem 6 (Berestycki-Lin-Wei-Zhao ’09(+BTWW?’12)) Let (u,v) a solution to

Au=uv?, Av=wvu*, u,v>0 in R

such that

u(z) +v(x) < C(1+ |x]).

and which is monotone in one direction. Then (u,v) is one dimensional , (i.e., there exists
a € R Ja| = 1,0 € R such that (u,v) = (upla - x — b),vo(a - © — b)) where (ug,vy) is the
one-dimensional solution).

A quite standard argument shows that monotone = stable. Recall that a stable solution (u, v)
is such that the linearization is weakly positive definite. That is, it satisfies

/R[W\Q + | VY|* + 070 + up® + duwvpy] >0, Vo, ¢ € CRRM).




14 Planar stable solutions and a theorem by Kelei Wang

Theorem 7 (Berestycki-T-Wang-Wei ’12) Let (u,v) be a stable solution to the system in

R? of
Au=uv?, Av=vu*, u,v>0 in R
such that
u(x) +v(z) < C(1+ |z]).
Then (u,v) is one-dimensional, (i.e., there exists a € R? |a| = 1,b € R such that (u,v) =

(up(a - x —b),vp(a-x — b)) where (ug, vy) is the one-dimensional solution)



Theorem 8 (Kelei Wang, 2013) In any space dimensions, let (u,v) a solution having at
most linear growth and which is minimal (in the sense of Morse): the energy is minimized
with respect to compact support variations. Then (u,v) is one dimensional .

Theorem 9 (Farina, Soave 2013) In any space dimensions, let (u,v) a solution having at
algebraic growth, such that

lim  w(z',xy) = 0; lim w2’ xy) = 400
TN——00 x y—+00

lim  v(z, xy) = +oo; lim vz, zy) =0,
TN——O0 T N—+00

the limits being uniform in the x'-variable. Then (u,v) is one dimensional .

Natural questions:

=> do all entire solutions to the system have a linear growth?
=) are there solutions with polynomial growth?

=) are there solutions with exponential growth? (Yes, Soave and Zilio, 2013)



15 Solutions with polynomial growth

For every integer d, there are solutions to the system with polynomial growth |z|?. To describe the
behavior at infinity, let us consider the harmonic polynomial ® of degree d as

® = Re(29).

Note that ® has some dihedral symmetry; indeed, let us take its d nodal lines Lq,---, Ly and

denote the corresponding reflection with respect to these lines as 17, --- .7y then there holds
O(T;z) = —D(2).

Theorem 10 (B-T-W-W’12) For each positive integer d > 1, there exists a solution (u,v)
to the system, satisfying

(Du—v>0in{Pd>0} andu—v <0 in{d<0};
(2)u>d" andv > ¢~

B)Vi=1,---,d, u(T;z) = v(z);

(4)

4)Vr > 0, the Almgren frequency function satisfies

r IVul? + |Vou|* + uv?
fBT(O) <d= lim N(r);

N(r) =
(r) faBr(O) u? + v? — r—+00




16 Asymptotics at infinity

We consider the blow-down sequence

(ur(z), vr(z)) = (

where 4(0) = v(0) and L(R) is chosen so that

/ up +vp = 1.
0B1(0)

We have the following
Theorem 11 Let (u,v) be a solution of the system such that d := lim N(r) < 4o00. As

r—r+00
R — o0, (ug,vR) defined above (up to a subsequence) converges to (W, V™) uniformly on any

compact set of RY. Here U is a homogeneous harmonic polynomial of degree d. If d = 1 then
(u,v) is asymptotically linear at infinity.



17 Systems with many components

Theorem 12 (Berestycki-T-Wang-Wei ’12) There exists a positive solution to the system

_ 2 : o
Au; = u; g u;, in Ci=1,...k

having the following symmetries (here Z is the complex conjugate of z)

wi(2) = ui(G"2), onC,i=1,...,k
ui(z) = ui1(Gz), onC,i=1,... )k
up+1(2) = wi(2), on C
Upro—i(2) = u;(Z), onC,i=1,...,k
such that L
2

i 142d /0& 21:% =b € (0, +00) ;

and

4.

lim
e Jos,0)

k
r fBT(O) DoVl + 32, v
k




18 Segregated critical configuration

Let Q be an open bounded subset of RY, with N > 2. Let U = (uy,...,uy) € (HYQ))" be a
vector of (real, complex, vector-valued)

=> nontrivial Lipschitz functions in €2,

= having mutually disjoint supports: u; - u; = 0 in € for ¢ # j,

=) satisfying

—Au; = fi(x,u;) whenever u; 20, i1=1,...,h,

where f; : Q x R™ — R are C"! functions such that f;(x,s) = O(s) when s — 0, uniformly in
.

Our main interest is the study of the regularity of the nodal set of the segregated configurations

U= (ul,...,uh):

[y={xe€Q: U(x)=0}




19 A weak reflection law

Theorem 13 (Tavares-T, 2010) Let us define, for every xy € Q2 and r € (0, dist(xy, 0))
the energy

. . 1
E(r) = E(xy,U,r) = N /B - IVU|?,
{0

and assume that it satisfies the following differential equation

d - 2 2
—FE(xy,U,r) = 0,U)*d (1, u; T — To).
FEE0 U = | @ o [ S ) (Ve

?

Then, there exists a set Xy C 'y the reqular part, relatively open in I'y, such that
D Ham(Ty \ Xp) < N =2, and if N =2 then actually Uy \ Xy is a locally finite set;

= Yy is a collection of hyper-surfaces of class CY (for every 0 < o < 1). Furthermore for
every ro € Ly

lim_ VU (x)| = lim |VU(x)| #0,

I—>IO $—>l’0

where the limits as x — :cgt are taken from the opposite sides of the hyper-surface. Further-

more, 1f N = 2 then Xy consists in a locally finite collection of curves meeting with equal
angles at singular points.



20 Some remarks

d 1 / 5 2 / 5 2 /
— VU|* = 0,U)* do+ filz,u;){Vu;, x—x9). (WRL
By(zq) | | i aBr(ﬂﬁo)( ) riv r(zo) Z | . o) { |

7

= It is easy to check that equation (WRL) always holds for balls lying entirely inside one of the
component supports, as a consequence of the elliptic equation. Hence, for our class systems,
it represents the only interaction between the different components u; through the common

boundary of their supports;
=> (WRL) is satisfied by the nodal components of solutions to a single semilinear elliptic equation
of the form —Au = f(u).

= equation (WRL) can be seen as a weak form of a reflection property through the interfaces.
Consider the following example: take two linear functions on complementary half-spaces:

Then

(WRL) <= lai| = |as] -




More in general, when we have two components with a smooth interface between the supports,
then

(WRL) <= lm [VU(z)| = lim [VU(z)| .

.CU—>.CUO l’-)!L’O

(WRL) as an extremality condition

Although this hypothesis may look weird and may seem hard to check in applications, it occurs
naturally in many situations where the vector U appears as a limit configuration in problems of
spatial segregation.

= It has to be noted indeed that a form of (WRL) always holds for solutions of systems of interacting
semilinear equations and that it persists under strong H' limits.

=> In addition, (WRL) holds for vector functions U minimizing Lagrangian functional associated
with the system.

=> It is fullfilled also for strong limits to competition—diffusion systems, both those possessing a
variational structure and those with Lotka-Volterra type interaction.

=> Our theorem extends also to sign changing, complex and vector valued functions u;. Lipschitz
continuity can be weakened into Holder continuity for every o € (0, 1)].



21 Domain variations and (WRL)

This was brought to my attention by Kelei Wang. Assume U minimizes a Lagrangian energy with
a pointwise constraint of the type U(z) € X, for almost every z € Q. Let Y € Cg°(Q2; RY). Then,
differentiation of the energy with respect to € with U(x) — U.(x) = U(x + €Y (x)) yields the well
known identity

QA{dY@WNK@.VU@y—mﬂ%@[;VUQMJ—F@M@ﬂ}dx:OQﬂ/EQﬂQﬁWy

By localizing to a regular bounded w C () this implies that, for every smooth w and V Y €&
C>®(Q; RY)

4Y (2)VU(z) - VU () — divY () %]VU(Q:)F _ )] e
/A | I}
- [ @) VUEwte) VU@ - i) V(@) |VU@P - FU@)| fdo . ()

Next

(+) + (Y@ _gf%> —  (WRL)

On the other hand, once our regularity theorem is proved, it implies that

(WRL) = (%)




22 Almgren’s monotonicity formula

BU) = [, (VU = (P 0).0)).

1
H(r) = / U2,
"= = ) 101

We define the Almgren’s quotient as follows:

Theorem 14 Assume (WRL). Then, there exist 7,C > 0, such that for 0 < r < r we have
H(r) # 0 and also E(r) > 0,
N'(r) > —CrN(r)

in particular the function N = e%TQN(T) 15 non decreasing and has a limit as r — 0, and
moreover p

Zlog(H(r)) = ~N(r)



23 Ideas of the proof.

We follow the same general strategy used by L. Caffarelli and F. Lin for energy minimizing vector
valued segregated harmonic maps (Singularly perturbed elliptic systems and multi-valued har-
monic functions with free boundaries, J. Amer. Math. Soc. (2008)). But now, our configuration
needs not to be (even locally) energy minimizing. Define the Almgen’s quotient as

=2 5,0 (VUP = (F(2,U),U))

N(‘T;O)T) — %faB |U|2

Define the regular and singular parts of the boundary
Yy =Axely;: hIl’(l)N(Qj,T) =1} SU)=Ty\Xp={xzely : hH(l)N(ZL’,T) > 1}
r— r—

= First we wish to apply Federer’s reduction principle:
e Almgren monotonicity formula at nodal points
e bounds in Holder spaces = convergence of blow-up sequences

e classification of conic solutions satisfying (WRL)

=> Next we analyze the regular part of the nodal set:
e flatness at regular points of the boundary

e separation lemma

=> Reflection principle:
e Pohozaev identity = equality of the gradient norms on the two sides.



24 Federer’s reduction principle

Let F C (L2 (RY))", and define, for any given U € F, xp € RY and t > 0, the rescaled and

translated function
Uxo,t = U(ZE() + t').
We say that U, — U in F iff U,, — U uniformly on every compact set of RY. Assume that F
satisfies the following conditions:
(A1) (Closure under rescaling, translation and normalization) Given any |zg] < 1 —1¢,0 < t < 1,
p>0and U € F, we have that also p- U, € F.

(A2) (Convergence of normalized “blow—up” to a conic element) Given |zo| < 1,¢; | 0 and U € F,
there exists a sequence pi € (0, +00), a real number a > 0 and a function U € F homogeneous
of degree v such that, if we define Uy (x) = U(x + t1.x)/pi, then

Up— U in F,

(A3) (Singular Set hypotheses) There exists a map S : F — C (where C == {A Cc RY : AN
B1(0) is relatively closed in B1(0)}) such that

(i) Given |zg] <1—1¢t,0<t < 1and p > 0, it holds

8(/0 | Uxo,t> — <S<U>>x0,t —

S(U) — Xy
; .

(i) Given |xo] < 1, tx | 0 and U,U € F such that there exists p, > 0 satisfying U =
prUzyt, — U in F, the following “continuity” property holds:

Ve >0 3k(e) >0: k> k(e) = S(U:) N B1(0) C {z e RY . dist(z, S(U)) < €}.



Theorem 15 Define

d = max {dim L: L is a vector subspace of RY and there exist U € F and o > 0
such that S(U) # 0 and U,, =t*U Yy € L, t > 0},

Then

= either S(U) N B1(0) =0 for every U € F,
= or else Ham(S(U) N B1(0)) < d for every U € F.

Moreover in the latter case there exist a function V € F, a d-dimensional subspace L < RY
and a real number o« > 0 such that

Ve =1"V  VyelL, t>0, and S(V)N B1(0) = LN By(0).

If d =0 then S(U)N B,(0) is a finite set for each U € F and 0 < p < 1.



25 Conic functions

Lemma 1 Let N > 2. Given U = r°G(0) € Lipp (RY) such that AU = 0 in {U > 0}, and
(WRP) holds, then either o =1 or a > 1+ 0y for some universal constant én depending only
on the dimension. Moreover if a =1 then 'y is an hyperplane.

U = 1%q1(0),...,7(0)). Note that for every connected component A C {g; > 0} c SV 1it
holds

—Agna1g; = Ag;  in A, with A = a(a+ N —2) and A = A\ (A).

Lemma 2 If {G > 0} has at least three connected components then there exists an universal
constant oy > 0 such that o« > 1+ dy.

Proof: At least one of the connected components, say C', must have a measure less that one third
of the measure of the sphere, and hence A = A\ (C') > A\ (E(7/2)). Moreover it is well know that
M(E(m/2)) = N — 1. This implies the existence of v > 0 such that A\{(E(7/3)) = N — 1+, and

thUSCV:\/(%)24—)\—%21+5NfOrSOm65N>O. .

Hence we are left with the case of two nodal connected components.

=» Use an inductive argument on the dimension, starting with dimension N = 2. Use upper
semicontinuity of the limit N (z,0") with respect to . The value at the vertex of the cone must
be larger than that at the conic surface.



26 Flatness at the regular points

Let x be a regular point:

Lemma 3 For any given 0 < 6 < 1 there exists R > 0 such that for every x € T*NQ =TyNQ
and 0 < r < R there exists an hyper-plane H = H,, containing x such that

dy(T'y N By (x), HN B(x)) < 6r.

Proposition 1 (Local Separation Property) Given xy € I'* there exists a radius Ry > 0
such that Br (o) NI = Bg(xo) N I'y and Bg,(xo) \ 'y = Bg,(xo) N{U > 0} has exactly
two connected components (2, $y. Moreover, for sufficiently small 6 > 0, we have that given
y € 'y N Bpy(zo) and 0 < r < R — |y| there exist a hyper-plane H,, (passing through y) and
a unitary vector vy, (orthogonal to Hy,,) such that

{v+tv,, € B(y): x € Hy,, t>0dr} CQy, {vr —tv,, € B.(y): v € H,,, t>dr} C .



27 The reflection principle in action

Lemma 4 (Reflection Principle) Let u,v € Lip,(RY) be two non zero and non negative
functions in RY such that w-v =0 and

—Au = f(z,u) — A .
{ —Av = g(z,v) — p n R

for some X\, ;1 € M(RY), locally non negative Radon measures supported on the common
zero set. Suppose moreover that (W RP) holds. Then

A=p

and in particular —A(u—v) = f(x,u)—g(z,v) in RY. Moreover I'y is a reqular hyper-surface
of codimension 1 at reqular points, and Then for every Borel set E C RY it holds

ANFE) = / —Oyudo = / —0yvdo = pu(F)
ENo{u>0} ENo{v>0}

=> In the complex or vector valued case, we obtain that ||| = ||p||. With this and an iterative
argument by Caffarelli we deduce the C! regularity of the regular part of the boundary.



28 Elliptic systems on Riemannian Manifolds

The main theorem extends to segregated configurations associated with systems of semilinear el-
liptic equations on Riemannian manifolds, under an appropriate version of the weak reflection law.
Following N. GAROFALO AND F.-H. LIN Monotonicity properties of variational integrals, A,
weights and unique continuation. Indiana Univ. Math. J. 35 (1986), we consider with a system
of semilinear equations involving the Laplace-Beltrami operator on a Riemannian manifold M:

—Apu; = f(x,u;) where u; > 0 .

We define the “energy” E as

. - 1
E(r) = E(xy,U,r) = N /B - IV UPdVay,
r{L0

where B,.(xg) is the geodesic ball of radius r. Let us choose normal coordinates Z' centered at .
By Gauss Lemma we know that, denoting by p = >~ ()% and €' the radial and angular coordinates,
it holds

g=dp’+p* ) bi(p,0)do'de’.

0]

Notice that the variation with respect to the euclidean metric is purely tangential, moreover, as
p — 0, the tangential part of the metric converges to the standard metric on the sphere. Moreover
the Christoffel symbols vanish at the origin.



29 The reflection law

In normal coordinates, denoting, as usual, g;; = g(0;, 0;) the coeflicients of the metric, we require
that E satisfies the differential equation:

d 2
— E(x, U, o0.U)d
dr (0, Uy ) = rN=2 /(93T(x0)( U ) dou

1 .
+ TN 1 /Br (@) IOZ fl(x’u»apuz—i_ﬁkzap (\/Egk]) (9ku2(9]ul dVM

Here g = | det(gx;)| and (g") is the inverse of the matrix (gx;). This identity is satisfied also in
the case of Lipschitz metrics , by any solution u of the semilinear equation

—Apu = f(x,u).
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32 Asymptotic limits of a system of Gross-Pitaevskii equations

Consider the following system of nonlinear Schrodinger equations

—Dui + Ny = witf = Bui Y Bl
u; € HH(Q), u; > 0in Q. =L..0

in a smooth bounded domain Q@ C RY, N = 2,3. Such type of systems arises in the theory of
Bose-Einstein condensation in multiple spin states. Here we consider 3;; = £;; # 0 (which gives a
variational structure to the problem) and take \;,w; € R and 8 € (0, +00) large. The existence of
solutions for 3 large is still an open problem for some choices of \;, w;.

One of the many interesting questions about these systems is the asymptotic study of its solutions
as 3 — +oo (which represents an increasing of the interspecies scattering length) and study of the
regularity of the limiting profiles. From the uniform Holder bounds theorem we know that:

= C% bounds (for all 0 < a < 1) for any given L*-bounded family of solutions Uz =
(U1, - .., upp) of the system;

= the possible limit configurations U = limg_,; Ug are Lipschitz continuous.

As a byproduct, we have

Theorem 16 Let U be a limit as f — +oo of a family {Usz} of L>-bounded solutions of the
system. Then the conclusion of Theorem 13 holds.



All the required assumptions are satisfied for such limiting profiles, with fij(z,s) = fi(s) =
w;s> — \;s, except for the weak reflection law. The procedure to verify it is the following: defining
an approximated energy associated with system - which has a variational structure-,

1
Br)= s [, (VU= (FUU) + [ 283 ke,
B?“(x()) B?" xO 1<
by a direct calculation it holds
2 2
EL(r) = —— / (0,Us)” do + —— / fi(w; 5)(Vu; 3,z — x0)+
B rN—2 5B, (2y) rN—1 (z0) ;
1 1
+

N — 2(F(Us), Uy) — / F(Us), Uy) do+
e (VDU — s | (P,

4—N 2 .2 2 .2
R B uisuis+ / B ui s do

BT(Q?O) i<j aBT(xO) 1<J

We know the following facts:
=) there holds strong convergence Us — U in H' N C%*(Q) for every 0 < o < 1,

D and [ B, ;u; gui 5 — 0.

Hence, as  — 400, we prove that U satisfies the weak reflection law.



33 Lotka-Volterra competitive interactions with symmetric competition rates

Consider the following Lotka-Volterra model for the competition between h different species.

—Aui = fz(uz) — BUZ Zj?éz- A j Uy n Q,
w; > 01in €2, u; = @; on OL.

with Q@ € RY a smooth bounded domain and ¢; positive W1 (9Q)functions with disjoint
supports. We focus on the asymptotic study of solutions as f — +oco. It is not difficult to show
that all the possible H'-limits U of a given sequence of solutions {Us} s~ (as 8 — +00) belong to
the class

Theorem 17 Let U € S, then if a;; = aj;, Vi, ) the conclusion of Theorem 13 holds.



34 Regularity of interfaces in optimal partition problems related to the first
eigenvalue

Next we consider some optimal partition problems involving eigenvalues. For any integer h > 0, we
define the set of h—partitions of () as

Bj, = {(w1,...,wp) : w; measurable , |w; Nw;| =0 fori# j and U;w; C Q}.

Consider the following optimization problems: for any positive real number p > 1,

h 1/p
(1 ,
XN

h i=1

and, for p = +o00 we find the limiting problem

L) = g}f Z, gllfuffh(h(w@)),

where \i(w) denotes the first eigenvalue of —A in Hj(w) in a generalized sense. We refer to the
papers Conti, Verzini, T. and Helffer, Hoffmann-Ostenhof, T., for a more detailed description of
these problems.



Our theorem applies to suitable multiples of the eigenfunctions associated with the optimal par-
tition. More precisely, we proved that

= let p € [1,+00) and let (wi,...,ws) € By be any minimal partition associated with £, and
let (¢;); be any set of positive eigenfunctions normalized in L? corresponding to (Ai(w;));. Then
there exist a; > 0 such that the functions w; = a;¢; verify in (), for every ¢ = 1,...,h, the
differential inequalities (in the distributional sense):

—Au; < A(wi)u; and —A(u; — Z#i w;) > Ai(wi)u; — Z#i A1 (w;)u;;

and:

= let (wy,...,wn) € By, be any minimal partition associated with £5, and let ((52-)2- be any set of
positive eigenfunctions normalized in L? corresponding to (A;(@;));. Then there exist a; > 0,
not all vanishing, such that the functions u; = az-ggz- verify in €2, for every ¢ = 1,...,h, the
differential inequalities (in the distributional sense):

—A’LNLQ S Qh”LNLZ and —A(’LNLZ — Zﬁéi ﬂ]) 2 Sh(ﬂz — Zj?éz- ”LNL])

~

In particular the functions U = (ay, ..., 4) and U = (uq,...,us) belong to S(Q). As conse-
quence, we have the following result:

Theorem 18 Let (wy,...,wp) € By be any minimal partition and let I be the union of the
interfaces; then the conclusion of Theorem 13 holds.



35 Extremality conditions for partitions involving higher eigenvalues

We would like to attack the optimal partition problem for higher eigenvalues (k > 2):

A
£ = min 7 (; )\k(wi)) .

=> What are the extremality conditions? Hadamard domain variation requires simple eigenvalues.
Introduce the penalized functional:

Exlun, - up) = /QZ Vil + 85 sl

i#J

with constraints

/|ui|2:1 Vi=1---,h.
Q

As B + oo, critical points of €5 converge to pairs of segregated eigenfunctions.

=> Problem: How to define an appropriate critical level for the penalized functional?

Existence of the minimal partition has been proved by Bucur—Buttazzo.



